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Abstract

AQVAL/L is a PL/1 program which synthesizes quasi-
minimal formulas of the variable-valued Iogicl system
Vly under cost (or complexity) functionals designed by
a user from a set of available criteria. The paper
prescnts a brief functional description of AQVAL/1 and
repbrts current results of its application to two
pattern recognition problems:

1, The synthesis of a classification rule for
distinguishing between patients with cancer of the
pancreas, primary cancer of the liver {primary
hepatoma)} and normal patients.

2, The design of spacial filters for non-uniform
texture discrimination.

1. Introduction

The concept of a variable-valued logic system (VL
system) was first introduced at the IFIF Working
Conference on Graphic Langugres in Vanceuver, Canada,
Yay 1972.1 This concept assumes that every proposition
(which conveys certain information or a description of
a physical or abstract object) and all the variables in
the proposition (used to represent any objects, e.g.,
other propositions) can assume their own number of
"t ruth-values' which are selected based on semantic
and problem-oriented considerztions. This assumption
makes -the system easily applicable to a variety of
practical problems, in particular as a toel for
desecribing objects or clospes of objects. The assump-
tion is supported by the observvntion that humans vary
and adapt the ‘degree of truth' or 'descriptive
precision' of their statements according to the needs
6f the situation, and do so by chinnging the 'degree of
truth! or 'quantization' of concepts represented by
individual words or phraces in the statements. (E.g.,
vhen deseribing a person's heipht, different degrees of
precision may be nppropriate in various situations, so
we may say that someone ic "tall', or is 'fairly tall®
or is '6 feet 2 inches tall'. Each of these phrases
implies the use of a different quantization of the
concept 'height'.)

From the standpoint of formal logie, traditional
binary logic systems and many-valued logic systems are
special cases of a VL system.

Paperl defined and dliscussed a particulnr VL

system, called VLi. Important features of tie VLl
gystem are:

l. The formulas of the -y:tem (enlled VI formulas)
hove very simple interpretntion rnd can be very
easily handled and evaluated (especially using
parallel-sequential techniques),

2. The system iz applicuble for expressing and solving
a variety of problems of disccrete mathematics,
especinlly problems which are intrinsically non-
linenr or involve variables which are measured on a
nominal scale {i.e, when values of the variables
are 'numerical nmmes’ of independent ohrjects and,
therefore, arithmetic relatjionships between these
values have ne meaning). The last feature makes
the system applicable beyond the area of

applicability of established pattern recognition
methods, such as statistical techniques (parametric
or nonparameiric) or diseriminant functicn methods.

The necessary condition for practical application
of the system is the computational feasibility of its
implementation, which means, in particular, the
synthesis and minimization of VLl formulas.

A computer program, calied® AQVAL/1, has been
develeped for the nlwove tasks and the 'lrst trial
applications of ﬂqanfl to various problems were guite
satisfactory.,

This paper gives a brief functional description of
AQVAL/1 and presents current results from its applica-
tion to two problems: _the synthesis of classification
rules for.medical diagnosis, and the dzsign of a set of
spacial filters for non-uniform texture discriminstion.

2. Definition of the VLI System

To describe AQVAL/1l, knowledge of the VI system

has to be assumed. Therefore, toc make the paper self-
contalned, we will review briefly the definition of VLl

{as in po.per1 with slight modifications).

The varinble-valued logic system VLl is an ordered
quintuple:

(x! Y.l SJ RFI RI} (l}
where

X 15 a finite non-empty .(f.n.) set of imput variables

X5 K. pwui
1* Ta? > %4

whose domains, called input or independent name sets,
are f.n. sets, respectively:

Hys Hoseous Hy

where H, = [O?lJE}'R‘Jﬁi]! i=1,2,...,n, ﬂi--a
natural number, -

Y conslists of one output variable y, whose domain is s
f.n. set, canlled output or dependent name set:

H=(G, ¥, 2,..., ], ¥--a natural number.

{Comstantc In M represent 'truth-values which may be
taken by statements (formulas) in the system.)

5 13 the sei of 13 improper symbols:
= $ VA ~+ 5 [ 1 )
RF is a set of formation or syntactic rules which define

well-formed Tormulas (Wwffs) inm the system (le
forrulas):

5

=4

]
The name AQVAL/1 was derived from 'Algorithm A%

epplisd for the synthesis of Vﬁriable-Vhlued.fbgic
formulas, - -



l. A primitive constant from H standing along is a
wif,

2, A form [L # R}

where
# € {=:f:5:;] Re (¢ Vé]
L ¢ {xi, Vi} x, € X

¢ - & sequence of different non-negative
integers separated by ',' or ':' and
ordered by the relation <, or a name*
of such a sequence;

V,V, « wffs or names** of wifs,

12
is 2 wff.

The form [L # R] is called a selector. L and
R, left and right parts of the selector, are
called the referee {of L) and the reference {(of
R), respectively. If L is xi, then L is called
& simple referee, If R is ¢, then R 15 called a
simple reference, A seleclor wilh a simple
referee and a simple reterence, i.e, a form
[xi # ¢l, is called a simple selector,

A simple reference, ¢, is called an extended
reference, if it contains no ':;'. If in an
extended reference every maximal (under
inclusion) sequence of consecutive integers of
length st least three is replaced by & form
€, :¢,, wWhere ¢, is the first and e, the last
element of the sequence, then the obtained
reference 1s called a compressed reference.

3. Forms (V), -(V), AR (also written vlv2] and

Vl\.f VE’ where V, V.,V

1:Vp ~= wlffs or names of wffs,

are wifs.
-{V) is called the complement of V

V.V, is called the product (or eonjunction) of

12 Vi and Vb
Vi\fvé is called the sum {or disjunction) of
?1 and Vé

RI is a set of interpretation or semantie rules which
assign to any wit V a value v(V) € H, depending on
values of the varisbles Xy sKpse s s X 3

1. The value v{e¢) of a constant e, c ¢ H, is c,
which is denoted v{c) = c.

2. v([L #R)) = {Pé: ;ihzggsf v(R)
vhere '

vilL), Le¢ (x;,V1), is value of x;, if L is xy;
otherwise v(vii, i.e. value of wif \y

v(R), R € {c,Va), is the sequence &, 1f R is ¢;
otherwise v(V,), l.e. value of wif 7

v(L) # v(R), # ¢ {=.3,%,2), is true 1T vw(L) is
in relation # witn v(R). If B is c,then:

¥(L) = ¢ (v(L)}) £¢) is true if v(L) is (is
not) one of the integers in e, cr is {is
not) between mny pair of integers in e
separested by ':°

v(L) £ ¢ (v(L} = ¢) is true i v(L) is
smaller than or equal to (greater than or
equal to) every integer im e (in normal

i.e. ¢ denotes p variable whose values are such
Sequences.

1.e. they denote varisbles whose wvalu=s are wlfs.

uge of these relations ¢ will consist of

just one element)

If v(L) # v(R),then the selector [L # R] is said
to be satisfied,

3. (V) = v(V)
v(~(V)) =} - v(V)
v(v,V,) = min{v(V;}, v(V,)}
v(VyV V) = max(v(V), v(V,))

In the evaluation of a VI, formula, /\ has higher
priority than V.

The following is an example of & VLl formula and
its interpretation:

h[xl-—*-O:lp,T][xea!'O,ﬁ]V 2[::3;3]\/ 1[x5= O:4] (2)

The formula (2) is assigued the value L (briefly, has
value h) if x; necepts value between {inciusively) ¢

and 4, or velue 7; and X, accepts value which 1s neither

The formula has value 2 if the previous
3 hes value greater or

equal to 3. The formula has value 1 if both of the
previous conditions do not hold and x_ accepts value

>
between O and 4. If none of the above conditlons hold,

the formula has value 0.

QO nor 5.
condition does not hold and x

In the sequel we will consider only a certain kind
of VLI formpulas, celled disjunctive simple le formilas
(DVLl formulas). A DVL, is a VI, formule which is a
sum of simple terms, where each simple term is a
product of a constant from H and one or more simple
selectors. If,in a DVLl,the references of simple

selectors are in the form ¢, @ or ¢, then it is called

1%
Bn tnterval DVLl formula.

3. Event Space and Cost Functionals for ULEFormulas

The interpretation rules interpret VLl formulas as
expressions of a function:

£: H xH, x...x};ﬂ*ﬂ (3)
The set H; x Hy x...x H , Hi=[o,1,...,yfi], 1=1,2,...,n0,
includes all possible sequences of values of input
variables and is called the universe of events or the
event space., The event space is denoted by
E{hl’hg’f"’hn} or, briefly, by E, where*

h, =-c(Hi} = ﬁi+l (i.e. ﬁi = h, -1, which is more
mnemonic ).

The elements of E, vectors'(il,ie,...,in),
where ii is & value of the varisble Xy ko€ 1y,
called events and denoted by ej, Jj =0,1,2,...,H, where
=02, 5 -c(t) = Bty - ebi,, Thus, we can write:

E = E(hl’he’l- [ ,lhn) =

, X are

[(ﬁi:ier-'-:ih)lkiEHi:i=;:21'-':n]=tej}§=o (L)

It 1s assumed that values of the index ] are given
by a one-to-one function: y: E - (0,1,...,4},
specified by the exmression:

I+l
§=ole) =x 5 x| |n (5)

k=n-1 i=n

*
c(S), where S is a set, denotes the cardinality of

S,



y(e) is called the number of the event e. For exemple,
the number of the event & = (2,35,1,4) in the space
E(5,4,2,5) is: ¥(3) =h + 1-5 + Gageh b Zalpapn 5. = 11

Assuming that the domains of variables in the
formula {2) have cardinalities: c{Hl) = 8, c(HEJ =6,
c(HZ,) =T, c(Hh) = 2, c{H5} = 5 and the cardinality of

H, ¢e(H) =5, the formula is interpreted as an
expression of a function:

(6)

In practice we usually deal with functions which
may have an unspecified value for some events, that is,
with functions:

f: E(8,6,7,2,5) - {0,1,2,3,4)

£: E - Hy(*) (7)
where * denotes an unspecified value ('don't care').
An incompletely specified function £ ean be
considered-equivalent 1o a set {fi] of completely
specified functions fi’ each determined by a certain

assignment of specified values (i.e., values from H)
to events & for which fle) = *, A VL, formuls which

expresses ahy of theze functions f& will be accepted as
an expression for f.

Functions of the type (7) will be called variable-
valued logie functions (VL functions]),

In general, there can he a very large number of Ull
formulas which express a2 given VL function [VLl

expressions of f). Therefore, a problem arises of how
to construct a formula which is minimal under an
assumed cost (or complexity) functional. Depending on

the application, different properties of ?Ll formulas

may be desirable when expressing a given VI function,
¢.8., the minimal number of terms, of selectors, the
minimal 'cost' of evaluation, etc. Thus, it is
desirable that in a computer program which synthesizes
minimnl VLl formulas, there bs available a number of

cost functionals,f{rom which the user may select the
rnost appropriate tor his $ype of application. For
computational feasibility and convenience it is
desirable to assume, however, that the available
functionals be expressed in one standard form,

In the program AQVRL{l (see Chapter 5} which
synthesizes and minimizes disjunctive simple VLl

formulas fDVL1 formulas), a functional A measuring
their minimality is assumed to be in the form:
A = <a-list, t-list> (8)
where
a-list, called nttribu.e (or eriterin) list, is o
vector a ='{al,32,...,ﬂ!), wiere the a, denote
single- or many-valued attributes used to
characterize IWLl formulas.
v~2ist, called tolerance list, is a vector
T = {71, ,7 ..,1?}, where 0 s T 1,

e
i<l,z,...,t!, and the 1, are calied toleresnces

9
for nttxihutes ai. i

s DV‘L1 Termda V 15 said to be g2 minimal D“Ll
expression for £ under functional A iff:

AlV) & A(V,) (9)
where
A(v) = (alﬁf‘) ’ ae{v) yeus g a‘[V})
A(Vs) = (8, (V)5 ay(V,)5eeey 8, {V,))
Zor

ai(V), aifvs} denote the value of the attribute 8

formula V and vs, regpectively. Vﬁ, 3=1,2,3,000=-=831

irredundant DVLl expressions for f (a Dvli expression

is celled irredundant if removing any term or selector
makes 1t no longer an expression for f).

€ denotes a relation, called the lexicographic order
with tolerance 1, defined as:

g al{vj)-. 1(V}>T1
or DﬁﬂlfVB)HEI(V)ET and az(vh)faefvj>T

1 2
A{V) &A(VJ} u'i

or T e N % AR

Lor covve. sasarnass BRI al(vsj-al(v)zﬁ}

T o= T{(ai - ), i=1,2,...,1

i max

By = mﬁx{ai(vd % By = mjn[a'i'_{vd)}

a, .
imin

Note that if T = (0,0,...,0) then € denotes the
lexicographic order in the usual sense. In this case,
A will be specified just as A = <a-list>.

To specify a functional A one selects a set of
attribvutes, puts them in the desireble order in the
a-list, and sets values for tolerances in the t-list,

L. Synthesgis of ULl Formulas

k.l Basie Concepts from Covering Theory

The synthesis of a minimal UIi formula for

expressing a given function f under a functional A is
based on the results of covering theonyzrilh:ﬁl .

This theory deals with .the problems of expressing sets
as unions of certain standard subsets ('building
blocks'} called complexes., One of the basic concepis
is that of a cover of a set agalnst another aset.

Let ET and E° be disjoint event sets in a universe
E and sets
A
L = () X" (10)
leIl
where A SH, IS {1,2,...,n) {11)
f;l = [E = (il,ie,.lil ,ii,. ] ,i’n}lii EAi} (12}

'tuilding blocks' whier are used to express event sets.
svent sets L are called cartesian complexes and sets

X?i--cartesian literals,

A gartesian cover C{E1|E0) of set o against 2 is
a set {Li] of cartesian complexes L, such that

B c UI‘i c E~i’ {13)

If sets Ai are restricted to sequences of consecutive

numbers from H,, then the complexes L are called



fnterval complexes and denoted es

) s,

el

(1)

l,...xn}lai sx, sb;}. A

cover whlch consists of on'y interval complexes is
ealled an interval cover. (In general, there can be
many different types of complexes, e€.g. complexes in
which some of the literals are carlezian and some
interval, the so-called cyclie complexes, ete.)

' t“ o a -
whiere ’Hxlr = {e =-(x1,x2,...,x.

1,.0

It is easy to see that a cartesian cover C(E|E")

(0r|an'interval cover I{EliEO}) is equivalent to a VL
formlia which expresses a tunction f: E - [0,1,%},

0
assuming that E' = [e|f{e) = 1] and E° = (e|f(e) = 0).
For example, if

1,3 0:913 1’9:h

o 10y 02 1.3 .0
c(EL|E°) = X, XU X, and I(EE) = HUE N
then the corresponding VLl formulas are:

Vo = [x;= 1,3][x3=0,2,31 Vo [x,=1,2,4) and

'.rI = [:cl=0:2} vV [x?=1:3][xh=0]

.2 Synthesis of a Minimal DVLl Formula under a

Functional A _

A VL function £ (7) con be specified by a family

of event sets:
-1 0
{F]‘, Fy ’lll [ ] J F }

vhere F* = felr{e) =k}, k=f,4-1,...,0,

be a minimal cartesian cover of E, against E

(15}

Let I-I(El IEE)
o under

functional A, defired as a cover such that the DVLl

formula corresponding to it is minimal under A.

The synthesis of & minimal D formila under A

consists of the following steps:

1, Determine the minimal cartesian covers under A:

M’[ = I-I(FHlFb{'lu F?("2 b s UFU}
1'-?["1 = M(FH']'IF"LEU F}{"}U Ur)

_ ;{1 uM{FliFOJ

2. Determine the products of selectors which are
:&uivalent to congplexzes in the covers

[T . 1
, oL

"'-’ r‘ihﬁ

™

+  Maltiply the prodocic equivalent o compiexes in
--br H, j..'ﬂ. bl;‘-l--by I’{'l,.a-, 1['! Ml .by 1-

k., The union of all terms thus obtained is a minimal
VLl formula under A {or the function f.

Thug, the synthesis of a minimal VL, is reduced to the

11
“iterative synthesis of minimal corlegsian covers, The
synthesis of minimal covers is, however, computationally
feasible only in rather simple cases. In genural, such
synthesis can require the enumeration of an citensive
set of possibilities (the proof of this is similar to
the proof by Zhuravlev! on the necesaity of

enumeration in the minimization of switching functions).

But this set of possibilities (after epplying all
possible reduction technigues} is usually too large to
make the enumeration feasible, Therefore, the only
realistic appreoach is to seek 'good' approximate
solutions (except for simple, academic problems).

For the synthesis of cartesian covers the
algorithn A% (’quasi-minimal algorithm') can be
applie&e’j. This algorithm, based on the principle
of disjoint stars, is a very simple and efficient
method for the solution {generally sub-optimal) of any
covering problem. It produces the so-called quasi-
minimal cover, which is either minimal or approximately
minimal under a given cost-functional. Tn the case
when computations do not exceed the assumed memory and

time restrictions, A3 produces also an estimate A of
the maximal number of complexes in which the obtained
and minimal covers can differ

(M) « c(M) s A (16)

where M? and M denote the quasi-minimal and a minimal
cover, respectively.

AQVAL/1l is a PLfl program which applies algorithm
A% to the synthesis of minimal DVLl fermulas under a

functional A, For the lack of space, we will not
describe here the construction of AQVAL/1l, but will
give only its tasic functional characteristies.

5.1 Specification of a2 VL Function

The VI function r, whose DVLl expresaion is to be

minimized under a functional A, can be specified in the
input dnta of the.program in one of three forms:

-1 0
1. By event sets: FE, Fg [p— fé

vhere: i = (e = (k)}%,,..0 % )|f(e) =X} (17)

k =}, ¥-1,..., ©

2. DBy sets similar to those in 1, but with events
specified not as sequences of input variables, but
by their numbers (5), i.e., values y{e):

£y = (r{e}| (e} = k) (18)

3. By a DV, formula (which can be already partially

minimized; AQVAL/1 will try to minimize it further,
if possible, with regard to functional A).

5.2 Specification of the Minimality Functional £

A user designs a functional A = <a-list, t-list>
by selecting a set of attributes from the available
attributes, placing them in.a desired order in the
n-list, and setting up the tT~lisf., In the current
version of the progrsm the following seven attributes
are available:

1. t{V} - ihe numuer of terms in V,

2. s(V) - the number of selectors in V,

3, z{V) - the cost of V specified as ‘E:jz(xi), where
: lel
z{x;} is the cost, specified in the input data, of



ko

2

determining the value of variable X and I is the
set of indices of those variables {among Xy Xgypeens
X specified in the input data) which actually
appear in the output VLl formula,

g{v) - the ‘degree of generalization' defined as:

fﬁ IE? gLy ,) (19)

where

B

k,
81 ~-aunber of terms with the constant k

50 ~=total number of terms in V

P

o{V) - the ordering criterion (not single-valued
attribute). This criterion can be used when events

in each set Fk k ..ﬁ,H 1,...,0 are assigned weight
w(e) (which represents,e.r., the frequency of event
occurrence or 'importance' of the event) and a VL,
formula is desirable, in which the first term

T{ 2’* [ B Wj\ th
constant k, k = §,{-1,...,1 will have maximal

possible weight w{Tf), then the next term Tg will

= {e|f{e) = k)

of each sequence of terms (Tk T

have the maximsal'possible weight, etc. , where:

w(tp) = I wle)

eeEi

(20)

and EE--the set of events from Fk, which satisfy

Trk but do not satisty Tk -1? T?-E""’ T?.
Fbwmnlly, o{V) _.<-w(11}, -w\TE),...> and minitum

o{V) means that

o(V) < n(Vi} {21)

where vif-all other le Tormulas expressing T
< the lexicograpliic order
t{V) - the total length of references:

t
(vy = 5, x(ry)
J=1

(22)

where

() = 2 #x)

il
J

*

By set of events which satisfy the Lerm T is meant

the set of all events wiich catisty every selector
in T.

~-the set of events which satisfy* the f-th term
in the sequence of terms in V with the constant

T.--the index set specifying variables ccecurring in
J selectors of the term Tj

I{xi)-—the number of constants in the compressed
reference of the variable Xy iel

t--the number of terms in V

7. r{V) - relative scope of references:

L
LY}

r{V) = ;]‘;1 r(TJ}

(23)

where

2

r(T.) = E:

[ -, +1
( max min ]
J el [REN

¢ it x-~minimnl and maximal value in the
' MAX  yeference of the variable X9

1 (x.)--the number of constants in the extended
& form of reference of varisble x5

t,I,-~defined as previously.

d
5.3 Type of Variables

A simple selector {xi#c], # e (=, 4}, whose

reference ¢ is <, ic or ¢, is called cyclic selector.

2
A cyclic selector in which *#' is just '=' is called
an interval gelector.

If we ﬁant the vLi formula to he synthesized to

include only cyelic (interval) selectors for 2 given
varisble x,, then x. is called (in the program) a

eyelie (interval} variable, otherwise a cartesian
variable,

AQYAL/l permits a user to specify the tyre {cyelic,
interval, or cartesian) of each input variable
1ndependently. Some guidelines for the specification
of the type of the input variables follow.

Interval (and seconBarily, cyeclic) selectors are
usually the simplest for evaluation (depending, in
genergl, on the way the selectors are represented and
ornl how the formula is evaluated--by a computer program
or by a specialized machine). &lso, the synthesis of
minimal VL, formulas usually takes considerably less
computational time and memory if variables are specified
as interval (or seconduarily, cyclic) rather than as
cartesian variables. On the other hand, ?Ll fermalas

with interval {or cyclic) selectors will usually have
considerably more terms and selectors than formulas
obtained when no restrictions on the selectors were
assumel.

If a variable takes values which have natural
linear order (e.p., represent temperature, height,
length, grey-lavel of a picture elemen*, etec.) then i%
is usually advisable to specify it as an interval (or
cyelic) variable, If this is not the case (e.g., the
variable represents a set of independent objects,
relntions, properties, ete, i.e. is measured on a
nominal scale}, then the variable should be speaified
as-a cartesian variable.-

S.4 FHRestriction Parameters <ms,es>

Parameters <ms,cs™, called max-star and cut-star,
are 'tree pruning' parameters which are used to control

7



the number of operations, and consequently, the
execution time and memory requirements of the program.
If a given problem is 'difficult' {i.e., n, h;, b,

c(Ek}, k = K,h-1,...,0, are large}, then <ms,cs> are
set to small natural numbers (e.g., <15,%, <1,1>,
ete. ), which causes a faster execution of the progrem
and decreases memory requirements., The price for this
is that the resulting VLl formuila may be 'worse', i.e.

further from the minimum with regard to the specified
functional A. '

A general explanation of the function of these
paraneters is as follows, The synthesis of a minimal
le formila consists of a sequence of operations, each

being a multistep process. In every step of the
process, one set of complexes is transformed into
another, usually larger. If the new set has more than
ms elements, then it is reduced {'cut') to a smaller
set with only c¢s elements, which are the 'best'
candidates with regard to the functional A, This set
iz then the input for the next step of the process in
which the parameters <ms,cs> are used again in the
Seme way.

5.5 Mode: VL, DC,IC

AQVAL/1 permits a user to select among three kinds
of Vyl formulas to be synthesized:

'"WL' - the formula is to be a DVI, formila without any
- restricticns.

'DC' - the formula is to be & DVLl formula with the
property that the product of any two terms with
different constants is 0 {'disjoint covers’).

'IC* - the formula is to be a DVL, formula with the

property that the prodﬁct of any two terms with
different constants may be non-empty, but must
not be satisfied by any event from sets

P, w1 . 5 wich are specified in the
input date ('intersecting covers').

5.6 Size of the Progrom

The current version of the program (AQ-T7) consists
of sbout 860 PL/1 statements and tlie object module
produced by the PL/1 (F) compiler reguires memory
capacity of about 60 k Lytes {together with the PL/1
library routines--about 90 k bytes),

6. Examples of AQVAL/1 Application

We describe here some current results from the
application of AQVAL/L to two specific problems:
(1) a medieal diagnosis problem, and (2) a problem of
non-uniform texiure discrimination,

6.1 A Medical Dingnosis Probiem

Medical diagnosis is concerned basically with
determining a relationship between diseases and
available informatien about patients, in particular,
outeomes of medical tests. If the information is
properly quantized, then the VLl system provides s way

for attacking this problem, ilamely, the system can be
epplied to determine Lhe ralaticnship fium o sel of
known instances and erxpress it in the form of VLl
formulas.

The process of achieving this goal conzists of two
phases:

1. Learning phase

Based on a limited number of cases of the diseases
under consideration and, for compariscn, cases Of
"normel health' (where by 'case' we mean a sequence of
medicnl test results and other information about one
patient] a VI, formula{s) is synthesized using AQVAL/L.

2. Testing phase

The obtained formula(s) is then used to diagnose
some new cases of the diseases (and of normal health)
in order to estimate its disgnostie performance.

To illustrate a medical diagnosis application of
VLl we will report some results from experiements with

dntn characterizing eases of (1) cancer of the
panereag, (2) primary cancer of the liver {(primary
hepntomn;, and {3) normal health,

The two above diseases are rare in the U.S.A. end
are frequently misdiagnosed. The correct diagnosils of
cancer of the pancreas was made, before operation or
autopsy, in 50% of the cases examined in one studygilo
and of primary cancer of the liver, anie mortem, in
only 11% of the cases in another studygl 1, BSince
the diseases are rare, there is little available
statistical information about them, and various
statistical classification techniques (using e.q.,
Bayesian rule or its modifications) are either not
applicable or, if applicable, preoduce a very high error
rate.

The experiments which we performed were of two
types:

A. CANCER DETECTICN: Determination of mn
classification rule for detecting patients with cancer,
either of the pancreas or of the liver.

B. CANCER DISCRIMIMNATION: Determination of a
classification rule for distinguishing between patients
with cancer of the pancreas and patients with primary
cancer of the liver.

The original data included values of 62 veriables
corresponding to general medical tests and paraneters:
(1-23)=vadmitting information, (24-43}--blood
biochemistry and hematology tests, (hh-62)--urinalysis,
X-rays, and some other tests”, The data, however,
were incomplete--for variocus patients different test
outcomes were missing., The complete data, necessary
for the learning rhase (in the current version of
AGVAL/1), were available, in & sufficient number of
cases, only for some subsets of varievles.

A. CANCER DETECTION

L. Iearning niase

In these experiments, we used the following 16
variables:

The dala consldered in vur example were generously
supplied by Dr. M. . Leew of Purdue University
{presently with Analytical Services Corporatiocn,
McLean, Virginia).



Admitting Information

' x} - Age (years) (h3=7)
Blood Biochemistry & Hematology
X, - Sodium (meq/1) {h_ =)
xgg - Potassium (meq/t) (hggzﬁ)
X,z = Chlorides (meq/2) (h J:h)
x22 . Fasting Glucose {mg/100 m#) (n20 -7)
28 . =8
xC. = Blocd Urea Nitrogen (mg/100 mp) (h29=8)
keg -« Serum Glutamic Oxaloacetic
2 mransaninase (sc0T) (units) (h50=7)
¥y = Alkaline Fhosphatase’
3 {(King-Armstrong units) (h31=6)
ix,, - Bilirubin: Total {mg/1C0 my) (hﬂ_:e.)
:34 - White Cell Count {# per mmJ) {h36=6}
xﬁs ~ Hemateoerit (%) (h38=6)
oo - Neutrophiles (%) (h39=5)
ng - Eosinophiles (%) (hh0=h)
X,y - Basophiles (%) (hhl=5)
Xn " Lymphoeytes {1} {hh2=5}
X«:} - Monocytes () {hh5=5)
Urinalysis
X, - = Casts (count) (h, _=k)
'xﬁg = WBC/hpf {count) (htg=5)
Xy - RBC/hpf (count) {hh7=5)

The ranges of variability of each of these variables
were quantized into discrete units whose numbers {(h,)
ere shown on the right-hand side of the above list
{the quantization was done according to the thresholds
described in Loew”, case '8'). Thus, the data
characterizing each patient {i.e. each case) can be
considered an event in the space E = E{T,4,5,4,7,8,7,
6,6,6,6,5,k,5,5,5,4,5,5). All variables were assumed
to be interval,

The set of 8T events characterizing patlients with
either case of cancer ('cancer events') was parti-
tioned into two sets:

PF learning set of K0 events,

T° « testing set of L7 eventa.

The set of 63 events characterizing normal

patients ('normal events') was partiticned into two
sets:

F" - learning cet of 40 events,

™ . testing set of 2% events.

The learning sets consisted only of completely
specified events; the testing sets ineluded compietely
and also incompletely sperified events.

AQHAL/I was applled to find two formulas;

v(e/n) (*cancer versus rormal’) and V{n/e) ("normal
versus cancer'), LVL, exprussions of a function

£f: E - {0,1) (24)
vhlch satisfies the conditions:

(e/t(e) =1)
(e/f(e) =1) = F"

n
e
G

wnd {e/f{e) =0} = F? - for V(e/n)

and (e/f{e} oo for Vin/e)

H
i

)

Such a pair of formulns, {V(e/n), V(nfc)}, is
called & conjugate pair of formulas and is denoted by
Vien).

Assuming the cost functional A = <(t,s,z)> {where
z(xi). costs associated with variables x,, were all

assumed to be 1) and restriction parameters <ms,cs> =
<15,5>, AQVAL/l produced the following formules:

1. vi{e/n) = [xje=2:h][xh2=0}[xh5¥0] V
'[‘-"23= 3:5] {3265‘3‘] [xw?—_‘?}'[xiséf.-] [xh2= 1:5] Exw=0 v
[xja'ﬁlix}fﬂ[x}aﬂ,h] vV [x3=2,3]{x26=35] (25)

‘The formula comprises 4 terms, which consecutively
cover {or are satisfied by) {28,285, (7,7}, (6,3) and
(2,2} events in the set F®, respectively (the Ffirst
number in each pair denotes the total number of events
covered by a given term, and the second--the number of
events covered.by a given term and not covered by any
of the previous terms).. The formula depends in toto
on only seven variables out of 19, The execution time
on. the TBM 300/75 was = 39 seconds,

2. V(nfe) = [x25=1=5][x295}}[x30§h][x31=1,2]!\
A [xe=2,3][x, ;=0] (26}

The formula comprises only one term (which covers
all 40 events) and depends in toto on only six varisbles
{out of 19), (Note that with one exception all
variables in this formula are different from those
used in the formula V{c/n), which is quite surprising.)
The execution time was = 22 seconds.

The fact that V(n/c) has only one term and is
considerably simpler than V{e/n) (4 terms) seens to
confirm the common intuition that cases of ‘normal
health' are more or less similar, i.e. all parasmeter
values fall simultaneously into certain 'normal!
ranges, unlike cancer cases which may be quite
different because they may represent different types
of cancer. (Note that in an interval DVL, formula

each term corresponds to exactly one multidimensional
interval.-in a sutzpace of E.)
Translating the VLl values of variables back into

real values of tests (expressed in units given in the
list of variables), the formula V(n/c) can be
paraphrased:

[3< 305 $6]x g 525]1xs; 290 [5<x,) £25]1A

N\ [5000< Xyq 11000 ] {xhs 1] (27)

{In the book!2 ‘normal’ ranges cf the varisbles used
in this formula are listed. as: 4 §x25 =55 9 sxag 203
s L0 ; - - : mt

10 sxjo «hOy L 5::51 £13; L0000 5156 211000; X, g=='a
few casts may be present normally', page 164, )

2. Testing phase

The formulas V(e/n) and V(n/ec) were applied
individually and jointly {as a conjugate pair) to
classify evenis in testing sets TC and TR,

In individusl testing of the formulas we assumed
that: V(c/n) produces a correet result when a 'caneer
event, ! eric, is covered (i,e. satisfles the formulaj,
or a 'mormal event' e¢T™, is not covered by ths formula
V(n/c) produces a correct result when the opposite is
true, i{.e. an ec™ is covered or an ecT¢ is not

‘eovered.



The performance of these formulas tested individ-
ually is summarized in table 2n. DNote that the total
nurber of testing events was different for each formula
(60 ror V{efn) and 68 for V{nfc), out of original 70).
This is so because the table includes only results from
testing events for which formulas were completely
avaluated (as mentioned before, the testing sets
included incompletely specified events for which it is
not always possible to evaluate a formula).

It should be noted that to evalunte a given
formula it is always sufficient to know only the values
of the variables which actually appear in the formula
{the mmber of which is usually much smaller than the
totall number of variables constituting an event).
Moreover, in many cases it is sufficient te know the
values of only some of the variables appearing in the
formmla (e.g., it may be sufficient to know the values
of variebles oceurring in only one term of the
formula).

As can be seen from table 0, the formula V{nfe)
performed better than the formolz ¥{c/n), though both
formulas seem to perform rensonsbly well {V(c/n) —
A3% (35 out of 42) and 897 (16 out of 18) correct
dispgnostic decisions for ecancer and nermal events,
respectively; Vin/e) — 897 (k1 out of 46) and 95% (21
out of 22) correct decisions for cancer and normal
events, respectively).

The 35 correctly classified cancer events were
"distributed’ into (covered by) consecutive terms of
vie/n): (28,28}, (5,5}, (n,2}, (1,0}, where the
meaning of these numbers is the same as in the formula
description.

Joint testing of two formulas {testing of a
conjupgate pair of formulas) involves Judging the joint
performance of two formulas for each testing event,
Depending on the individual performance of each of the
formulas, ilie joint performance has been categerized
as shown on the lef't half of table 1 (detection
categories), For a given event,cach formula, taken
separately, can give a correct diagnostie decision.
{denoted by 1 in the table), incorrect (denoted by O)
or.no decision {denoted by %) -~ if the event is not
sufficiently specified. Tms for two formulas there
are 9 possible pairs of outcomes, shown in the table,
For the cancer detection results we accepted the rule
that if any of the formulas detected a cancer, the
Joint decision was -cancer', i.e. the unknown event was
classified as a cancer event {otherwise as a normal
event).

Thug, if one fermmla elazzcified an event as a
cancer event and the czecond.-ngs a normal event, the
event was classified as a cancer event. If this event
was in fact a cancer evenl. then the joint performance
was judped to be ‘weakly correci'; otherwice {i.e. if
it was 2 normal event) -~ 'wenkly incorrcct'. The
nssigument of the other performance calegorics as shown
tn table 1 does net secem to sequive explanation,

Tae joint performance of V{c/n) and V(n/c) was
sumparized in table 2b, The joint performance of
these formilas was correct tor all 7T cnneer testing
"~ eventz (1007 correci) and far 2O of the 24 normal
events {B77 correct), Of the % normal events
cinssified a8 coaneer ovents, 2 were classifiied weakly
inearrect, 1 -moderately incorrect and O < strongly
incorrect.
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B. CANCER DISCRIMINATION

1. Learniny phase

In %hese experiments we tried to determine 2 rule,
in the form of a DVL1 formula, for distinguishing

between cancer of the pancreas and primary cancer of
the liver, based on 22 general medical tests. ({These
tests were selected from the original 62 variables for
the practical reason of oblaining learning sets cf a
suf'ficient size.) The 22 variables {constituting
events in the present experiments) included all of the
19 previously used variables (with X, and Xe

quantized differently)} plus three additional variebles:

Admitting Information

x, = Gex (hl=59
Ricod Riochemistry & Hemntology

K,y = dedium (mnq/!} (hﬂ' =)
xgg - Chlorides (meg/1) (h;é:ﬁ}
X3 - Hemoglobin (gm/100 mtf) {h37=5)

Urinnlysis

Xy Specific gravity (dimensionless) {hhhzﬁ)

The set of 38 cancer of the liver events {'liver
events') was partitioned into two sets:

FI - learning set of 16 {completely specified)

events, ¢
T! - testing set of 22 (incompletely specified)
events.

The set of 47 cancer of the pancreas evenis
{'pancrens events'} was partitioned into two sete:

F¥ - leorning set of 18 (completely specified)
events,

™ . testing set of 29 (incompletely specified)
events,

AQVAL/1 was applied to find a conjugate pair of
formulas V{i*p) = (V(#/p), V(p/1)}, where V{2/p) and
V{p/2) are DVL, expressions of a function (24},

satisfying conditions:

(e/f(e) =1) =F' and {ef(e)=0} =F® -for V(s/p)
(e/f(e) =1)

The ecost functional was assumed to be, az Lefore,
A =<(t,s,z)>, and the restriction parameters <ms,cs>
were <30,15>,

M and {effle)=0} = rl . for vin/t)

The nhtained formulas wepe;
1. v(tfp) = [xzh--l:h]Lx28=l:2][x295h}[x5h=2:h][:{h332]

[eg=2:5]1 [y =1130{xg=3] V' [x,6=1]1 (28)

~ 'the formula comprises 5 terms, which consecutively
cover {11,11), (5,4) and (1,1) eveats, respectively,

in set 7Y, The formula depends on 9 variables (out of
02). The exceution time was 61 seconds (this is a
signiflcanlly longer time than in the previous examples
due to the much larger restriction parameters).



2, Vipfe) = [x1=0][x5152][:{36=2:-’1}[x,‘ha 3]
(x5, =250 I {xye=31{x 0 2 Hxgq=3]

[x28=2:}][x30=l:5][x5h= 1:2] (29)

The formula comprises 3 terms, which consecutively
cover {9,9), (5,5) and (5,4) events, respectively, in

set . The formula depends on 10 variables, ) of
vhich (x?h, xqﬁ, xaa,'xju} were used in the formula
“ H

v{t/p).

a, Testipg rhase

The execution time was 56 seconds.

The formulas V{(f/p) and V(p/f) were applied
individually and jointly to classify events in testing

‘sets T ana .

The performance of the feormulas in both cases was
swrmarized in table 3. Since the purpese of the
forpulas was to Jdiscriminate between two orms of
cencer, the performance categories in joint testing
vere chosen slightly differently, ns shown in the
right half of table 1 (discrimination categories).

As can be observed in tnble 3, the performance of
the formulas in individunl and, as well, in joint
testing was completely unsatisfactory (with the
exceptlion ¢f classificntion of pancreas events by
formula V{#/p), which was 057 correct). lote also that
the joint testing gave a very high percentage of
Indecisions (33%).

There can be few potential reasons explaining the
resulis;

{1) the size of learning sets was tco small for
the program to make a proper generalization,

{2) the 22 variables used in the experiment,
which- are all general mndical tests, may not
have included any tests which are relevant
in a sufficient degree to tiie distinction
between cancer of the pancreas and cancer of
the liver, thus ruling out the poszibility
of obtaining positive results in this
experiment,

{3) the quantization of variables was not fine
enough,

(4) the type of generalizations of input data,
which AQVAL/1 is able to produce, is not
adequate for the particular preoblem,

{5) the medical data which we used had errors
{e.5., some cases listed in our data as
cancer of ithe pnncreas cases might have been
in fact cases ot cancer of the liver, or
conversely ).

i, With regard to reason 1 {learning sets too small),
recall that the learning sels included only 16

(set F') and 18 {sct FP) events, which makes it
guite probable tiiat they were of insufficient zize
for making adequate generalizatiocn. (To more
celearly imngine the problem, note that the program
was given oniy 10 + 13 = 34 gpecified events out

of = B.S'IOlJ events censtituting the event zpuace, )
2. In view of the present poor results ns compared to

the previous quite satisfactory results (10w of
cages of cancer (47 cases) were detected), rcasen

and diseriminating non-uniform textures,
together with some auxiliary programs has been applied
to a solution of this problem.
we will give here only a very brief deseription of the
general idea of the method applied and then illustrate
it with an example {various aspects of earlier versions
of this method were described in paperst,13s1b),

2 {irrelevant variables) seems to be more probable.
Namely, in theé cancer detection experiment,AQVAL/1
was able to preoduce good rules alse based on
relatively Emall learning sets -~ 40 + LG = 80

specified events out of =~ E.lolk (though = 100

times larger, relative to the size of the event
space, than in the cancer discrimination experiment)
Thusz, it seems to imply that the variables used in
the experiments were sufficiently relevant for
detecting the cancer but were not sufficiently
relevant for discriminating between the two cancers.

3. It is natural to expect that differences in general
tests, which were used in the experiment, will be
much more subtle in distinguishing between two
types of cancer than-in distinguishing between
cancer {either type) and 'mormal health'. There-
fore, for the cancer discrimination experiment a
much finer quantization of variables might have
been required. Since essentially the sume
quantization wos used in the cancer detection and
Lthe cancer discriminnlion experiments, reason 3
{quantization of variables not fine enough) is
perhaps a very significant factor here (new
experiments using a finer guantization of variables
are desirable),

L. Remson b {inadenuate type of generalization) seems
unlikely in view of the good resulits of the first
experiment.

5. Reason 5 (incorrect data), of course, would
undoubtedly cause bad results, if true.

Finally, it should be noted that the problem of
canceir discrimination using ganeral medical tests is

not of very significant interest for medicine because
there exists a specific test ('alpha-feto protein
test') which can eesily discriminate between these
two cancers (once the presence of cancer has been
detected).
experiments on cancer detection than to those on

. cancer discrimination, when only general medical tests
are used.

This imparts a greater value to the

6.2 Texture Diserimination

This experiment deals with a problem of describing
AQVAL/1

For the lack of space,

Suppose there iz given a set of texture classes

k .
{(T"), k.=-n,1,2,...,y{, and the problem is to find an
operator t, which applied to any texture T? E'Tk

produces the value t{fk) = k. We will assume here that
the TK
namely & x P matrices with entries, called picture
elements, being positive integers between O and some
number g, incluzively,
ecale and position of the pictures of the real textures
are 'appropristely' adjusted before the scanning and
digitizing operativns are applied (for learning and,

as well, testing phases).

k - % ’
¢ T, k=0,1,...,d, represent digitized textures,

We will also assume that the

Tie operator t {a 'texture descriptor’) is assumed

here to be n composite operator:

t =0 ®0 ... od>u.) o d {30}
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where & 21 e (1,2,... ) is called the filtering

operator of the i-th iteration. tbi iz a composite
operator:

(31)

¢i =80 OpOYV
in which a; !, p and v, generally dependent on i, are
the following operators:

a - is an 'averoging operator', specified as &, W
¥
1 and w, are divisors of & and B, respectively:

o = a_lwl_

IThe operator a applied to the matrix Tk {of size

w
and g = Biwl’ a; and 51 -- some integers.

a x B} produces a new mairix fi of the size al p 4 ﬁr

wvith entries equal to the average value of the
submatrices ('windows') of size w; x ¥, into which

Tk is partitioned (of course, this operation on
textures can be done by a scanner)

is a 'grey-level re&uct;un' operstor, specified as

t: which applied to Ti produces a new matrix T:

of the same size, but with entries between O and
g , inclusively, rather than between O and g, & =g.

is an ‘event-shape' operator, specified as 10

which applied to Tﬁ'produces a sequence of events
(il,ig,:..,in), 0 sx;8 & (the sequence may
include some events repeated many times).

The 'event-shape' operator p (and, as well, the
operators a and f£) shculd be selected appropriately
to the type of textures, Potentially this selection
can be done by a computer program; in our experi-
ments it was done. with human assistance., In the
exanmple to be described, p was an operator, denoted
48 Dj.» whose function can be deseribed as follows.

Congider s template:

Xs| e Pl | |
XB le
X, X,]
¥, X2

%s| 154 [Xs)

with cut-out elements {(‘'windows'} which are marked
Xy 2X, 5000 g%, (B5Sume that these windows are of the
172 12
"size! of elements in the mutrix Tg}. Suppoese that
this template is 'placed' on the mairix Tﬁ {zay,

L,

in the left top corner} and moved, step by step
{where steps are of individunl element size)
through all possible positions in the matrix. In
- - F 2 -
each position (Jl,jg} an event \xl,gg,...,xlg} is
extracted, where il’ 1=1,8,.¢4,12 is the entry of
T: 'seen' through the template window marked X
The geguence cf events obtained at the end of this
process, Ek, with the sequence of template

positions, Jk, 18 defined to be the result of
epplying the operator p,, to Tk- <Fk Jk> < (Tk)
12 gf ¢ T =haity

12

v - is an operator which is a VL/1 formula expressing
a function

1 E = {{k,%5.00,% ) = {0,1,2,... ,})

The result of applying v to <Ek,Jk> is defined as
a matrix T; such that its entry in position (jl,j?)
is the value of the formula v for the event e
extracted in position (31,32) of the template.
Let T{1)} denote the result of applying the opera-
tor &, to an unknown texture T and T{i)--the result of
applying the operator &, to Mliml )y TwD53 e ylle

T(i) is referred to as the transformed texture T after
iteration i.

Operator d, applied to T(u), selects & sample of
T(i) (of a size which is generally determined based on
statistieal considerations) and gives as the result the
most frequently occurring value in this sample (in the
case where more than one value occurs with the maximum
frequency then other samples from T(u) are tried}.

The result of applying d is taken as the 'numerical
name' of the class to which the unknown texture is
classified.(the recognition decision}.

Thus, the problem of describing and recognizing
textures from some set of texture classeg is considered

here as the problem of designing an appropriate

operator f. There can be in general, meny operators &
which can serve as recognizers {or descriptors) for
given texture classes. A funetional cen be introduced
for measuring cost (minimality) of these operators
{wvhich may include also the cost of estimated error
rate) and the problem arises of construecting an
cperator t which minimizes the assumed cost functional.

We will give now o simple example of construecting
an operator t and testing its performance. Consider
the two pictures shown in figures 1 and 2 (Plcture No.
15 and Pieture No. 1) as two texture classes. As
elements of these classes, consider varicus reasonably
sized samples of these pictures. A problem is %o
determine an cperator t which appiled to any such
sample of either picture gives the numerical hame of
the texture class from which this sample comes.

Pictures 15 and 16 were quantized into 128 x 128
matrices with g = 16 (16 grey-levels). Figures %z and
ka show the result of applying to both pictures the
operator a z ° 1, {where IE produced the binary

3

plctures by thresholding the given matrix at the ievel
of the mean grey-level value computed for the ‘learning
area'}., The pictures in figure 3a and figure ha were
divided Into two parts: & learning area - which gserved
Bs a texture sample used to construct the filtering
nperatorstbi and operator t, and e testing area -

which served as a texture sagple used to test the
performance of thetbi and t.

The experiment consisted of three steps: {a)
event extraction step, (b) AQVAL/1l step, {e¢) filtering
and testing step, The results sre summarized in

table 4,
0 1 P Y
The sequences F~ and E- of events (;1,x2,...,x12),
obtalined after spplying operator P1s to learning areas

in figures 3a and ha, are (in table ha)} represented by
three sets of events:

£ - of events which are in E® but not in El,



ﬁl

Eb - of events which are in bcth EO and El.

- of events which are in El but not in*ED,

Columns c(EL), e(E9) and c(ﬁh} give the length of these
sequences. In constructimg the filtering operators ¢i,
a cutting operator (connidered as a part DE the :
operator p) was applied to the sequences £ and EF
which:

1, removed from E1 and EO all vectors which occur in
these seguences less than r times {r - occurrence
threshold},

2. computed for the rest of vectors the parameter A
defined as;

(32)

e(EY) + e(8)

where e(El), e(EO) - number of times the event e

occurs in El and EO, respectively.

3. removed from E0 all events for which A > lb, and

from E1 - 811 events for which A < ub, where 1b and
ub are parameters called lambda lower bound and
lambda upper bound, respectively, 0 < 1lb 5 ub < 1,

k. produced sets FO and Fl consisting of all distinet
. . 0 1
events remaining in sequences E and E7, respec-
tively (note that due to the operation 3%, FO and Fl
are disjeint}. Columns c(FO) and c(Fl} give the

: . t . ok
numbers of events in sets F and F .
The experiment consisted of six computer runs(jobs):

1,2 - in which operators v were constructed as VLl
formulas V(FOfFl), which assume value 1, if an
event e ¢ ¥ and value 0, if e ¢ B

3,4,5,6 - in which operators v were constructed as
formilas V(FlfFoj which assume value 1, if e ¢ Fl,

and value O, if e ¢ FQ.

In table Le by UiE(FDfFl} js meant

ﬂ&{FﬂfFl} ) Vb{Fp/Fl), i.e., first is applied operator
°/Fty and then v_(FO/rY)v, (7t /F° o

v ] ¥ Al +

1{? /F*) and then L FT) (Y, ), ViE}(F JE7),

ete., have analogous meaning. )

Parameters ¢l and ct (table he ) called correctness

ratio for lemrning area snd correciness ratio for
testing area, respectively, are dJci'ined:

CL oy
cl =T ct = 5T

where CL and CT are total pumbers oi e.eonls which le
formula classified correctly (i.e., produced for

thex velue 1, if e ¢ EX and waiue o if e ¢ on, in
learning and testing areas, respectively, TL and T
are total numlber of entries in learning and testing
areas, respectively,

Figures 3h,e and Fipures 'Yb,c show the transtormed
textures of lst and Pnu iteration, i.e., results of
applying operators ¢-i =a0fopoyv, i=1,2, to

pletures in figure 15 and figure 16 where &, , p and v
wre defined in table 1 (Jobs 1 and 2). As we can see,
the densities of 'Os' in figure 3%c and 'ls' in Figure

e are very large, both in learning and testing areas
(they are measured by cl and ct). Thus, the operator

d will give the correct reccgnition decisions even if
the samples taken from pictures in figures 3c and hLe
are relatively very small (recall that the decision
will be correct if: the number of 'Os' is greater than
the number of 'ls' in a sample taken from the testing
area in figure %c or, if the number of 'ls' is greater
than the number of '0s' in a sample taken from the
testing aree in figure lbe).

7. Coneluding Remarks

Iet us briefly summarize the most important
properties of the VL, system and its AQVAL/1 implemen-

tation, from the application viewpoint:

1. AQVAL/1 logically infers quesi-minimal VI, formulas

(under an assumed cost-functionsl) from sets of
events representing 'facts' or 'true' statements
about any objects or clnsses of objects., This
process is prebvlem-independent; it is based entirely
on logical properties of the VL1 system.

2. The le formulas inferred by AQVRL/l are expressions

of a function

fis Hl x H2 X wis UK Hn - H

where H , 1=1,2,...,n and H are f.n. sets of non-

i!'
negative integers,

An important property of the VLl system is that
every such function can be expressed by a VLi

formula., Since a large number of problems from
different fields, in particular various pattern
recognition problems, can be formulated as problems
of finding an expression for such a function,
AQVAL/1 has a potential for broad application.

5. The system can be especially useful for solving
problems which are intrinsically non-linear or
involve variables measured on nominal scale {i.e.
values of -variables denote independent objects and
arithmetic relationships between the values have no
meaning; such variables are specified in the
program as cartesian variables}, This is a very
unigue feature of the system.

h. The VLl formulas are very simple for interpretsation

and evaluation. (When only interval variables are
‘used, they correspond to decision rules involving
only hiperplares perpendicular to individual
variable axes,)

5. AQVAL/L nutomatically reduces redundant variables.
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Event Extrection Step
v oh geh Exe cution
Humber || Description u " a 0 1
Pictures| =n g p |etdh i) | gty [Cutting Operator | .0y 1 (pl) T‘lm-;.
[seg
r 1b ub
-
1 1 itegation | Pic. 15 | 4 i 1p 169 | 129 66 | 2 ]<0.251>0:75] 81 81 L8
for F /F 1! — 3,3 e 12
(grid
with
noise)
2 2 itegation | Pic. 16 a . |p 111 | 139 212 | c.2s| 0.75) 111 1 159 Lo
for. ¥ /F "D - 1 2 12
(grid)
3 ill iteration i 1p 225 | 152 88| 3} 0.5 | 0.5 5 g2 k5
for F /F 3,3 | "2 P12
b 2 iteration = ¢ p 288 | 296 15 | 2 0.251 0.75% 101 qa b1
for F /F 1,1 2 iz
5 3 iteration A 79 | 110 3(2 | o0.25} 0.715] 26 54 38
for FI{FB 1,1 |2 [Pz
6 b iteration 17 23 0 {2 0.25} 0.75f{ 15 37 38
for F‘i.c'FE'.I Blil L (P12
a - averaging operator r - occurrence threshold
£t - grey-level operator 1t - lamba lower bound
p - event-shape operator ub - lamba upper bound
a .
AQVAL/1 Step
Job .
Hutwar Event Space Restriction | Cost- VL # of | # of ¥ of Exz2cution
and h <ms ,cs > Functional A Fofmule Terms | Selecters | Varisbles | Time (Sec)
12 times
1 E(2,2,2,2,2,2,...2) c=1is%:(2,3,5) 0.1
2 <l,1> t-1ist:(0.1,0.2,0.1) V1(F /F7)y 22 121 12 132
" " ’ 0,.1
2 <1,1> "i'EfF JFT) 12 68 12 126
e-list:(1,2,3) 0 .
3 " <1,1> t-1ist:(0,1,0.1,0.1) Vl[r"lfF y1 23 117 12 138
I “ <1,1> t-1ist:{0.1,0,1,0.1) Vz[F [F ) 8 k=4 12 LY
5 " ‘1 ‘l} " vg{ Fl;FO) 2 h 1'- 9
6 " 1,1 " v (FE0 | 2 3 A 6
b.
Filtering snd Testing Step
(epplication of the operator: aekepev )
Picture 15 Picture 16
Correctness | Corractness| Correctness! Correctness
Iob Ratia for Ratio Ratlio for | Hatio for
i Operator v | Leaming Testing Leaming Testing Execution Time
Aren {el) Aresa {ct) Area {cl}) Aven (et} {see)
1 v (5% 0. 78k 0.835 0. &2k 0.735 42
a,.1,
2 v (F/F") 0.583 0.938 1.¢ 0.911 33
1 |y (rlF%) 0.833 0.870 0.918 0.735 Lo
L v, (rt/5°) 0.958 0.974" 0,946 0.921 31
1,0
5 1{“(F /F) 1.0 0.997 1.0 1.0 25
1,0
€ ) NF/F) 1.0 1.0 1.0 1.9 26
C.
Summary of the experiment on texture diserimination
Table & . 17




