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VARTABLE-VALUED LOGIC:

System VL,

by -

R. 5. Michalski
Department of Computer Science
University of Illineis at Urbana-Champaign
Urbana, Illinois 61801

ABSTRACT

The paper defines the concept of a variable-valued logic
(VL) system and discusses in detail one specific VL gystem called VL.,

The main motivation for the dev&logmgnt.uf the VL system
concept is to copstruct a well-defined, general formal system unifying
various combinatorial problems and adequate, in particular, for problems
of 'learning from examples' (problems which are of special interest to
areas of pattern recognition and machine intelligence).

INDEX TERM:
Variable-valued logic, many-valued logic, switching functions,
disjunctive normal forms, feature selection, classification rules,

induetive systems.
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gspecific sample facts or examples characterizing the objects., These
descriptions can then be used, e.g., a8 gimple rules for classifying
or recognizing the objects. Another application can be to infer the
simplest expression for a deterministic relationsghip existing among
various objects, from examples of this relationship.

The set of operations which ?Ll uses to create such
descriptions is limited to only a few basic logical operations and
one arithmetic operation -- addition (which is used only in a restricted
context, namely to express symmetric properties of functions with
regard to their variables or inversed variables).

| The original facts or examples, fromwhich system can "learn’,
have to be expressed in a special format: as sequences of properties
taken from various finite (ordered or unordered) domains (i.e. a
‘questionnaire format') or, in the most general case, in the form of le
formulas.

The concept of a VL system and the definiticn of VIZ were
first introducede at the IFTP Working Conference on Graphic Languages,
Vancouver, Canada, May 197z2.

In this paper we present an extended definition of V'Ll which
includes certain new concepts, such as a symmetric selector ,
exception and separation operations and a combined ULl formila. We also
give here a grammétical description of the syntax of le and deseribe
various concepts relevant to the system: equivalence-preserving

operations, merging and simplication rules, concept of minimality of VLl

formulas under a lexicographic functional, a geometric medel of 'W.i
formalas,

A Reader interested in applications of the system and its

computer implementation is referred fo other paPErsl’E’i.
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pefinition of the VLl system

where

X

VL, is a variable-valued logic system (X, ¥, S, R, RI}

is a f.n. set of input varisbles whose

domains are f.r. sets of elements called input semantic units.

To be specific, we will assume, without loss of gemerality,
that varigbles are
xl IE . 13 TR J'En ; (2}

and their domains Di are sets of non-negative integers with

dl,_dg,... sdy elements, res_pectiveh-:

Di = [0,1,2,..,,]3.;..} ] i= 1:2_:'"111 (3)

-‘HhEI‘E p‘a = di-l.

Y -- is a set consisting of one output varisble whose domain is a
f.n. set of elements called cutput semantic units.
To be specific, we will assume, without loss of generality, that
the varisble is y and its domain D is a set of d non-negative
integers:
D= (0,1,2,0e0,4) . (k)
where { = d-1.
A possible interpretation of elements of D is
interpret them as truth-values ('degrees of truth')
or 'degrees of preciseness of statements describing
relations among values of variables xj. Another, more
general, interpretation of elements of D can be to
interpret them as decisions which are made depending on
values of x., UNote that in this case elements of D may
not have any 'natural' crder, unlike in the previocus
interpretation.
S -- is the set of the following eonnegiing symbols:

= hzsyvNA + a2 ()ID,
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2V is called the inverse of V (5)

V)V, is called the product (or conjunction) of V) and V, (6)

Vi N VE is ealled the exception v, from V; | (7)
(or V, except for VE)

v, v 'VE is called the sum (or QAM} of (8)
v and ‘H'E

V17, is called the separation of V, and V, (9)

RI -~ iz a set of interpretation rules which assign to any le

formula V a value v(V) € D, depending on values of Xjjees,X :

1.

2

The value v(ec) of an element c, ceD, is ¢, which is

dencted :

vic) = ¢ - (10)
v([L #R]) = [ﬁ; :fh:ﬁsf e ’
where

v(L), Le(x,V), is v(V,), i.e. value of wef V;, if L is Vo,
otherwise is v(x), i.e. value of the sequence x.

Assuming that x is a sequence of literals ;Ei’ iel,
separated by *+', v(x) is defined as:

vx) = 2. v(,), (11a)
i1el
where
2 denotes arithmetic sum
N k., if % i3 x
WF)e g X TETH (11m)
ﬁi-xi, ir % is X,

X, denotes a value of varizhble X4 X 4 €Dy

13k 5 AV PO )
Example: If values of variables X1,Xp ,X3,%)
are, respectively: 2, 0, 3, L, and maximal
elements in their domains: &4, 4, 5, 5, then:

v(xa+i3+xh] =0+ (5-3) + L =6

v(R), Re {e,V,), is the sequence e, if R is ¢; otherwise w{VE),
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DISCUSSION OF VL, FORMULAS

Examples of VT.nl and ncrt?LlFomu_‘Las
i .
A string of symbols from sets X, D and 5,specified in the

definition of VL ,1s a VI, formula if and only 1f it can be constructed
by a finite number of applications of the formatlon ;-ules RF Below
are given some examples of ‘VLl formulas, and, for ccmpariadn,' some
strings which are not m:.l formulas,
'I{I1 formulas:
3% =0,3:51 (%572, 4] V 2[x,#5] v 1[x,22] : (18)

([x,=1:3] v [x,j%h,éml_v [%,=0,2,4] V [x;=3]) (19)

~(2lxy=3]v 1){x,72] | 2([x41,=0,51\ [x,2] V1 [x,40]  (20)

HNot V_f.l formulas:

([x)=0,2:5] = 3)[x Ay 2[[[x,=0]y 1 = [x=1]]]=2] (21)
3xgR0:3] v -2{[%,20,1,3,5] = [x,21]V %, (22
[2lxy#:,=0] V 1 = ] v 1(2,3=(x,90]] | 3[x,+x, 3] ' (23)

-

String (21) is not a VL, formula because the form [x,=0,2:5] =3
does not satisfy the definition of a selector (should be enclosed in [ 1)
(22) is not a VL, formula because & variable standing alone is not a
wif, (23) is not a VL, formula because X, is on the right-hand side of

=, and also because the string '2,3' is on the left-hand side of =

L]

Event Space

The snterpretation rules RI adsign to any VL_L formula a value

-- an element of set D, depending on the values of X12 Xgp eeey X ==

elements of sets D, DE’ +eey D . Thus, the interpretation rules
interpret '.'1.1 formilas as expregsions of a function:
f:]hxuax...xnn—vr} (24)

where x denotes cartesian product and

= "marmines dnéat k
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Examples of VI, Formulas Interpretation

Recall the formila (18): 3[x)=0,3:5]1[x,#2,k]v 2[x,#3]V 1[x22].

This formula can be interpreted as an expression of a function:
£: E(6, 4, 5, 5) = (0, 1, 2; 3) (28)

assuning that c(Dl}né, c{D2}=I+, c{ﬁﬁ)mﬁ, c(Dh]ﬂh The formula is
assigned value 3 (briefly, has value }},.if selectors [x,=0,3:5] and
[x}¥ 2,4] are satisfied, i.e., if x, accepts value 0, 3, 4 or 5 and xs
value 0, 1 or 3, (Thus, the value 3 of the formula does not depend on
values of x, and xh.) The formula has value 2 if the previous condition
does not hold and the selector [xeyfﬂ is .satisﬂed (recall that |

v{ﬁlv VE] = max{v(W ), V(VE)} ). The formula has value 1,if both of the
previous conditions do not hold and the selector [xkaE] iz satizfied,

If none of the above conditions hold, the formula has wvalue G,

Consider s formuls:

E[xg-l-x‘thhe,j] v 1[x;=0] ' | : (29)

The formuls haz value 2 for all events in which wvalues of
variables Xy x3 and :-ch_ sum up to 2 or 3, except for such events with this

is 0. .For the latter events,

property in which the value of wvariable X,

and only for them, the formula has value 1. For all the other events the
formula has value 0. Note that the function expressed by formula (29) is
symmetric with regard to variables {xe,x3,xh], i.e., these variables can be
exchanged one for another without changing value of the function (essuming

that domains of these variables are of the same cordinality).

VL Functions

In describing objects (or processes) we usually deal with

functions which may have an unspecified value for certain events, that

is with functions !
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expressed by a single VI; expression by extending the set X with

an additional variable y whose domain is (1, 2, ..., m) and assuming

that
D= D:I.El.x(lﬂ, ED, sawy nD)-

The role of the variable y is expressed by an additional interpretation

rule:
L' v(V[y # e]) is interpreted as follows:

the value v(V) is ziven to functions '{Ff | ¥ # e}.

For example, if V,, ‘ETE and ?3 are VL, formulas which do not include

the variable y, then
V]_Ey m l:2;3] v ?E[Y _ j:ll:‘l v vj[? — 115] (35}

. ,
in interpreted as an expression of a function f = (°f, Ef, jf, l‘f),

where expressions for functions kr k=1, 2, 3, I are:

1
1. 2. S bo. '
f: v "'y £f: V), T Vv,V vj, £: v, | (%6)

The selector [y = e¢] is called a function selector, A VL,

formula which includes function selectors is called & multiple-output El

formula. We extend a function £ (33) to an incompletely specified

function by assuming that:

f: E — (lDu (%)) x (3 U {*]) X e x (b U [*]) (37)

Special Classes of \?Ll Formulas

We will define some special clasres of 1‘11 formulas (disjunctive
and conjunctive simple VL, formilas, cyclie formulas and interval -
formulas) which are of special interest for épplicaticns, because of the
simplicity of their interpretation, evaluation and synthesis, We will

start with defining some auxiliary . :ncepts.
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Definition 8. A VI4 formila which is a conjunction of simple clauses is

called & conjunctive simple (or normal) VLl formula and denocted C"El.

(For example, (19)1is a CVL]_.)
Definition 9. A ‘.’Ll formala which is a D‘.’Ll or CVLl ig called a

simple (or normal) VI.l formula,

Theorem 1. For any VL function there exists at least one Dw.i and
at least one C,VL]_ formula, which are expressions of this function.
7
Proof, ©See paper .
Specificaticn of formation rules as rewriting rules of a contex-free

1 L '

Below are given rewriting rules of a contex-free grammar

(together with a corresponding terminology), which are an alternative
way of expressing formation rules F.j. of the 1.?]‘.;1. They are eguivalent to
RF with the exception for sequences x and e. In RF’I énd ¢ were defined.
as aéquences of different elements while here they can include identical
elements (x and e, as defined in Rp, cannot be expressed by a cOn‘EEx-
free rewriting rules). A bar 'I "'and "::=' are used as metalanguage

symbols for describing rewrliting rules,

Formla Vi | vl
Clauee L= PRV P
Blirase Pii=1 | Py

Term T::=C| TAC|TE
Component ' i I ) | -V I (v)
Selector S 1:= [L # R]

Left part (referee) L:imx | v

Right part (reference) Ri=e |V

Selector relstion gu==|[flz]s
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All operations on V; and/or V, which preserve relation (40)

are called eguivalence-preserving operations,

Fxamples of Equivalence-Preserving Operations on VL, Formulas

Let Ve V(X,D).

visv Vvo=v (identity elements) (41)
Vo =0 vad=s4qd (zero elements) (42)
..{.;1) =T where v() = 4 - ¢ (43)

If £ is = or # then:

T_Ar if I L} iB 1=I
'ltx-i#ﬁ] E [xi%]J where ’%‘ is {1ﬁ| if |£r ig 1-¥|
For example, ~([x,=3:5]) = [x,#3:5]. ‘
-.[::iac} = [xié-::' ], where ¢~ is equal c-1.
-[Ii'-ill] = [xii.'c" ], where ¢ is equal e+l,
Let V;, V, and v3> be elements of V(X,D).
vl(vlwvej =V, VvV, =V _ (ibsorption 'y
aws )

vleWS} = vlvawlv3 vlwzv:,’ = (vlvva){vlvvij (IDi:Er}'ibutive (45)

Let {?'j] Jed be a subset of ‘U‘{};,D}_

LV vy= AL g, | (46)
jeg 4 jeg 9
- De Mor "s Laws¥*
'{Qr v,) = ;E\eg A (¥,) 8 Hersahde (v7)

Examples: =(2[x;=1:3][xy]) =2 vxA:3] v [x,=2]
where v(2) = @2
~(30xy=2,4] v 1 x,=01[x,#1:31) = (3 vIx,£2,4]1) (1 vx,f0]y [x,=1:3])

Let ¢, ¢, {tl Zerged with ‘2} and e,™ <, (cl intersected with

cE,'l denote compressed references obtained by set-theoretical summing

and intersecting, respectively, the sets of elements in extended forms

* /A and \/ mean a conjunction and a disjunction of formulas, respectively,
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g sum of interval selectors. (To see this, consider, e.g., the
selector [xi=0 ,2:4,6]. It can be expressed as a product
[xi='0:5]Exi¥l][x2¥5] or as & sum {xi=ﬁlv[xi=2=h.'rv[xi=6]-}

With regard to operations N and | it follows from (15}
and (17) that: '

VN Vp =V [V, =0l v Y
L) Vo =TV, = 0] v V[V = O]

MINIMAL "i"Ll FORMULAS

A Planar Geometrical Representation of VL Functions and VLi Formulas

The merging and simplification rules (49, 50, 51, 52) are
examples h:::t‘ rules which- allow us to modify ('simplify') a given ‘J’Ll
formulae without changing its interpretation (i.e., preserving the
equivalence). There can be, in general, many differemt VL, formilas
expressing the same VL function. Thus, & problem arises of how, for a
given VL function, to construct the simplest (in some specified sense)
VL, formula.

To 1llustrate this problem graphically, we will use a Generaiized
Logical Diagram (GLD) described im paper"". The GLD is a ;llanar
geometrical model of an event space E{dl, d d'n}" and provides

aatees
g convenient representation of VL functions and '|."Ll formulas. For
€xample, Figure 1,shows & GLD representation of a VL function:

£: B(k, 2, 3,3) + {0,1,2,3,¥)
Cells of the disgram correspond to events in E(k, 2, 3, 3). The
correspondence is self-explanatory, e.g., cell @ corresponds to

2
event e 5 2 (L, 0,2, 1). Numbers on the top and the right of the

diagram are the numbers of the events to which the cells correspond
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from which the user may select the most appropriate for his type

of epplication. For computational feasibility, it is desirsable,
however, that the availsable functionals be expressed in one standard

form. We found it convenient for computations and also useful in

practice to assume that functionals are in the form:

A = <a-list, r-list> (55)

where

a-list, called atiribute (or eriteria) list, is a vector
R = {al’aE’“"E'.I"J’ where the ay denote single- or many-

valued attributes used to characterize D?Ll formulas ,

t-1list, called tolerance list, is a vector t = (Tl,Ta,.--,TI))
where 0 £ 7, <€ 1, i=1,2,..4,f, and the 7, are called

tolerances for attributes a

2 g2
Functicnals in the form (55) are called lexicographic funetionals,

A D?Ll formula V is said to be a minimal D?Li expression

for £ under functional A iff:

i

A(v) < A(V,) | (56)

where

AW = (a)(1), 8,(V), wu, 2, (V)

AlVs) = (ay (V),2,(V,) seens 2, (V)

ai(V), aifvﬁl denote fhe value of the attribute a; for formula V and
V&, respectively, VE, J=1,2,3,e0s--all irredundant D?;l
expressions for f (a DVL, expression is called irredundant,
if removing any term or selector from it mekes it no longer an

expression for f),

% denotes a relation, called the lexicographic order with tolerance t,

defined as:
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recognition, concept formation, inductive systems, etc. Frogram AQVAL/1,

implementing a synthesis of minimal D?Ll formulas, has already been
successfully applied to a number of pattérﬁ recognition problems,

such as synthesis of certain medical diagnostic procedures®, design

of & set of spaclal filters for discrimination of non-uniform textures!,
‘discovering’ simple classification rulgse, determination of simple rules

for carbonate rocks classification in geology, and some others.
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