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INTERVAL GENERALIZATION OF SWITCHING THEORY

K. 5. MICHALSKI, 3. H. MC CORMICK
University of Illinois &
Urbana, Illinois

ABSTRACT

The paper considers:

(1) a Boolean algebra < 2B, u,n, -, E, @ > of event asets E
from a discrete finite vector space E, and

(2) mappings f from the set E into {[0,1], *}, where * represents
some unspecified value., A special case of the above iz the
Boolean algebra and Boolean functions considered in switching
theory, where E 1is a space of binary vectors and f meps E
into {0,1,*}, i,e. into the endpoints of the interval [0,1]
and ¥,

i

_ A meet semi-lattice of multidimensional intervals (inter-
val complexes) in E is introduced and then the coneepts of  exact,
free, unordered and ordered interval covers of f are defined.

The aimpleSBlEaSE of & cover - an unordersd exact cover
of & set F1A wgainst F~' - is defined as a set of interval complexes
whose sct-theoretic union covers a given subset FIA ¢ E (defined as
{e]| fle) > A } ) and does not cover any element of ancther gliven
subset FOA ¢ ExFL,

: The concept of ordered covers vas developad to accomodate
a preferential order in covering the set of "mixed' events, defined
as { e | 0 < r{e) < 1 } (a case not considered in classical switche
ing theory). :

The synthesis algorithm of covers is based on the "method
of disjoint stars', which has proved to be very useful for synthesis
of complex switching sysiems. Quasi-minimal covers, produced by this
method, are either minimal or approximately minimal, However, when
we cannot state that the obtained solution is minimal, an estimate
of its maximal possible distance to the minimum is provided.

Applications of the interval coverings concepts to pattern
recognition and picture filtering are delineated.

1. INTRODUCTION

Bome concepts and methods, initially developed for switch-
ing theory purposes, seem to have more universal appliieation, if
properly generalized., The generalization described in this paper
stems from three cbservations:

(1) The coverings arising in the minimization of switching circuits
can be viewed as a liniting case of interval coverings, intro-
duced in the paper.
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{2) The so-called method of disjoint stars, which was originally
developed to provide a minimal or quesi-minimal solution of
the covering problem in switching theory [1,3,4], and then
extended to provide the guasi-minimal sclution of the genersl
covering problem [2], can be applied in particular to the
synthesis of the sbove-mentioned interval coverings,

(3) The concept of a covering can be extended in yet another
direction Lo accommodate a preferential ordering of the elements
to be covered,

A need for the generalization d=scribed in the paper first
appeared when we were considering some problems of pattern recognition
end signal detecticn theory.

2, NOTATIOW AND DEFINITION OF AN INTERVAL CCMPLEX

Elements of a discrete finite vector space E will be refaorred
to as events ed = (%y42-2,%;). Components x; take their values from
the sets {0,1,2,...,h;-1}, 1 = 1,2,...,n. We will assume that the
index J is given by

n-1 i-1
Jmay 3 Oy [n) - (1)

thus, as can be verified, ] uniguely determines a vector EJ. The
value } will be called the number of the event ed, When an event ecE
is given, its number will be dencted by y{e). For example, if

e = (2,2,2,1}, assuming that hy = §y b, =3, h3 =3 and h =2,

v (e} =1+ 2(2) + 2 (2:3) + 2 (2:3'3) = 53

El\J E2 and El Ial LE {or ElEE) will denote the set—theoretic

union and intersection of El and E_ respectively, where E. end E_. are

: 2 4 2

sets of events. Ei is the complement of an event set Ei’ defined as

E Ei‘ wnere N\ is ihe set-theoretic subtraction. The cardinality of

a set L will be denoted by e(L).

Definition 1, By “x:, called a literal, we will denote the set

of ell events {xl,...,xn} from the space E such that a; i-xi hd hi'i.e.

ﬂ;xh >

g 7 Wy ) | ap <3y <v) (2)

If a, > bi then “x? is the empty set .

Literals “x:; a; € {0,1,2,...,h,-1}, denoted briefly by
'X?i will be called elementary literals,
1




Bafinition 2. Any set of events L whieh can be represented

as & product of literals, i.e.

fw DI 5 & G envsiid - (3)
- iel &

We can easily see that interval complexcs constitute
in the space E, n-dimentional intervals, i.e., sets of all vectors
which lic betweun some two arbitrary vectors, say, e' and e?

e', e® € E, Namely we would have e‘={xi,x§, ...,xh) and e? =

(xi,x;a...,x;}, where xf'l = a, and x; =b, fori€ I, and x} = 0,

and xf = h_-1 for i ¢ T,
i i
; ; % 02 .0 yyTn
A product E of n elementary literals, i.e, Bj= X' X; X,
ig an interval which consists of only one event, namely
e = (a.l,az.. ._..,an}l, thus E ;= {e}.

3. SET-THEORETIC CFERATIONS ON INTERVAL COMPLEXES

In this section we state a series of theorems which
sumnarize the basie rules of set-thecretic cperations on intervals.
First, recall that union and intersection of sets are iderpotent,
commutative, associative end distributive; and the absorption laws
hold. HNext we have:

L v @ =

L A E=L (identities) (k)

L v E=E

LAg=¢ {null elements) (s)

LVL=E

LNLT=¢g {complements) (6)
T = § {involution) (1)

Llu L2= L_ n LE

LL, = ']:lu 32 (de Morgan's Laws) {8)

LL, v L1u3 =L, v L1L3U 1.2‘!.3 {consensus) (9)

e



Let Ll = n “ix:‘, L2 = r\l cnx;_ll'.
inEI1 ieIE

where 11,12 € {1,2,...,n}. We will assume that for

i€ {1,2,...,n} \Il, 8, = 0 and 'hi Ehi—l, end. for i€ {1,282, e N}~ I-E,

e, = 0 and 4, = h,=1,
i i i

Theorem 1:

1. Ll < L2

2. If L, € L, then Ll(LE v L) =1L and L, v I

2 iff Viel ,a >0, andb, <a
2 1 = s P

A i

1 '1L=LE_

Theorem 2:

mun[u.clx;ax{b.dl , if max(a,c) < min{b,d) + 1
g iy i
F R
“H; o cx; s othervise,

The next theorem is a generalization of thecrem 2.
Let a = {31’32""’anj’ b = (bl’be"“’bn}’ L= {cl,cg'...,cn] and
d = [dl,de,.“ ,dnl.
Theorem 3: If vector a is comparable with ¢ (i.e. a >eoracel

and vector b is comparable with d , and max(a,c) < min(b,d) +1,
where ]. = {l,l,iti,l:l’ thEﬂ:

a minfa;,c), - max(b, g}
L, VI, iQUI X!
172
If for every i € I, v, minfai,ci} = 0 and max{bi,di] = h -1 then
L1 o LE = [,
Theorem U:
]
LJ (L A x;J =1L
g=0
Proof:
frool: -
[ R a
U @ AX) =LAl uX vi.ux®") = LAE = L.
a=0 i i i



More generally:

Theorem 5

b
(LA =L
ifr Vaf{o,l,...,hid}, 3.1 such that 24 g z aibij
Theorem 6:
L (_w muutnh:} mm{b“d,}
l ieI uI

i 1 A .
If for some i, rr.ax{ai,ti} > min{bi,ﬁi] then L, N L, g

Theorem T:

mxl,_ Xd‘l h+{x?rl
Theorenm 8:
oy, - UGF by
X ﬂ X; X;
i€l i€l
ai by _ r‘TE_E
2, L.J :{i Xi { & special case of (8) }
iel iel

From theorems 2, 6 and T we see that the set L of all
possible intervals in the space B (§ € L) is clozed under N but
not under iy and - . Since the coperation N is associative,
commutative and idempotent, the system wilh the carrier set L,
binary operation N , and nullary operations E and §. i.e.

<L, N ,F, P> (10)
is a meet semi-latiice.

Let us find the cardinality of L. Every element of L
can be represented as a product of n literals. The.number of
different literals %% for a fixed ie{1,2,...,n} is equal to
the number of possiblclpalrs Ea b ), By 0y {0 wdananshy -1} and

; h, h, h.(h +1]
E"i -{—bi’ 1'9"(11) {2]) = %—- . Thus the nunmber of intervals

in L is
T

(L) == E hi{hfl). (11)

e



Let L(E,}, E; ¢ E, dencote the minimal interval
under inclusion wlich conteins E;(i.e. the interval included in
eny other interval with such property). The unary operation

B, — L(E)
of EE inte itiself hes the following obvious properties:
1. E ¢ E == L I:El] c LdE,) {isotone) (12}
2. E & L (R ' (exten;ive) {13)
3. L (L(E) =1L (E) (idempotent)  (1L)

The above mesns that the_operation E — L (EJE is a
elosure operation on tne poset < 2, C »y i,e. the set 2 with
inclusion ¢ as a partial ordering cperation.

Let us define an operation U on event sets E called

the normalized union | as:
U By =& ‘UEi} - {15)
i i

The set 1. is closed under the normalized union. Thus the system
<Ly, LLLE,@> is a lattice, Furthermore, it is a complete lattice

as the iniersection and normalized uwnion of intervals from any subset
of L also belong to L.

i|

b, COVERS OF A MAPPING f

Assume that we are given two disjoint sets F° and F' of
events from the space E. These sets define a mapping

f: E —{1,0,%} - (1€)

where * denctes some unspecified value, and such that

FD={e!f‘(e}=U]andF]={e|f{e}=l}.

Definition 3. A set of intervals D(f) = {Li}dis a cover of the

i=1l
mapping £ if: a
1 1 *
FQULJ-_';FUF (17)
i=]l .
¥
where F = {e| fle) = # }.

Thus the cover D{r) distinpuishes the set Fifram ¥ {we also
say D(f} i a cover of F! against F”;. A first covering problem

is how Lo provide a cover nEri with a minimum number of intervals,
More generully, specifying a 'cost' functional for sets of intervals,



we can ask how o cover of minimal east can be found, If

the space E is a space of binary vectors, then the latter
problem is parallel to the well known problen of finding the
minimal disjunctive normal form for an incompletely specified
switching function (where 'cost' is the number of literals,
in this case unprimed or primed veriables), For the purpose
of the present paper, by the cost of a cover we will mean the
number of intervals in it,

Assume row that two given sets of events in E are
not disjgint, i.e. there exists & non-empty zet of "mixed"
events F' representing their intersection. ;

Formally, we will consider the extended napping

f: E— {[1,0],%] - {18)

and define:
Fl={ceE/rle) =1} (19)
FO=(eec E/ tle) = 0) ' (20)
F¢=fer’:l7,-"0<f{e}<l} | (21)
T / tle) = #} = E N (FluPDuF¢’}. (22)

Thus mixed events are here those events for which the mapping T
takes values properly between O and 1, A mixed event e can be
interpreted as having a nonzero conditional probability, rep-
resented by the value of f(e), of belonging to Fl, Events of F
can be,on this basis, linearly ordered from those most Fhlike
to those least F-like (i.e. most Flike),

Assuming some threshold A, where 1€[0,1], we define:

F‘l}|L ={eeE/ fle) >}
F*=(ee B/ sfle) <)
1A oA

Sets T and ¥ are disjoint sets, so we can now determine a cover

A G . =
Fl againct Fﬂh. To formalizc the above ides we state

Definition 4. D(r|a) = {L;} is & cover of f under A if
#
Fl"l £ Lrj Li [ Fljl if ¥y (23)

If X =1 then D (f|A) reduces to D(f), defined in (17).
It may turn cut that two covers D{f]ll} and D{fliej

cen have considerably different cost, although values Al and 12

areg cloze,



In order to prevent this we partition the set
F¢ ={e| 1>rf(e) >0} intc some arbitrary number p of classes
of events F l,F 2,...,F P (see fig. 1), defined as:

a(e] 1 > fle) > 1 - 1/p )

F¢2n{e] 1-1p 21f(e)>1-2/p}

PP e o] 1 tpdifoetle)s B B

The wvalues of f for events in the same class can differ by not more
than 1/p. Events in the same class will be considered as equiwvelent.

Definition 5. p{f|xr,p) = {Li} is & free cover of f under (A,p) if

el Jr ¢ Py # (2k)

where FiAP o plA a(}-*¢'j”‘]}

B(F¢J[1}} - a subset of Fﬁj[i}
J=1
J(X) - & value j such that 1 - = 2A>1-=3/p.

The coneept of the free cover D(fil,p} allows us to cover
only those events Trom the class F JiA which can be cﬁvar&d with
minimal increment of cost over the cost of covering the set
FAN F¢J(l}. To distinguish the covers D{f|A) from D{£|1,p), we
will call the former exact COVErsS,

The next concept to be introduced is that of a cover whose
individual intervals cover events from Fll in an ordered manner,

Definition 6. _Dlf|A,p) = <Lyslysese,ly> i called an ordered free
cover of f under (A,p) if

Yo X=1,2,....8

are free covers of { under

A, = min1 fle) . where EK = L-.LUI.EU. i ""Lk
EELR

To distinguish the covers D{f), D(f|A} or D(r|A,p) from
the ordered ccversqéqf Asp), we will call the former unordered covers,
We denote D(f|a,1) by £|A) whieh, if A = 1, reduces to n(r),



Let{jEl,Ez,...,Et} ts a family of event sets and E an
event set, We adopt the following notation:

t
v |
{E,,E,....,E ) = | | & (25)

where Lo = {LL’LE"" }is the set of all intervals which are

1)

k=1,2,... (briefly, maximal intervals ineluded in E).

maximal under inclusion with regard to condition Lki E,

Thus: YE =( max L_| L < E} o (28)

It can easily been seen that:
. -
Ly = L lysee) = E (29)

and

v L‘é = L {30}

E

According to the introduced nutafion, the set ¥ Flﬁ
*

is a {usuzlly redundant)cover of Fll against Fﬂl -ifrF = ¢,
2 *

or, if F* # §§ — & cover FlA against E‘“\..Fl:‘l = Fﬁl ¥

Foa

Definition 7. L is called a maximal interval in f under A if
it is wexiwal under inclusion with regard to tie conditicn:

L PR (31)

Maximal intervals in f under )} are denocted by

A

Lo k=1,2,...,. It can easily be seen that if E is = space

1) A set 8 satisfying condition p is maximal (minimal) under
inclusion with regard to p, denoted by S = max S/p (8 = min 8/p),
if there does not exist a superset (subset) of it also satisfying
condition p. In general, there can be many maximal (minimal)
under inclusion sets satisfying certain condition p. Family of
such sets, i.e,{ Sifsi = max Sifp } is denoted briefly by { max Sifp .

=-1l=-



of binary vectors and the set of 'mixed' events F¢ is empty,

then the maximal intervals L;, (i.e. the maximal intervals in

f under A = 1) correspond to prime implicants of an incompletely
specified switching function f: E—1{1,0,*}.

Definition 8. An exact cover D(f|A) or a free cover D(f|A,p)

is called an irredundent cover if it consists of maximal intervals

A
k

L end if it is minimal under inclusicn.

Definition B implies that deleting any intervel from an
irredundant cover D(f|A) or D(f|A,p) will cause them to no longer
be covers. An irredundant cover D?rlll or D{f|A,p) may be cbtained

from the set
u -
,fFli g B

by removing from it a maximal under inclusion subset of intervals
such that the union of intervals in the remeinder still covers set

X ;
Fl or Flip, respectively,

In general there can be very many different irredundant
covers D{f|l} ar 5(f|l,p}. If is easy to see that if E is the
space of binary vectors and F' = @, an irredundant cover D(f|1)
corresponds to an irredundant disjunctive normal expression of =
switching funetion f: E—={1,0,%]}.

Definition 9.

The minimal exact cover M(f|A), miniral free cover M(£|x,p) and
minimal free ordered cover M(f|A,p) is a cover D(£|A), D{f|A,p) and
D{f|h,p} - respectively, which has a minimum number of intervals.

5. OSYNTHESIS OF QUASI-MINIMAL COVERS

In this section we will briefly describe an application
of the disj]oint stars method [1,2,3,4} to the synthesis of the
quasi-minimal covers.

2«1 The extension operation v~

Definition 10. An extension ogperation . on event set El relative

to event set EF is defined as:

(¥
EVE, = A {32)

= u
where A = {L ¢ VE, | L nE #0},
According to (26), if A = @ then E,W B, = 2.

-11-



Since the union of intervaels from any subset of U-r" E.‘.2

is also included in E_ we can state the following:

2
Theorem 9:
(1) E\ v EEE Ey, if E) N E, 7 g
(2} Elur E2 = @, otherwise
If E, is an interval then we have the stronger

2
Theorem 10:

(L, ifENL# ¢
e —{.ﬂ, otherwise

where E is an event set and L an interwval,
The extension operation satisfies the following asymetrical

distributive properties:

Theorem 11;

[}

(a) v V&)

+
(b} t\__) Ei)U“ E
1

{’“‘{E\J'E.]
i 1
U{Eiu' E)

u

Froof:

Fart (a). If E, ere intervals then assertion follows

immediately from the fact that any product of interwvals is also

an interval and from theorem 10.

We denote E - ((;\ Ei) = Y (1)

= O {Bar®, )= On"il (1)

According to definition 10 and (27):
A,
{Lkevl_‘iiEi | LNE¥§}s=

{makaILhnE;!mandes QEi} (ii1)

A

=1fa



RSN VE | LAnEFGL=

i

'[makaiLkﬁE#l}dandesE,} (iv)

1

Consider (i) and (iii) : L_ € M E, implies that
L € E; for every E.. 80 if L EA then glso L€ A for every Ei

Thus A 'C ﬁ A, 1 which implies that A th
i

Consider now (ii) and (iv). Eet rﬁﬁ ni can be uniquely

represented by set of intervals ¥ ;’Fi‘lh': ; ol L€ Y ff\l hui
i
L.nE 4 @. From (28), L, € { max L | L € r—\ f’ } and then
LaEﬁfwewwﬁf meﬁﬂam(w]wnueL E for
every E.. It implies that LaE fﬁﬁ E;, and flnally,arcurding to (iii),
l

b & A,

Theretore

and

¥ (F\ Nﬁ £ A, what implies (A} ﬁl < fj.
i

i

Froof of part {b) is similar. Q.E.D.

Theorem 12i

ElLr-EE = K_) f-\ i({e,l v {e }}

J
EJE El eiE EE

where the order of the union and intersection is irrelevant.

FProof:
El = kh {ej} kuj l
ef‘El é o
= 26 {E-ET}- Thus:
E E
EVE, = \J fe,bv |1 e
EJE El E E :

-13-



Apply now the distributien rules of the theorem 1]
{in any order) to derive the desired result, Q.E.D.

The theorem 12 gives a theoretical rule to compute the
set LA of all maximal intervals in f under i. Namely:

L, = VPt g9 (33)
1A _ on =

L, = A -p | {e, vr1{e.}) (34)

A edﬁ.Fli . e Or 'y i

Find the irredundant exXpression of ﬂ; as & union of

intervals, = Set LA iz the set of intervals in this expressiom;,
A more detailed description of the sboye brocedure - in the case
when F1* coneists of the only one element - is given in the next

section,

5.2 Definition of a star (Gle!2) and an algorithm G for its
Eanerétinn.

4 fundamental concept in our approasch to the synthagis

of interval covers is of an interval star G(e|a).

Definition 11. The interval star G(e[)) under A of an event

——=—oiom 11 =& Star 220 aoLisinl g
1

) ; is a set of a1l maximal intervals under i which cover

. the event e, l.e,
olefr) = @} | ¢ e 1) (35)
K " ?

We dencte G(e|l) by G(e). GUELIA} is - according

to (25) - the union of intervals in Gle[). 4n interval ster

can be expressed as:

Gle[r) = YV {e}or pO* (36)

~lha



Theorem 1b: The number of intervals in the minimal cover M(f]l]
satisfies the relation:

c (M(£]2)) > e(6)

The theorem implies that if we have a cover D{f[k) and
know the number @ = €(G'}, then the difference A = (D(f[h}ﬁ -9
can be viewed as an estimate of the difference belween Lhe number
of elements in this cover, and in & minimal one, If we can next
find snother family of disjoint stars with & greater number of elements,
say 91’ then we can improve our estimate, namely:

4, = (n(r]x)) - g, <&

If on the other hand we can find anocther cover with a
smaller number of intervals, then cbvicusly our estimate will alsb
improve, and it may turn out then A& will become 0. This will mean
that we found the minimal solution.

A possible algorithm for accorplishing the above ideas
with a view toward a solution of the g=nerally stated covering problem,
was described in paper [2] (algorithm A%), In the formulation given
there it was aszumed that a cover consists of some sets (not con-
cretely specified}, called complexes. In our case the complexes are
specified as intervals (interval complzxes), Thus in order to apply the
algerithm A™ for our purpose we only need to make use of the algorithm
for generating a star G(r|A}, described in section [5.2].

The flow diagram of algorithm A% in the form adapted to
our notalion is shown in fig. 2. :

. The sipgn := denotes assignment statement (as in Algsl 60 ).
F* is an auxiliary variable. O(FP; ell denotes the operation of
choosing the event with the smallest number from the set speeified
by the current value of FP and assigning the notation 21 to that event,
L= denotes an interval in G{elil}, cailed a guasi-extremal, which
covers the maximum number of ‘evenis irn the set constituting the current
value of wariable FL®, It ecan be noticed that this is a2 locally
optimal decision about the choice of &n interval from the given star
{generally not unique). The last valuc of ¥3 constitutes our soluticn,
the quasi-minimal cover 'Mq[f|lj. Value A is an estimate of the max—
imal possible difference between the cover HQ{fll) and a minimal
cover M{T|1), expressed in number intervals, i.e.

eMi(£2)) - eM(]N)) < &, : (27)

If after the first executicn of the algorithm, A is con-
sidered to be too large, the better estimate (and/for solution) may
be obtained realizing next iterations, e.g. in the way described in

[3].

To synthesize a quasi-minims]l free cover Mq[f]l,P} using
this algerithm, we substitute in the flow diagram (fig. 2) the set

A 1k ; :
Fl by F P, which means that we have to cover all elements from
A (X i
Fl \\F¢l{ ) and some elements {at least one) from the set Flkﬂ F¢l{l}.

1A=



A geocmetrical interpretation of interval covers using
a generalized logical dimgram and exemples of interval covers
synthesis are given in [5]. An extension of the algorithm for
the synthesis of quasi-minimal ordered covers and application of the
concepts described in the paper to pattern recognition are given in [€]

£. REMARYS ON APPLICATIONS

& cover of a mapping  consisting of meliidimensional
intervals can be interpreted as a set of '"filters' for recognizing
events from a signal elass {represented by FL4) faor rattern recog-
nition and picture processing purposes, e.g. for discriminating
regions of different textures, striping of backgreund, loeal feature
extraction, beriler detection, ete,

In case of an ordered ecc.or the individual filters
correspond to the consecutive points on the cptimum receiver-
operating-characteristie (ROC), defined as in statistical decision
theory. The above ROC curve can be cbtained by optimal ordering
events from the two elasses to be distinguished,with resard to
the likelihood ratioc of their frequency sccurence [6].
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€. B. H. McCormick, R. S. Michalski, Synthesis of Interval Covers
for Pattern Recognition and Picture Filtering, to appear.
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