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INTERVAL GENERALIZATION ‘OF SWITCHING THEORY

E. S, MICHALSKL, B. H., MC CORMICK
University of Illincis
Urbana,; I1linois

ABSTRACT

The paper considers: _

(1) a Boolean algebra < 28,y ,n, =, B, § » of event sets B,

 frow & discrete finite vector space E, and -

(2) mappings f from the set E into {[0,1], *}, where ® represents
some unspecified value, A special case of the above is the
Boolean algebra and Boolean funetions considered in switching
theory, where E is & space of binary vectors and 1 maps E
into {0,1,*}, i.e. into the endpoints of the interval [0,1]
and ¥,

A meet semi-lattice of multidimensionsl intervals (inter-
val complexes) in B is introduced and then the concepts of exact,
free, wnordered sxd ordered dnterval covers of T are defined.

_ The simplesgxcaseyof-a cover - an unordered exact cover
of & set FL} mgainst F - - is defiped as & set of interval complexes
whose set-theoretic union covers a given subset FMA ¢ B (defined as
{ e | £(e) > A} ) and does not cover any element of snothey glven
subset FON & ENF.

The concept of ordersd covers was developed to accomodate
a preferéntisl order in cavering the set of 'mixed' &vents, defined
gs { e | 0 < f£le) € 1] (& case not comsidered in classical switch-
ing theory). ’

The synthesis algorithm of covers Is based on the 'method
of disjoint stars', which has proved to be very useful for synthesis
of eomplex switehing systems. Quasi-minimal covers, produced by this
method, are either minimal or approximately minimal, However, when
ve cannot state that the obtsined solution is minimal, an estimate
of its maximal possible distance to the minimam is provided.

;Applications of the_intqrva; coverings concepts to pattern
recopnition and picture filtering are delineated.

. 1, INTRODUCTION
Some concepts and methods, initially developed for switech-
ing theory purposes, seen to heve more universal applicatipon, if
properly generalized, The generalizstion de¢scribed in this paper
stems from three obcervations:
(lj The coverings arising in the minimization of switehing circuits
cen be vievwed as @ imiting case of interval coverings, intro-
duced in the paper.



(2) The so-called mcthod of disjeint ctars, which wvas originally
developed te provide & minimal of guasieminimal solutien of
the covering probulem in switching theory [1,3,4], end then
extended to proyide the quasi-minimal solution of tho goneral
covering problem [2], can be applied in particuler to the
synthesis of the above-mentidned interval coéverings.

(3) The concept of a covering ecan be extended In yet another
directlon te Zepoumgldate a prefereatial orderifg of the elcnents
to be covered,

A need for the generalization dzédéribed in the paper first
eppeared when we were considering some problems of pattern recognition
and signal detecticn theory.

2. NOTATION AND DEFINITION OF AN INTERVAL COMPLEX R TEEe S
z_ . 1 =
PR &
Elementis of a discrete finite wvector space E will be refzrrved
1o 8d events el = (xi,..,,xn). Conponents Ri take their values from
the sets {6,1,2,...,R;=1), 1 = 3,2,,..,n; We will sssume that the
index J is given by

_I'l—'l e =2 )
=% +-;E;(xh—i [] nnek) 3 (1)
de=] k=0 .

thus, as can be verified, J uniquely détermines a. veetor GJ. The
value J will be called the aumber of the event ed. When an event 2e€E
is given, 1ts number will be denoted by y(e). Far example, if
e = (2,2,2,1), assuming that By = 5 ha = 3, h3z= 3and hy =2,
v{e) =2+ 2(2) +2 (2:3) + 2 (2:3-3) = 53. .

B, v E, and Ey A B, (or ElEE) will denoté the set-theoretic

union and intersection ef'Ei and'Eé respectively;.where-El.&nd E2 are

-—

seta of events. Ei-is the complement of an event set Ei , defined as
£ N E,,; where \ is the set-theorebic subtraction. The cardinality of

a set L will be demoted by ¢(L). S
Definition X, By:ﬁX;, called a literazl, we will denctes the set

Y= Uy eenax ) [ ey < xp <b)) (2)

1f‘ﬁi > bi then m%? is the empty set {.
Literals “xf; 8; & ﬂﬂ,l,?,,;r?hiwl}, dénoted brisfly by

x@ﬂ will be called slsmentary literals,




Dafindition 2. Any set of events L which ¢an be represented

as a preduct of literals, l.e.

o b L )
i€l %

will be ¢alicd an dnterval zonizlexw {or sipply i-ri‘t_e':"f;-%} .

We can easily see that intervel complexes consltitute
in the space I, n-dinentionsl intervals, i,e. sets of all vectors
which lie betwecn some twg arbitrary veetors, say, e! aznd el
€', f € B, Namely we would have €'= (x) f, « 3X}) end e? =

' 2 . w2 Y. where x! = nd x? = b. for 1 i =
(xa,%.’”.,xg)_, where x; = @y and x{ = b, for i € I, and X 0

and x: = h,=1 for 1 ¢ T.

K. +8 w8z . “n qﬂ
A product E of n elementary literals, i.e. Bj= X' %00 0%)

is an intervel which conslsts of only cne event, namgly
e _-_-_._(a_.l_,a i ae ,-a_n_'),- thus B = {e}.

e—

3. SET-THEURLETIC GPERATIONS ON INTERVAL COMFLEXES
In this segtion ve state a series of theorems which
summarize the basic rules of set-theoretic sperations on intervals. o
First, recall that onion and intersection of sets are idempotent, '
commutative, associative and distributive; and the sbsorption laws
hold, WNext we have: .

Lv #=L ’

L A BE=1L (identities) (&)

L E=E

LA @=¢ (null elements) (5)

LV IT=E

L AT = ¢ (compl'emenﬁs) (6)
I = 1 {involution) (1)

LI, =Lvi, (de Morgan's Laws) (8}

Lyby VI Ly = LI,V DL, v LyLy (consensus) (9)



e — e

e e m me——— e

Let Ly = [ % Ly = [ SX¢
| + i[:ll & 2 iQI Lo
o 2
vhere 11215 € {1,204 ,m}.  We wilkl agsume that Jor
i e {l‘lznltu sm}\\ll‘! al.: O E_”hd bi = hi_la &Z',‘.d far i € [lngal'vsn} ™~ 12!
e, = ) end ds = hi---l.
Theorem 1
Lo Ly € Ly, iff Vie I, 8 2c; andd, <4,
2. If Ly & Ly, then L,(L, v L) = Ly and Ly v Dy L= Ly
Theorem 2:
minta,ely -max(b,d) w e
_Xi , if max(a,e) f_min(b,d) + 1
u . b - ‘ -Ia= i

ﬂX; " cx: 5 otherwise.

The next theorem is & gener.al'.izafi:en of thegrem 2.

Let a = ,(-al,_a-z Y ,-an)_, b= (hl_,‘b_e_-,-.;..-,-an,_ ¢ = (cl_,c_z,.-..,gcn) ‘and
d = (d‘l’dfz,..on.,dnjn
Theorem 3; IT vector a is cofiparable with ¢ (f.e. 23 e or a £ &)
and vector b is comparable with @& , end max(a,e) < min(b,d) +1,
vwhere 1 = (1,1,...41), then: .

T T MEA{S, 16 by MEX(D, )

E R ieql T

s

If for every 1 € I.l AV Iaql m:.n-('ai,'ci_) = ( and m&x(bi,,qi) = hi_l then
I"l v L2 = Il : .
Theorem h:

beet| .
U @ n K: Yy =1L

a=0

Proof:

FEOOLY K ) “ B
U tnaxy) =1 n ¢ v x Voo WX = LAE = L, §.E.Ds
a=0 & * 3 & '



More generally:

Theorem 5t

i

itr Va e[b,;,.g.,hi—11, :3 stuch'thatzaijli x<b

Theorem 6

- _ man(d) ¢, ). minlb;4;)
LA Iy = m (e i

3.61:1::.12
If for some i, max(ai,ci) > mln(bi,&&) then Ly M Ly = @.
Theorem T:
“le‘ =9 x‘ft"lu:_nlf*.’ X_ih.i"l'
=
Theoren 8: '
- [T Uc.. b
V€T i€l
i ﬂm b
2o L) %S Ay ( & speciel case of (8) )

ieT 1eT

From theorems 2, 6 and T we see that the set L of all ,
possible intervals in the space £ (¢ ¢ L} is closed under N but e

not under y érd - . Since the operatiom M is associabive, = @ s

commutstive and idempotent, ihe system with the carrier set L,

binary operation M and nullary sperations E and @, f.e.
<, N LK, 0> (10)
is a meet semi-lattice.

Let us find the cardinelity of L. Every element of L
can be represented as a product of n literals. The number of
different literals %gb for a fiwed 1€{1;2,s..,n} is equal to
the number of possitle pairsilai,hj), ai’bi {O,l,..;,hi—l} end

& s h, [ 1) hn(h-*l)
"1 ibi’ Le(ll) (§i> = = 23" . Thus the number OFf {ntervals

in 1 is

n
C(]'_,) 2%] J—l hi (hi+l) . (11)
1= '

=B



Let L(B,), E; € B dencte the minimal imterval

wrder inclusliun wlilcu coptains E}{i;EJ the interval included ian

any Olher ipLecial with such yrapertyi. The undry eperation
By— L{8)

ef-EE'inchitseif has the folldwing obvisus properties:

& E-l £ By == L. (Pl) ¢ L (-Eg') (isctone) (12)
R E; € L (E) (extensive) {13)
3. L (aly) =T () (idempotent)  (1h)

_ The above mesns that the operation E—= L (B} is &
¢losure operation on tne poset < 25, ¥, i.e. the set 2 with
inclusion ¢ &s a partial ordering coperation.

Let us define ean coperation L on syent sets Ei‘ erlled
the normalized union , as: e 0.

|_.._| B =k (IUEi) (15)
3 i

The set L is closed under the normalized union. Thus the system
<L, ML) E,P> i3 s lastipe, Furthermord, it is a complete lattice
as the intersection snd normelized union of imtervals from suoy subsci
of L also belong to Ly

4, COVERS OF A MAVPING f

Assume that we are given two disjoint sets TQ an&;?4 of
 events from the spaes B. These sets define @ mapping

f: B —{1,0,%} (16)

where * denotes some unspecified value, and such that i
) . ) ) == i
0= (e | fe) =0 )amaF o {efsled=2)o & EN 7Y

‘Definition 3. A set of intervals D(f} = (Li}d“is g ecover of the
i=1 .
mapping £ if:

a
#
FlQLJJIH < Fly F (17)
i=l
Ghepd Fo={e| fle)=2*1}.

Thus the coyer D(f) distinguishes the set F from ¥ (we also
say B(f) is a cever of F' apainst FC). A first covering problem
is how Lo providé a cover DUL) with a minimum nmmbér of intervals.
More generslly, specifying e 1opst! functional for sets of intervals,

o - - (S = e
/ /
& X i - i -
b . 2
.._.T = P



wiz ‘con. ask how & cover of minimal cost can Le found, It

the space E ig = space of binary wvectors, then the latter
prohlem is perallel to the well known problem of finding the
mnimal disjunctive normal Torm for en incompletely specified
switehing function (wncwre lesst! 3§ the mumber of literals,
in this case umprined or primed variables). For the purpose
of the preszent paper; by the gcost of & cover we will mgan the
nirber of intervals im it.

Assume now that twe given sets of events in E are
not disjginm, i.2, there exists a nom-cmply et of 'mixed!
events F' répresenting thelr irtersection,

Formally, we will consider the extended mapping

£+ B— ([1,0],%] (18)
and define:
Fr = (e e B/ ole) =1} (19)
70 = [ee B/ £(e) = 0) (20)
F-‘b ={eer /o< rfle) <1} (21)
P o= {ee B/ T{e) =% =8 \'(.F%F%Fd’}. {22)

“Thus mixed svents are here those svents for which the mapping f

takes values properly Between O and 1. A mixed event e can dbe
interpreted as having & nonzero conditional probability rep- ¢
resented by the value of f(e), of belonging to FLl, Events of T
can be,on this basis, linearly ordered from those mest Fl)ike
to those least Falike (i,e, most Fulike).

Assuming some threshold X, where A€[0,1), we derine:

_F-n
Fmr fee B,/ fle) < i}

{ee B/ fle)>X]

_ 0N o _ e e e e et Bt ¢ i
Sets ¥ and ¥ are disjeoint sets, so we can now dotermine & cover

Ell against Fol. To formalize the abave idea we stale

Definivion 4. D(£[X) = (L;} is & cover of f under A if
A ULi ¢ bl v .  (23)
1
If A = 1 then D (£|}) reduces to D(f), defined in (1T).
It may turn out thal twe covers D(f‘l,:\ll end n(;f:|1.2)'-
can have considerably different cost, although walues 31 and le

are close.

-8



_ In order to prevent this we partition the set
F¢I=-{fe | 1> file) > Q@ } inte some arbitrary number p of classes

of events F 1 ,F¢"2 g ,F'qu (see Tig, l') , ‘defined edr

_ﬁ¢l ={ e | 1 > fle) > 1 -1/p )
p¢2 ={e| 1=2Llp =2 fEe] > 1 - 2fp }
WP e fe |2 (eD/pssle)> 0}

The values eof f for events in the same ¢lass can differ by not more
than 1/p. Events in the same class will be considered as equivalept.

Definition 5. D(f{A;p) = {L,] is & free cover of f under (A,p) Af

e < L_J L < = o* (o4)
where PR L O(F¢J(l} |

o(rPIA)y | o subset or pPI(X)

J(X) = & value § such that 1 - iéilz,l > 1 = 4/p.

The congept of the free cover D(£]|X,p) allows us to cover
ba(x)
minimzl ineremeat of cosi over the cogt of covering the set

Flk‘\ F¢J(R . To distinguish the covers D{f|A) from D(£|A,p), we

will call the former exact covers.

only those events from the class F which can be covered with

The next conecept to be introduced is that of a cover whose

1A

individusl intervals cover events from ¥~ in an ordered mamner,

Definition 6, —*(f|1,p) = <L1,L2,...,Ld? is cglled an ordered free
cover of ¢ under (A,p) irf '

Dk = { III,LE,..-’IfK 1., k. = l,’z‘,bli ,d

are {rece covers of [ under

] #{: T = " ;
M miq f{e) , where B = LivLouess wly
eéhk

To diStln wish the covers D(r), Dl£|a) or Dle[a,p) rrom
the ordered sovers D(f|A,p), we will call the former uncrdsered covers,
We denote u(rlx 1) b;'Tﬂfﬂl J which, 4 X = 1, reduces to L(#)




Let{"El,Ee,...,Et} be a family of event sets and E an
event set, We adopt the following notvation:

N

LGS SRR (25)

(=
£t
l|,_,-

u

§ = ¢ (26)

gl ¥m

n

Ly (e7)

Lys L yess }is the set of all intervals which sre
maximal under lnClualDHlJ
)N - R (priefly, meximal intervals included in p).

where L = {I,

with regard to condition L < B,

Thus: VE ={ max L N Ly E'} (28)

It can easily been sSgen that:
3 u'
ﬂ% = (Lys: 2,_,,} = B (29)
and
uf U :
. o= . Q
V Iy = Ly (30)
According to the {introduced notation, the set v
is a fusually redundant)cover of Fl against roﬁ - lf F =4,

ar, if F* # @ - a cover Fl against E"“\F‘l;'t hi F .

Definition 7. L is called & maximal ‘interval in £ under A if
it is mexiwal under inclusion with regard to tue conditicn:

Le P E (31)

_ Maximal intervals in f under ) are denoted by
L;, k= L,2yasnge IF cen easily be seen that if E is = space

1) A set S satisfying condition p is paximal (minimal) under
inclusion with regard to p, dencted by § = max s/p (€ = min- B/p)s
if there does not exist a superset (subzet) of it also satisfying
condition p. 1n general, there can be many maximal (minimal)
under inclusion setg satisfying certain copdition p. Family of
such sets, i.e.{ Sl[S = max Slfp } is denoted briefly by { max § /v b

_:LUL_



of binary véctors and the seb of ‘mixed" events ?¢ is empty,
then the maximal intervals Liﬁ.(i.e.'thE'maximal lntervals In

£ under X = 1) correspond to prime implicants of an incompletely
specified switching function E——{1,0,%}

Definiticn B, An exact cover Eff' A OF = f-re-e-'cev-er'l_}'(".fll\,-p}'

is ealled &n irredundant cover if it consists of maximel intervals

X : 03 & - USRI ;
Lk and if it is minimal tinder inclusion,

Definition 8 implies that deleting any interval from en
{rredindant cover D(f|) or D(f‘k,pj will cause them to no longer
be covers, An irredundant cover D(fll) or.D(le,p) mey be obtalned
from the se¢t :

u ! ¥

\ F-‘:-LA v F
by removing from it & gaximal under inclusion subset of intervals
sigch that the union of intervals in the remainder still covers set

A

{ -

In general there can be VeLy many different irredundant
ecovers D(f]1) or B(f\#,pl. It is essy to see that if E is the
space of binary vectors and F' = @, an irredundant cover p{r|1)
corresponds to an irredundant disjunctive normal expression of a
switching function £: E—={1,0,%}.

F .ox'Fllp, respectively.

Desimition 9. -
The minimal exact cover M(£l\), minimal free cover M(T|A\,p) and
minimal free ordered cover M(E|A,p) is 2 cover D(E[A), DI Ayp) and

D(f|r,p) - respectively, which has & minimum number of intervals.

5, SYNTHESIS OF QUASI-MINIMAL COVERS

In this secticn we will briefly describe an application
of the disjoint stars method [142,3;4] to the synthesis of the
quadi-minimal covers,

5.1 The sxtension. operation

Definition 10. An gxtension spersticn (- on gvent set El relative
to event set B, 1s defined as: N

= LM 7
Eyv- By = A . (32)

where A = {Lké V/?E l L~ By ¥ @1,
According tn.(Bﬁ},:if n=g then.ElLF E, = @,

L L



Sinee the union ui intervals from any subset of E,

is also included in E.__‘_2 we can state the following:

Theorem 9

2

(2) Eyv B, = @, otherwise

If E2 is an interval then we have the stronger

Theorem 101
[L, ITEAL# @

B LS @, otherwise

where E ig an event set and L an interval.,
'The extension cperestion satisfies the following asymetricsl

e

distributive -p‘:-.oper_tfie.ﬁz

-

Theorem 11

m(E".\r Ei )
i

U (B, v E)
i

(a) Ew (-m By
i

) (\JE)uvE
o

Proof:
Part (&). If E-i are intervals then assertion fcllows
immediately from the fact that any product of intervals is glso.

an interval and fyom theorem 10.

We denocte E (O E,) = 2’ (%)
A 1\ Y = u-

According to definition 10 and (27):
. X ; LY / \ : L : 4 5 —
A= LE vfiﬁ B, | wnE#®

I LA B # P and L € M £} (£31)
17 4
G (L vy /= /Eu-Z(V/

- n ;'—-{ ma:t.Lk

N




A= dlLe VE | LnE#SB)=

i~ Yk i i
Umax L | L E#@end L€ E ] (iv)
Consider (1) and (iii) v L € ﬁ %, implies that

1:&,5 Ei for every E < 8o if L G A then a.lso L € hi’ for every E,.
i

Thus A £ (A\ A I whiech 1mpl;1.es that A C(\\ A
i

Consider now (ii) end '(iv) Set m .f\ can be unidquely

b fet Lc-afﬂn

represented by set of intervals b ("\ g
L EF @ From (28), I € {ma.z..wk | Iy € f\ai} “end then

and

-La A‘J for everj A, From that end (iv) we ha.%re L, E for
every .-,.. It implies that L £ m 1,_\ 'g_qq_fi_nally-,m_cordipg to (iii),
L€ A 1 '
- al » > %
Therefore

Y A’ €, wnat implies M R
1 1

o

Prosf of part (b) is similer. Q.E.D,

Thecrem 123
E. B, = U (ﬂ\ [eJ}U"{—}

EJGE ei

where the order of the union and intersection is irrelevant,

Proof:
Ey = U {E'j}' and B U fest =
efEl A e; & E2
= . {E_g]" Thus ¢
€ 1
1
E\ZVE, = \J fe,b q 'E
: ede E. ]_ <'



Apply now the distribution rules of the theorem 11

(in.any order) to derive the desired result, Q.E.D.

The theorem 12 gives s theoretical rule to compute the
set L, of all maximael intervals in f under A,  Namely:

L, = v P O (33)
L= F vF = U 1A ﬂ i (e'j Va {ei]) {3k}
edg F Eig F

Find the irredundant expression of ﬂi as & union of
intervels. Sét_ﬁi is the set of intervsls in this expression.

A more detailed desecription of the sbove procedure = in the case

" when 7} consists of the cnly ocne element — is given in the next

section.

5.2 Definibion of a star (G{e|r) snd an algorithm € for its

.Eeneraticn,

2 fundamental conecept in our approach to the synthesis

of interval covers is of an interval stax.G{e[A).

Definition 1l. The interval star G(e|A) under A of an event

e € o is a set of all maximal intervals under X which caver

the event &, 1.2,
. A _ A
alelr) = L, | e € L} (35)
we denote G(e|1) by G{e). cY(g|X) is = according

to (25) —= the union of intervals in Gle[A). An interval star

can be expressed as:

Glefn) = ¥ erw N : (36)

-1h-



N

Theoren 13t : . s
- - a"(elA) = fﬂﬁ] (Le} - ley2)

e, eF
i
. = o ) —
Proof: cUie|x) = [E}\J'F'\'= {e]&f’{_) iﬁi}
o EFO-A
i ]
.Applyfn@ now Lheorem 9 part (&) we complete the provl. Q:E, I

_ ~ The rollowing algorithr for the generation of a star
Glela) Pollows from thecren 13 (slgenitim G).

Given & € Flk-and an = [e
Algorithm G
1. Determine for i = 1,2,...:2

i=l

{21 and then form D, = (e} o (&)

& i
2, et up the function [ | D, and find its irredundant
i=1
expression by multiplying each term D, by all the others
and applying the absorption Yaws, =

3. G(e[hj is the set of terms of the expression thus

5.3 Synthesis of a cover MY (£]X) by elgorithm A%

The problem of synthesis of & minimal cover K{g1) io a
particular case of the general covering prodlenm deseribed in [2], As
indicated in this paper even in case of a relatively simple covering
problen the number of operations reguired for its exact. solution may
not be feasible evon with the fastest computers. Consequently, the
most desiralle are good methods for an approximate solution which
allovw to drasticelly reduce the number of operations but also give
some measura of distance to the minimim.

The previously mentioned method of disjeined stars, when
realized by locally optimal declsions, generates—-with a relatively
small madber of operations and memory requirements--agsa—called.quasi—
minimal coyer, which is elther minimal or epproximately minimal,
Furthermore, when we cannot stale thatb obtained sglution is minimal,
it provides an estimate of ibe maxinal possible distance between the
obtained golotion and tlie minimal cne,

The fundomental theorem from which thls method stems
{expressed in our terms) is following.

Let us agsume that we are given (by realizing some algerithm}
a family of stars ¢ = (G, (e[A)), e ¢ FL*, such that any two stars
chosen from it wre disjoint sevs (we say CF is 8 family of disjoint
stars).

~15-



Theorem:lh1 The: number of inbervals in the minimal cover MCE]L}
‘satisfies tho relatiom:
3 % I
e (M{E|n)) 2 el67)
The theorem implies that if we Have a eover D(L]A) and
know 4he mugber @ = €(6), then the aifforense A = (B{r|A)) - g
can be yiswed an en esiipsle of 4he difforcuce bolsiien Vao number
of Elerisnts in this cover, and in 2 minlmal one, 1f we cap next
find encther family of disjoeint stars vith w frester nurber of elements,
say 91, then we can improve our estimate, namoly:

by = (Dl£]A)) - gy <4

_ If op the ather hand we ¢an find ancther ¢over with a
smaller number of intervals, then obviously our estimate will also
inprove, and it may turs out then A will become 0. This will meén
that we found the minimal scluticn,

A possible aleorithm for asccomplishing the above ideas
with & view toward a soluticn of the generally stated covering problem
was descrived in pager [2] (algorithm A%). In the formulation given
there it was assumed that a cover consists of some sets {(not con-
eretely specified), called complexes. In our case the complexes are
specified as intervals (interval complexes). Thus in order to apply the
algorithm A™ for our purpose we only necd te make use of the algorithm
for generating & star G(f|A), deseribed in section (5,21, |

The flow diggram of algorithm A% in the form adapted to
cur notalion is showm In Ffig, 2.

The sign ;= denctes nssignment ststement {as im Alasd 60 ).
F is an suxiliary variable. O(FP; ¢7) denotes the operation of '
choosing the event with the smallest number from the set specified
b{ the current value of FP and assigning the notation e; to that event,
L* denotes an dinterval ing(e,|A), called & guagi-oxtremal, which
CcOvers the maximum nymber of évents in the set constituting the current
value of variakle F1°, It eun be noticed that this is a locally
optimal decision about the cholrve of an interval from the glven star
{generally not umique). The lest valug of MR constitutes our solution,
the quasi-minimal cover Mq(r1k). Value A Is an estimgte of the max—
jmal possible difference betwsen the cover MA(£|2) and a minimal
‘eover MCf|l), expressed in pumber intervels, d.e,

IMA(r[A)) = elMl|X)) = &, {27)

1f after the first eseculion of the algorithm, & is con-
gidored to be too large, the better estimate (and/or solution) way
be obtained realiizing next iterations, e,g. in the way deseribed in
[3]-

_ To synthesize a quasi-minimal free cover M3(£|x,0) using
this algorithm, we substitute in the {low dimgram (fig. 2] the set
FlA byﬁFlEP, which means that we have to cover all elements from
FlA“mF¢i(A} und some elements (at least one) from the set Fiﬂh.F¢i(1).
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A geometrieal interpretation of interval covers using

& geperalized logical diagram and examples of interval covers

synthesis are given in [5]. An extension of the algorithm for

the synthesis of quasi-minimal ordered ecovers and spplicstion ¢f the
eoncepte described in the paper to pettern recocgnition are given in (6],

6, REMAFWS ON AFFLYCATIONG

A cover of & faiping ¢ cousistiilg of naellidivens ionsl

intervals can pé interpreled &5 a set oF ‘lebxru‘ fur recognizing
events frum a signal class (represcnted by FIA) Por pattern recog—
nition and picture processing purposes, =,z for discriminating
regions of differeont texturss, striping of background, lecal foature
extraction, barder detection, etc.

In cass of an ordered co.or ihe individual filters

corresvond to the conseculive points on the optimom réceiver-
operiting-characteristie (ROC), defiped as ip statistical decision
theory., The above ROC curve can bo obbtained by optimal eordering
events Trom the two classes to be distinguished,with regard to

D

the likelihiwod ratio of their freguency orcurence [6].
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