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ABSTRACT

The paper is addressed to the problems of designing very effisient
classification systems, which are based on the application of varisble-valuad

High efficiency of clagsification 13 achieved by using the
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sense) desecriptions of clesses of objects.

[
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system VIp, and are inferred from examples of cbjects of known class member-
ship, in the procesa of inductive Inference.

The meths 2logy described in this psper csn be especially useiul
for solving classification prcblems which:

involve a wery Lir:ze number of classes, (because ths class
descriptic:s generated in this appreoach are computationally
very efficient),

are intrir-ieally non-linesr, or 'multimodal’,

ipvolve noriaal variebles {i.e. variables whose values
have no mear. :zful arithmetic relaticnships because they
are labeis of independeat objects),

assume that only a small mumber of representstive learning
gamples i3 availabie, .

make it desirable that classification trosedures ave easily
comprehend=d (this is achieved because the plassification
procedure ressmiles the human inferential procsss).
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1. INTRODUCTION

Any classification system in order to classify cbjects into a
predetermined set of classes has to know some kind of description of the
classes and, also, a procedure for matching these class descriptiona with
the descriptions of the imdividual objects. A great majority of works done
on classification problems deal with a relatively small number of classes.
Therefore, provlems of simplieity of class descriptions and the consequent
pcomputational efficiency of ﬁa-i;ching procedures, have not received much
uttenticn: A

In the case when the number of classes is very large, these problems
become important, and a designer of a classification system has to be concerned
with not only the adequateness of class descripticns (te achieve high reliability
of classification) but also with their computational efficiency as well. By
the latter we mean that manipulsting, medifying, and storing ¢lags descriptions
and, as well, using them in the processes of determining class memberships,
should require few and simgle operations and little memeory. This efficiency
is directly related to the mumber of descriptors* uged in ihe class deseriptions

and to the kind and number of operations involved in metchirg the class

descriptions with the object deseripticns.

*Hy & descriptor we mean a variable, which corresponds to a multi-valued r-ary
relation (r = 1,2,3,...) used to charscterize objects {or measured on objects).
If r = 1, the relation is called a festurs or 2 prcperty, and its values are
called attributes.



The classification problems with large number of classes arise,
for example, in developing a computer-aided consulting system for the first
stages of the medical dlagnostic process {so-called differential diagnosis).

The provlem here is to guickly sereen out nonpertinent dlseases from a very
large number of poteﬁtial diseases, and arrive at a set of most probable
‘disaasas, which are subject to further consideration in latter stages of the
diesgnostic process.

Another example is the situation when, even if the pertinent class
of diseases is known, 1t still may be very large. For example, if this
class includes eye diseases, then there can be approximately 1000 such
diseases involving sbout 2000 symptoms.

In this paper we are addressing ocurselves to an aspproach to designing
classification systems, which is oriented toward creating the simplest {in & well-
defined sense) and compubtationally very efficient descriptions of classes of
objects. This approach stems from the de;elopments of non-classical logie,

in particular, the sc-called variable-valued logic.l'l+
It should be noted, that logic generally, seems %o be a proper
source of theoretiecal tools for solving problems related to simplieity amd
efficiency of descriptions., This is so because logic has alweys been conecerned
with studying the simplest operations used by humsns to process information,
and the simplest relestionships between cbjects, namely deterministic relation-
ships in the form of logical consegquence.
Innﬁhis paper we will consider clessification methods which are

1
based on a particular varisble-valued logic system, called® ?Ll.ﬁ’*

*For the lack of space, we will not give here the definition of the VI, system.
A Reader, in order to understand theoretical background and all the details of
this paper, shculd be acquainted with at least one of the papersl=% {the most
pcomplete definition of VL; is ziven in paperh}. We will give here, however,
examples of the VI formulzs and their interpretation and, thererore, it is
possible to understand the contents of this paper %o a satisfactory degree
even without knowledge of the above papers.



These methods, which we will call VLi-based methods, have a number of
properties making them significantly different from the established pattern
recognition methods, and very atfractive from the viewpcint of the efficlency
of class descriptions.

The most important properties of these methods can be summarized

as follows:

1. The methods have the ability to dnscfibe cbject classes by
independent sets of descriptors, gelected from an sssumed set
of availatle descriptors, as those most appropriate (simplest
or ‘cheapest') for describing individual classes. This is done
by an lnductive process performed by a computer program5
AQVAL/1, which learns the class descriptions from samples of

object deseriptions with known class memtersiip.

2. The methods have capability of using descriptors which are {multivalued)
varisbles measured on nominal or ordinal scales (nominal® or
ordinal variables,respectively).

This is a unigque feature of VLj-based methods
hecause the conventional decision space methods
require™ that variables be measured on ratio or
interval seale (the ratic or interval variables,
respectively). (The reason for tnis regquirement is
the fact that the conventional methods involve
arithmetic operations on variables.)

f&lso called cartesisn or lirguistic varisbles, Hominal variables take
values that are lapels ('numerical nsmes’) of independent objects. Therefore

. arithmetic relationships betwsen these values have nc meaning, and, cconsequently
nominal varisbles should not be used in arithmetic operations.

- **oycept for multidimensional scaling methods which handle ordinal varisbles?,
and situations when nominal variables are just tinary varisbles.



3. The methods seem to be especially useful for solving
intrinsically non-linear classif#cation problems, or
problems in which each class includes a mumber of different
object clusters (e.g., when each class corresponds to a set

of not-connected regicns in a decision space).

4. The methods produce descriptions of classes in a form of
expfessions involving predominantly logical or set-
theoretic operations. The evaluation of these expressicné
(for determining class memberships) and, also, any manipulation
of them (e.g., modification) is very simple and can be done very
efficiently from the computaticnal yiewpoint. They are also very
well suited for parsllel or parallel-sequentiel evaluatien, and,
,therefore, evén very large mmhber of-such expressions could be

processed very quickly.

5, The sbove classification expressions can be very easily interpreted
by humans. This is importent in the situations when a human user
may be interested in understanding the reasons behind the
clagsification decisions made by a system (such a situation

exists, e.g., in compubter-aided medical diagnosis).

Let us make & few further comments with regard to property 1.

In conventional decision (feature space) methods, class descripticns
are usually in the form of probabilistic or algebraic expressions which
depend on the same veriables (features) for every class. It means in
geometrical interpretation, that the classes correspond to certain n-

dimensional domeins in the n-dimensionel decision svace. Such metheds, which



we will call constant decision space methods, do not have mechanisms for

selecting, from the original set of variables, the subsets of variables
which are most suitable for each class. Also, to decide about a class
membership, knowledge of values of gll variables describing an object is
required, no matter to which class the object belongs.

The ghove properties are significant restrictions of the conventional
methods. Tt is easy to notice that, e.g., humans in deseribing (and
‘recognizing) objects use class descriptions involving variables {descriptors)
which usually are most suitable for describing each individual class.

Con sequently, each class may be described by a different set of descriptors.

Thus, as we will say, they use a variable decision space method. For example,

in describing a letter 'H', one might say that it 'consists of 2 parallel
vertical bars linked in thellmiﬂdle by a horizontal short bar'. Bui when
d.escribir;g a letter '0', one might say th-at it ig '"an ellipse elongate=d
vertieally'. The only common descriptor in both descriptions is the concept
‘vertical®,

The need for developing variable decision space methods is heccﬁing
recognized. An example of such a method is described by Watanabe®. A first,
to the suthor's knowledge, implemented recognition system which used’
independent sets of descriptors (determined in a learning process) for
deseribing individual object classes, was described in paperT.

In this paper we will describe two '-.i"I}l -based methods for developing
optimal (more precilszely, near-optimal) classification rules, according to
an assumed cost (or optimality} funetiomsl, and will illustrate the methods
by an example. Before _dﬂing it, in the fi;‘st_ section of the paper, we will
define some basic concerts which will set the theoretical foundations for our

treatment of classirication problems.



o, DEFINITION OF THE CLASSIFICATION RULE AND OF A DISJOINT REFRESENTATION
OF OBJECT CLABSES.

To specify a classification problem the following triple of sets
has to be defined:
il Wy BRE ' (1)

where:
g is a non-empty set of physical or abstract objects, called the universe

of objects,

R is a finite non-empty (f.n.) set called the universe of representations

of objects from g,

K is & £f.n. set of subsets of 0, called the family of object classes:

K= (K, Ky ors K) (2)

o -
EJ' c9” are palled object classes and are specified as

-

KJ ':[Q,jl’ Ospr rures ¥ Djkeﬁ’, k =0,1,2,... (3)

Defining notation:

m
u oA
K = (K, Ky - K1 = LK (1)
J=1 ° ;
(K to the power union) we will assume that
(F]
K =# _ (5)

Thus, for each object oe @, there exlsts at least one object class

containing it. Index j in elass K;j is called the numerical name of Kj. The

get J indexing classes I{j:

'-r':[-ﬂKj cK} = {1,2,...,n} (6)

is called the family of mumerical class names.




In general, the index j can assume not only numerical values but

pon-numerical names or decisions uniquely assigned to classes Kj, and then

J iz called the family of class names {or decisions).

For illustration, two examples of triples <§, R, K> are given

in table below.

No. g R K
® A set of people | ® A set of pictures or voice @ A set of groups of
records of these pecple people, each group
z ; ineluding people with
& £
@ A set of their fingerprints T r e
# A set of data deseritbing
1) their medical history, ; AezegeofegzguPi e
physical exam,and lab. et g vl
R T including people of
the same nsticnality
@ A set-theoretical sum of
gny twc or more of the
above sets
e A set of zoils & A set of vectors, each A set of pgroups of
deseribing one soil soils, each group
sample. Components of including scils where
2) vectors specify various the same crop should be
properties of soil, such as planted
acidity lewvel, nitrogen
content, amount of sand,
ete.
Let:
r denote a relation between @ snd J, called the reference relation:*
t: B -- 7 (1)
p denote a relation between 0 and R, gcalled the representaticn relation:
p: § -- R (8)
K dencte a relation between R and J, cslled the classifiecation relation:

E: : 8 S, where 3
By £: 8 -~ 85, ¥ ere 3,
between 8, and S, (that is, ¢ = <Sl,52,6 >

K: R -- 7T

2
G, S8

[ L

(9}

and 5. are sets, is meant that ¢ i1s a relation
xSE}. And by #{s), s €S,

iz meant the s2t of elements from 52 which are related by f to s.




In the present paper we will restriet ourselves to the case

where K consists of disjoint sets and T and € are functions:
T 0 -+ 7 (10)
K: R = 7 (11)

(that is, there exists only one class related to any object and any represen-
tation). Figure 1 presents schematically relations T, p, and K.

If ¢ is a relation between zets Sl and 52:

£: 5, -- 8 (12)

then by Ex(!) we denote an expression for {, which is a formula ccmsisting
of variables (whose values depend on elements cf 51,'1, and different cperations
(e.g., logical, arithmetic, control), such that for any s €8, Fx(l) computes
elements of SE related by reia%i‘.on ! to element s.

.Euppcse that for sementicel restrictions (e.g., because a mathematical
formula cannot deal directly with physical objects) or practical reasons {e.g.,
because sets § a.udfcr E are too large) it is not feasible to specify relations
£ and p completely and to determine expressions for them. BSuppose, however,
that T and p are specified for some subsets < @ and R < R such that ¥ is the

wnicn of ncn-empty disjoint sets DJ_’ {}2, — Dm:

OjE{UIOEKJ}J I=12,...m (13)
and R is the union of non-empty disjoint seis E,, RE’ iy I3
RjE{r1rep[u)., cr.-:Clj} {1h)

such that for every oeoj, there is in R;I at least one rep(o).
Pefinition l.

Set R, as described above, is called a disjoint representation of

the set ® If it is nct required that sets EJ rust be disjeint (for a certain



R there may not exist a disjoint representation of &), then R is called a

non-disjoint representation of ¢

A non-disjoint representation does not make possible the classification

of objects without error. In suck a case the following spproaches can be taken:

1.

2.

Evaluate class-conditional probebility densities f, (z) of

an object with representation r, being from elass K;_i’
j=1,2,...,n and then construct decision rules which, e.g.,
give the minimum expected error in classification based on‘
representations r e R (such methods are studied in statistical.

pattern recognition).

Extend the universe of representations R, or seek a nev R,
guch that it will provide a disjoint representation. (A

éﬂnﬂr&l tendency here should be To seek an R such that seis
R, are not only disjoint but form in R 'clusters' -- one or

J

more per class.) Such a representation R is called compact or

e e s

clustered.

In this paper we are concerned only with the second approach.

Let v and p dencte restrictions of £ and p:

s 1: & = J (15)
p: & -- R (16)

Let k¥ denote a function:

ki1 R = J (17)

such that the composite relation g e x is equal to 1:

pe K=1 (18}



Note that in order to satisfy (18), function « has to have appropriate values
. only for elements of R < R, and, therefore, there can be many functions of
type (17) which satisfy (18). Each of them has the property that pe Kk is
equal to t for objects oe(, and for cbjects o ¢ @ mey or may not be equal

.tn T.

Definition 2.

An expression Ex{x) is called a classification rule for the set &

based on R into J, or briefly, a classification rule c({®, R, I).

Some of the types of problems which arise are:

1. How, given T and p, to determine a clessification rule
c(&, R, J) which
(a) involves only cperaticns from some specified set,
(b) is minimal under an assumed cost functicnal, cr,

generally, satisfies certain eriteria.

2. How, given a classification rule C(®, R, J), to estimate
its performance for objects o ¢ ¢ and/or representaticns r ¢ R

(assuming that 7 can be specified for some additional objects).

3, How, given 7 and p, to determine a set of cperations, such
that classification rules invelving all or scme of these
operation: can be made very 'simple' (in a specified sense).

-

4. How, given O end T, to specify a universe R woieh will provide
a disjoint (or elustered) representation and will permit

construction of very 'simple' eclassification rules.



In the present paper we will describe two methods for solving
problems of type 1, where allowed operations-are.thuae which are defined
in the system VI,. We will also discuss and illustrate by an example a
problem of designing a disjoint representation of objects (i.e. a problem

of type k).

3, VI1-BASED CLASSIFICATION METHODS

3,1 Event Space as the Universe of Representaticns

By le-based elassification methods we mean methods of using the
VLl system for classification purposes. These methods assume that the universe
of object representations R is a set of vectors whose components take values

from certain finite sets D,, i = 1,2,...,0. Such a universe of representations

i."
is called an event space and is denoted as E(dl,de,...,dn) or, triefly, E,

where di’ i=1,2,...,n, are the cardinalities of Di' Thus we have:

E(dl,dzJ-..,dn) =Dy XDy X .eo XD (19)

vhere® a, = c(Di).
Elements of an event space are called events. Sets Di’ i=1,2,...,n,

are interpreted as domains of certain varisbles. These variables are, generally,

jdentified by names and no order among the variables is implied. To be

specific, however, we will assume that these variables are Xy aXgpeee s Xps and

their domains are Dl,D

oo
correspond to certain descriptors (features, properiies, relaticns, or domains

.,Dﬂ, respectively. Variables x;, i =1,2,...,n,

of relations) which are used to characterize cbjects (e.g., various measure-
© ments of objects). FElements of Di’ i.e. values of variables x,, can be
murbers (e.g., results of measurements) or, in the most genersl case, names of

sny cbiectis.

‘.
c(8), where 3 iz a set, denotes the cardinality of 8.



In the AQVAL/L implementation® of the system VL,, (to which we

will refer in this paper) it is assumed that domains D, are sets of

non-negative integers:
Di = {911:2:"'.’){1] (2’0}

where ﬁi & di - 1.

If the original domains of variables are not such sets of non-
negative integers, then they should be mapped into such sets. This mapping
can be aceomplished in the following way.

If an original domain of a varizble is a finite set, then the
elements of the domain are ordered according to scme desired semantic or
syntactic property, and are assigned positions G,l,E,...,ﬁl. These positions
will then be taken as values of varisbles {variables with domains in the

form (20) will from now on be called AqﬁﬂLfl-variebles). By ‘ordering

according to a semantic property' we mean an ordering based on the meaning
of values of varisbles. For example, consider a variable 'height of a
person'. Its values can be measurementis of a person's height expressed in
centimeters, or in words, such as *tall, short, average, very tall', depending
on the degree of preciseness required in a given classiflication problem. If
the latter case is assumed, then an ordering of the domain according to a
semantic property could be 'short, average, tall, very tell', reflecting
increasing height described by these adjectives. By an 'ordering according
to a symtactic property' we mean.e.g., an aelphabetic order. A syniactic’
ordering is used when a domain is a set of names of independent objects,
e.g., & set of first names {Helen, Barbara, Hanna, Repata] (& wvariable with

this domain is a nominal variable).



If a domzain is an interval of 2 real line (i.e., in the case of
a continuous variable), it is quantized into discrete units, which are
essigned positions 0,1,2,...,4, taken as values of an AQVAL/l-variable
(the problem of how to guantize continucus variables goes beyond the scope

of this paper).

I.2. VI, System

A full definition of the varisble-valued logic syslem vzi was given
in papersﬁ’g. Here we will restrict ourselves to cnly some basic informal
description of the system and i1llustrate 1t by examples.

The vli logic is an extension of a many-valued logle system,
in the sense tnat formulas of the system and all the variables In the
formulas are allowed to range over independent finite domains. The domains
(whose elements can be intervreted on the grounds of logic as 'truth values')
are determined based on semantic or problem oriented considerations (i.e.,
are semsntic- or problem-dependent, as opposed to the traditional trestment
of the conceps of 'truth' in (binary or multi-valued) logie, in which all the
variables and formulas are assumed to renge over the same domain (of truth-
velues)).

The well-formed formulas in VL, (EEa formulas) are interpreted

as expressions of a function (called a VL function):

£: Dy XDy X .o XD = D _ (21)

Where

D, = {0,1,2,...,&), 1= 1,2,35«+ 50 ' (22)

s S, o B (23)



or, equivalently,
f: E(ﬁisdgl---,dn}'* D (24)

where d, = _5:14‘1-
The system is complete, that is for every function (21), there
exists at least one V11 formula which is an expression of this function.

Following is a simple example of a Vlq formula and its interpretation.

Example 1.
3[x,22][x,=2:5,T][x;#0] v 2[x=0,3] v 1[x,53][x=3] - (25)

The forms in brackets are called selectors, They represent
conditions which a value of the varisble within & selector must fulfill
in order to satisfy the selector. If a selector is satisfied, then 1%
is assigned the highest wvalue in the domein T, that is &, otherwise value
0. Constants outside the selectors are elements of domain D, Concatenations
of selectors and a constant (from D) are interpreted as logical products
(conjunctions) and are called terms. Logical products are evaluated as the
minimmm of values of their compenents (the value of a constant is the constant
itself). .Terms are linked by the symbol ‘v ' denoting a logicel sum
(disjunction). The logical sum is evaluated as the maximum of all the
values of the terms.

A VI formule in the form of a logical sum of terms (e.g. (25))
is called a disjunctive simple VI, formula or, simply, o DVLqy formula.

Assuming that the domalns of variables xlﬂ':g}xyxn and 5:5 are
respectively: ]

D, =(0,1,2,3) D, = {0,1,2,3,})
D3 = {0,1,2,3) Dll-' o [03112,3":1#:5}
]'_'I'5 = {C,l,a}

and the domain of values of the formula is D = [0,1,2,3), the formula
(p5) is interpreted as an expression of a function:
£ DlxDExD5>;D,+xD5—»D (26)

The formula (25) is assigned value 3 (has value 3), if the
value of variable x, is greater or equal 2, the Value of variable X) is between
2 and 5, ineclusively, or is T, and the value of varisble x5 is not 0O,
(Yote that the values of variable x; and X3 have no affect on this
_‘outcome, )

The formula has value 2, if the above compound condition does
not hold (i.e., if one or more selectors is not satisfied), and the value
of variavle X3 iz Q or 3.



If both of the above compound conditions do not held, and,
if the value of variable x; is smaller than or egual to 3 and the value
of variable x5 is 3, then the formula has value 1,

If none of the above compound cﬁnditiuns hold, the formula has
value O,

Example 2.

2{:;\2+x3=1,2] " l[xlu{},h] ) {27)

This forrula illustrates how a symmetiry with regard to somre cor all
- yariables can be expressed in the VI, system and, also, illustrates a
so-called exception operation (denoted by % ). The formula iz interpreted
ag follows: it has value 2 if the values of xp and x3 arithmetically sum

to 1 or 2, except when variable x3 has value O or 4. “In the latter case,
the formula iz assigned value 1. If the sbove conditions do not held, the
formuila hes value O. (The selector in (27), which is ccncatenated with
constant 2, is called a symmetric selector.)

It can be seen from the above examples, that the le gystem
expressas VL functions by setting varlious conditions on the walues of

variables and by linking these cénditions by logical comnectives.

3,3 AQVAL/1 Program

Let us assume, that in a given classification procblem, the univérse

.uf representations is an event space E and that-the universe of c¢lass names
ig D (20). A classification relation (11) cen then be interpreted as & VL
function (24). A VI, formula which is an expression of this function (a

E}l expression), becomes a classification rule. For 2 given VL function,
there exist, in general, a very large number of VL, expressions of this
function. These expressions may involve different rumbers of variables and
different numbers of cﬁerationa, and, consequently, different computational
.eosts will be invelved in handling, storing, modifying, and evaluating them.
Thus the problem arises of how to determine, given a classification relation

in the form of = VL function , a ?Ll expression of this relation which will

be the most desired {apﬁimal] according %o a certain optimality Tunctional.



This optimality functional may reflect, e.g., the computational efficiency
of storing and evalusting expressions, or any other desired property, such
as the ;::inimﬂ.l cost associated with evaluating variables in expressions.

A solution to the above problem has been achieved by developing a
computer program AQVAL/YS, which, for a given VL function, produces a DVLy
expression of it, which is near-optimal, or optimal, according to an assumed
optimality functional. The program also produces a measure L\.‘ of the maximum
possible difference, in the mumber of terms, between the formula cbtained
and the formula which has the minimal possible number of terms. Thus, if
A = 0, the formula obtained has the absolutely minimel number of terms which
4s possible in a DULl expression of the given VL function.

The description of algorithms used in AQVAL/1, and other information
pertinent to this program, az;e -'be:,fc:rmi the scope of this paper. A functiomal
description of AQVAL/1 has been given in paper-. Here, we will give only a
few besic facts sbout it, which are necessary to understand how AQVAL/1 can
be used for learning object class descriptions, which are the subject of
the next section of the paper.

A VL functiom f can be specified Ito the AQVAL/1l program in the
following ways:

1. By listing sets of events from E, such that each set includes

a]i known events for which a VL function f takes the same value

X, k =0,1,2,...,d. That is, by liating sets:

ﬁ:{e=&l,:¢ % )[E(e) =X}, k =0,1,...,4 (28)

57"

where :Ei denotes a value of variable x,.

2. By a D’.'I'I.l expréssiun of the function f.

*
The name AGQVAL/1 was derived from 'Algorithm Ad Applied Tor the synthesis of
Variable-Valued Logic formulas. The algorithm A2 is a generzl, very efficient

Efgorit.hma‘*l for solving covering problems {in particular rfor minimication of
multi-varisble logic functions) which was used in .&q“.ﬁL‘r’l.



In case 2, AQVAL/ will try to optimize, if
possible, the given expression according to the
user-specified optimality functicnal.

An optimality functional is specified in AQVAL/1 in the form:

A = <a-list, t-list> (29)

where

a-list, called the attribute (or eriteria) list, is a vector
a = (a,,a ,...,agj, where the a, derote single- or many-valued

attributes used to characterize DV formulas,

t-1ist, called the tolerance list, is a vector t = (T15T0e0e ,113,
where O s 7; & 1, 1 = 1,2,...,%, and the 14 are
palled tolerances for attributes 8-

A DVI; formula V is said to be an optimal DVI; expression for f
under functional A iff:

a(v) < A(Vy) (30)
where
AW) = (alfv) F B-E{T'r) arany aj{v))
A(V‘j} = (El[v,jj, ag(vj}!_"'l' a!{v‘i)}

aifv}, a.i(vj]l denote the value of the atiribute a, for
formula V and ﬁr'j, respectively. ‘l!j, j =212,3,... denote
gll irredundant® DVL, expressions for f

% denotes a relation, called the lexicographic order with
tolerance v, defined as:

or 0Osa (V.)-a,(V) £ T, and a (V. )-2,(V) > 1T
a(v) Ta(v,) 1£¢ S S 8 2 (3)
N R
(OF sasrrmseansnnansans and af(?j}-a.xfﬁ.?}g T!
Ty =T, l‘raima:-c = aimin}" i =1,2,4c03t

T mgxiaifvj)] s %imin® miniai(v{]”

Note that if t = (0,0,...,0) then ¥ denotes the lexicographic
order in the usual sense. In this case, A will be specified just as A = <a-ligt>,

»*
A DV1,; expression of a, Punetion T is called irredundant Iif removing any term
or selector from it makes it no longer an expression ror f.



A user designs a funciional A = <a-list, 1-list> by selecting a

set of attributes from the available sttributes, placing them in the desired

order in

the a-list, and setting up the 7-list. FPresently eight asttributes

are availsble in the program. Some of the most important are:

1.
2.

i 2

£(V) - the number of terms in V,
s(v) - the number of selectors in V,

z(V) - the cost of V specified as EI z(x,), where z(xi} is the
ie

cost, specified in the input data, of determining the wvalue of

variable x4, and I is the set of indices of those variables

(BMODE Xq,Xnje.. Xy, Specified in the input data) which actually

appear in the output VI formula.

g(V) - the 'degree of generalization' defined as:
gegree Ob gene

( - f ;k{ )
gﬂ=§5 k=1 f=1EL“

whare

e(L, )
{ ) - ___._.g..*_
e .n:(Ll_,_l nre)

I'.kz -- the get of events which satisfy the f-th term in the
sequence of terms in V with the constant k,

ﬂk —- mumber of terms with the constant k

Eo
X = [e|f(e) = k)

-- total pumber of teyrms in V

2.l Dependent and Independent (VL,-Based) Class Descriptions

We will describe here two methods of using AQVAL/l to determine

optimal classification rules, according to an agsumed optimality functional:

L

method TCD, which produces the so-called devendent class
descriviions, and e B

method ICD, which produces the so-called independent class
descriptions. b iz

I.h.1 Method DCD

is to be

Let us assume tha®t the a priori probability that an cbject (which

classified) is from class X, k = O,l,E,...,ﬁ", ig p(k). Let us



assume further, that the probabilities p(k), k =0,1,2,...,4, are ordered:
p(g) > p(d-1) > ... > p(1) > p(0) (32)

and remain constant in time.

Suppose now that ¢(k), k = 0,1,2,...,4, denotes descriptions of
classes K , respectively. These deseriptions (k) are statements of
certain conditions for the values of variables X i=1,2,...,1n, (where Xy
represent descriptors characterizing objects). If the conditions in a
degeription ¢(k), (where k denotes a particular value of k), are sa[‘cisfied,
then the object is classified as belonging to class K {or, =simply,
class k). An assumption is made here, that descriptions are evaluated one
at a time,and also that if more than one of the descriptions is satisfied,
then the object is classified as belonging to the class with the highest
s priori probability, -

Under these agsumptions, to minimize the average number of
descriptions which is evaluated before a classification decision is made,
the order of evaluation of the desecriptions should correspond to the
descending order of a priori class probabilities, i.e., first should be
evaluated description (&), then ¢(4-1), and so on up to C(C).

The faet that descriptions are always evaluated in the same order
cen be used to simplilf‘:,r these descriptions (due to the 'sieve effect').
Nemely, the conditions in a given description ({k), whose only purpose is to
distinguish class k from classes k+l, k+2, ...,d can be remcved from the
description o(k).

To achieve a classification rule which takes advantage of the

above assumptions, the AQVAL/1 program should be used in the following way.

Elements of the domain D should be assigned %o classes k in such a way that



A represents the class with the highest a priori class probability, &-1,

the nmext highest, ete., up to 0, which represents the class with the lowest

a priori class probability. Learning samples (in the form of events e ¢E) for
classes k, k = 0,1,...,4, should be specified as sets Fk. AQHRL{l will

produce a B?El expression for the function
£: E - D (33)

defined by sets F* (according to equation F* = {e|f(e) = k), k = 0,1,...,4).
The obtained expression will be guasi-optimal (or quasi-minimal¥®) according
to a user specified functiomal A. By 'quasi-optimal' we mean optimal or
gpproximately-optimal.

In such an obtained formula, the description-of a class k,
k =1,2,...,d4, is represented by the logical sum of terms with eonstant k.
There is; obviouslv, no term with constant ¢, thus the eclass € is not
represented explicitly in the formula, but implicitly, i.e., is assigned to
thoge events which do not satisfy any term in the formula. These class
descriptions are interrelated in the sense that satisfylng a term with
constant k is a necessary, but not sufficient condition for classifying
en cbject to class k., Te sufficient condition requires also that none of

the terms with a constant k = % ig satisfied. The above explains the nzme

DCD (dependent class deseripiions) given to the method deseribed.

3.4,2 Method ICD

This method produces independent class descriptions. It can be

used when:

*

The adjective 'opiimal' is, generszlly, preferzble to 'minimal', because in
certain situations a user may require that = formula satisfies a certain
condition (e.g., does rot invelve, if possible, ceriain varisble), rather

thaet minimizes some eriteris.



a) class descriptions are to be evaluated in parallel, or

b) they are to be evaluated sequentially (as in method ICD),
but a pricri class probabilities vary for each time an object is to be
classified. The latter situation exists, e.g., when the classification
system receives, together with the representation (of the object to be
classfied), also a preliminary hypothesis about the class membership of the
object.™ In this situation, the classification system should first of all
test the given hypothesis. Therefore, class desecriptions should be
independent of each other, which means that satisfying a description of
class k would become the sufficient condition of classifying an object to
class k.

Such independent descriptions are created by describing each class
by a single VLo formula which can t-alce only two values ¢ or 1, that is, which

is an expression of a luncilua

£f: E -~ {0,1) (514.:1

If the formula assumes value 1, then the class descripticn associated with
this formulas is considered to be satisfied, if 0 -- not satisfied.

A set of independent class descriptions is obtained by running
AQVAL/1 in the so-called 'IC' or 'DC' modes>. In the 'IC’ mode AQVAL/1
produces a set of VI, formulas, each being an independent generalization
of the learning samples of individual classes. Therefore, some formulas
deseribing different classes may {potentially) intersect, i.e., may be
satisfied by the same events (however, they will not be si_multarlecusly
satisfied by eny events from the learning s:ets}. In the 'DC’ ma;"".e, all

formilas obtained will be pairwise disjoint.

An exsrple of such a hypothesis is an 'admitting disgnosis' given to a
patient admitted %o a lLospital.



The penaltylfor having independent class descriptions is that
they will usually be more 'complex’ than dgpendént ¢lass descriptions
(i.e., will have more terms and/or more selectors).

In the following section we will illustrate both methods, DCD and

ICD, by an example.

4. AN EXAMPLE OF DEVELCFING A VI, CIASSIFICATICN RULE

Figure 2 presents lh groups of 'animals*’ (or 'shady charscters').
Let us assume that each group ineludes all possible examples of 'animals' of
the same one species. Suppose now that the problem is to design a very
efficient classification system, which for a given'*animai' from Figure 2,

determines the species to which it belongs.

A, The firast step in solving such a problem, by the VLl-based approach, is to
design an event space whicl serves as lhe universe of repressuiations
of all objects (i.e., in this case 'animals').

The problems of designing such a universe of representations go
beyond the scope of this paper. We will restrict ourselves to only a
few general superficial remarks. The step A generally consists of the
following substeps:

1. Designing a besic set of descriptors.

Here the designer should use all the availsble knowledge of the
problem to determine what kind of descriptors mey be 'relevant to
the given problem'. In the basic set of descriptors, any relevant
descriptor can be included which can:

8 diseriminate between at least two clesses of cbjects,
@ be measured by availsble devices (or by known procedures).
The cbtained set of descriptcré should provide a disjoint repre-
sentation of objects (recall section 2).
o, Mnimizing the domaina of deseriptors.

Domains of descriptors should be minimized, thalt is, should
inelude =5 small as possible a number of elements, preserving the

*
The "animals' were selected {after slizht rodification) from problem cards
in the book 'Altitude Cames and Protlems', by Educaticnal Development Center,
Tne., published by the Webster Division of McGraw-Hill Book Co., 1968.



disjoint object representation.

Rangas of variability of

portinuous descriptors should be guantized intc the smallest
acceptable npumter of discrete units (such guantization is again
a separate problem, beyond of the scope of this raper).

3, Mapping the domains obtained into AQUAT/l domains, il.e. sets

D, = [U,l,...,di]

and accepting the D, as domains of variables x., 1 = 1,25¢s.50.

{Substeps 2 and % can be performed with the aid of a computer

program called TQUANT'. )

For the example under consideration, we have designed the fcllowing

set of descriptors and their domains:

x - number of btlack circles on the
body D; = (0,1,2}, where:
0 denotes no black circles
1l -- 1
2 == 2 or more

x_. -- number of crossmarks on tails
3 b, = [0,1,2}, where:

Yo

-- N0 crossparks
-- one cr two
== three

e of body texture
o G,l,?,j,h,ﬁ,ﬁ], where:
-- blank

Lty

- ST
-=  EEEE
== SR

== EMR

G\\ﬂ-ﬁ_\.ﬁmi—'ﬂmﬂg‘ [

xT —- number of erpby scguares on the
body HT = {C,1), where:
0 == no sguares
1 =-- one or meres

%, -- type of tail
Dg = {0,1,2), where:
-~ ne tail or more than one
straight tz2il
== gpring tail

neEo
L]
]

== number of tails
D2 = {0,1], where:

0 -- no tails
l -- ofe or more

X2

X, -- pumber of easily
distinguished extrecities
D, = [0,1}, where
Iy

0 -- none or one extremity
1 -- two or more

e number of empty cireles on
the bedy D6 = [0,1,Z], where:

0 «~ mnone or one circle
l w= two
2 == three or more

X -- number of empty triszngles
on the body D, = [G.1), where:

0 -- no triangle
1 -- one or more

X9 =" shape of the body
D = (0,1,2,3}

0. == irregular {cther than
specified as 1, 2 or 3}

1 -- ellipse

2 _. pgircle

3 -- Trianzle or sguare



-= pumber of sharp or straight angles Xyp == numver of 'eyes' (half-
D, = {0,1), where: black circles)

0 =-- no angles ) D, = (¢,1], where:

1 -- ocne or more 0 =-- no eyes
1l -- one or more

o number of black squares on the
3 body Dl3 = {0,1), vhere;

0 -- no black squares
1 == one or mcre

#. The next step is to develop a classificaticn rule with the help of the
AQVAL/1 program.

All animals were described in terms of the descriptors Xx,,...,X; s
Deseriptions of the membengﬁf one species were combined into 5
tndividusl learning sets F¥, k = 0,1,...,153

Method DCI.

We have assumed the order of eclasses as it is marked in Figure 2
by numbers o 300 IS 1 Aqv&Lfl was run twice, for restriction parameters*:

1, <ms,es> = <5,2%
2. <ms,es> = <40,20>

The cptimality functional was assumed to be A = <t,s,g”> (recall that
t,s,g denote number of ferms, rumber of selectors, and degree of
generalization, ‘respectively). In case (1) the formula cbtained had

o0 terms snd 61 selectors, Computation time was o2 & sec, (on

IEM 360/75, AQVAL/L is written in PL/1). 1In case {2) the formulas
obtained had 20 terms and 5L selectors. Computation time was 60.5 sec.

Descriptions C(k), k = 0,1,...,13 of individual classes (0,1,---:13,
respectively) based on the VIy formula cbtained in run (2) are listed below.

6(0) = [xg=1]lx%g=0)(x=0] (55 A=0

c{l) = [xﬁno][xhﬂ][xéﬂl[xljﬂ] v (1,1)
[:52=O][x6=21[x15=0] v (2,2) A=0
[x0) L] xg=0] [xg=0] (2, ;=0 (2,2)

c(2) = [xg=11lx)1=0] (5,5 4a=0
e(3) = [x=01(xg=1,2] V (s ) } e
[x,=0]{,=0][x;=0] (3,1)

c{y) = [x1=G]{xs=l][ﬂg=01{x9=1] ! (6,6) A=0

= i
The smaller the restriction paramelers are, the faster AQVAL/1 runs, but the
resulting formilas may be furtiler from the optimum {aecording to functional Al



c(5) = [x,=01{x =0}[x4=0][x4=0,1]{x; ;0] (6,6) A=0Q

c{e) = [x3=0][x5=11[x8=0]Ix9=l] ; (5,5) A=0
c = T3.=01{x=0,1][x=1] V (k%)
(7} [)Lj (% Mxg } "
[xum{}j[xﬂzl] (2,2)
c(@) = [x9=2][xl:j=l] {6,6) A=0
c(9) = [x=11(x;=0][x5=0,5] V (4,%) } o
[x,=0][x;=1] (4,2)
c(10) = Exl=23[15=2][x5=l] (6,6} -,
c(11) = [xz1] (7,7) A=0
c(12) = [xg=1,k] Vv {3,3)
[x8=l] v F1:1) A =0
fx5=0] (1,1)

Reecall that class descriptions arve dependent, i.e., in making =
classification decision, the description C(kj, ke (0,1,...,15),
chould be evalusted only if none of the descriptions C(k), k >k,

were satisfied. Class 13 is implied when none of the descriptions
c(k), k = 0,1,...,12, is satisfied. Numbers a and b in the pairs
'(a,bi on the right-hand side of each term dencte, respectively, the
total number of 'animals' in a given species 'covered' by the term,
end the number of animals ‘covered’ only by the given term (i.e., not
covered by other terms of the description).

Note, that & = 0 for all class descriptions, which means that
all descriptions have the minimal possible number of terms for this
classification problem.

Let us interpret some of the descriptions, e.g., C{0) and c(s).
An 'animal' will be classified as belonging to species O {(Jexums), if variable
%g equals 1 (i.e., if the 'animal’ hes 2 empty circles on the body), variable
X, equals 0 (i.e., the 'znimal' has no triangles on the body) and variable %10
equals 0 (i,e., its body is 'irregular'). An animal is classified as belonging
to species & (Fubbyloofers), if its description does not satisfy any of the

deseriptions €(0), (1), ..., C(7), and if variable x, equals 2 (i.e., the

animal has a 'spring' teil) and if varisble X3 equals 1 (i.e., the animal



has one black circle on the body). It is easy to see, that in this
particular case, the description gc(8) is in fact .independent of other
descriptions, though for other descriptions this may not be true (e.g2-,
description C(11}}.

Method ICD.

In this case AGQVAL/l was run in the 'IC' mode, to obtain Via
formulas, each discriminating one class from all the others. There
were two runs, as before, with different restriction parameters:

1. <ms,cs™ =<5,3
5. <ms,cs> = <200,100>

The optimality functional was <t,s,g> (as before).

The formula obtained in run (1) had in toto (for all classes)
31 terms and 121 selectors (the computation time was =~ 25 sec. ).
The formula obtained in run (2} had in toto 30 terms and 89 selectors
(the computation time was = 90 sec. ). Below are listed (independent)
descriptions C(k), k = 0,1,...,13, of species based on formulas obtained

in run (2).

8(0) - = [xg=110%,=010%, =01 (5550 a=0

€1) = [x1)[x,=1][x5=0) V ; (1,1) W
[x2=G][x5=2][xlj=Dl v (2,2) J A=0
[}tlf—‘O}[x2=lj{xﬁ=D][19=01[}Cl§=‘0] (2:2)

C2) = [xg=1)[xg=1] | (5,5) a=0

8(3) = [x,=0][x5=0)[x5=0,2]x;=0][xg=0)[x) =0} %,=01v (3,3)
[xg=110%y4=3]1V (1,1) A=0
[14:2=0][1<13=ll (2,1)

€)= [x=0){xg=1][xy=0]{xg=1] (6,6) A =0

€(5) = [xF01[x=0][x~11[x3=0] ¥ (2,2)
[:wr;2 % ][x'i g } o
[xl=0][x5=ﬂ,6][x9-l] (h,k)

G(6) = [x=1][x,=0](x;=1][xg=1] : © (55)  a=0

8(7) = [x.=1][x=01[x.=1] V ' {2,2)

{7} {J"l [xS -xg \I Koud
[= 03 x=01{ x5=1] (,4)



8(8) = [xg=2)lx;5=1] (6,6) B 3

€(9) = Ixg=5)lx 501 Vv = (1,1)
[x2=11[x9-ﬂl[xl3=l] v (3,3) } & =0
[x9=E]{xl§=G] (2,2)

2(10) = [J_f.l=2][)t3=2][x5=l] (6,6) A=0

8(11) = [x=11(x=2] V (2,2)

[ “2] =G'} 212
x=2][xg=0] V (2,2) -
[x3'=1] W (1;1)
[Ilﬁl][]‘:E:l]T_Ig:’a] | {5.!2)

8(12) = [x=0)(x=2)(x=1,4] V (3,3)
[3:5=c:][x6=01[x3=1] v (1,1) } A =0
{x2=0][x5=0][‘x6=0]Exm="‘u}[xu=l] {1,1)

8(23) = [x,=11[x5=0)[xz=01[xg=01[x,=0] V (3,3) \

" [x=liixg gee] v (1,1)
e el ) _ ) : .-
[x5F3] Ay (111)
[32=2:|[-"51‘_=lj . E-l.ll} :

As we can see, A was O for all classes, thus ihe obtained descriptions
have the minimum possible number of terms.

A1l these descriptions are independent, that is, if an 'animal’ .
satisfies description C(k), then it is classified as belonging %o class k.
Tt should be noted that for each 'animal' in Figure 2, there will be only
one description C(E) which is satisfied (though, in the general case,
there exist events, i.e., seguences of descriptor values, which satisfy
more then one descripticnm).

CONCLUDING REMARKS

The methodology described in this paper is = part of a theoretical
basis for an experimental medical inferential diagnostic advice system (MIDAS )

being under developrent at the University of Illinois.
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