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A. lIII1lti-step method for t~ng variable valued An expressicn in the ~ can assme va.lues fran a set 

loglc ~heses is given. An experiment applying this 
 (0,1,2, ••• d) where each value ms::r be interpreted as a 
Etbod to a problem in medical diag:los1s is described. degree of certa.inty that the formula is true or degree
'.!.'be results a...."'e ccmpared to those ot a direct) (one­ of certainty that objects belong to a certain object
step) method and to a classical ile¥esian approach. set. The above expression te.k.es the va.lue or de,;re.e 

of certainty 3 when the variable Xl has the values 1 
Introduction 

through 3 ~ lI2 has the values 2 or 6 .2! it this is 
The understanding ot ~ phenonema depends on a not true, then the expression assumes the value 2 when 

ccatiDuing process of torming by'potheses which explain x equa.ls 1 except when X) has the va.lue O. It neither 
. variows observations and correcting or expa.nd.ing them 4 
to be consistent with new observations. Although the of the above expressions is satisfied, the entire 
actual process which h'uma.n beings use to formulate expressiOll has th, value O. The operator 'V' ts.kes 
aDd lIIOdify bypotheses and to make decisioDB is not the ma.ximum ot the two operands so if both tems are 
vell understood, it can be appr::cdma.ted by applying satiSfied, the expressiOll t&Its the value 3. 
certain formal rules of 1n1'erenc:e to specific faC1;s 
and observations in order to form generalized descrip­ Descriptions can be interred !rem sets of events 
tiC!lUl of these facts and observations. 'I'bis paper 2

and t'a.cts as follows (Michalski ]: Suppose events
cont&1n8 8. brief description of a computer implementa­ (i.e., representations of objects) are represented in
tion ot such a process using the variable valued logic the event space E = (2,3,3) (i.e., E is a cartesian 
SJ'Stem~. Some resul.ts of the appllcation of this product of three variables where variable Xl ms::r 

method to a pattern recognition problem in medical 
 a.ssume 2 values, and variables lI2 and X) ms::r assume
diagoosis are included to demonstrate the feasibili~J 
~ tbe method. three va.lues). Let eO and e l be sample events !rem the 

sets of events jJ and r, respective4r.
'rhe ~ system has been 8.pplled to other pattern 

recognition problems [Michalsk15] with premising 

results. It has been shown that simple, easiJ.,y- under­

stood descriptions can be inferred !rem sets of 
 Then the expressiaos <X) '" 1) and <lI2 ;= 2) are
objects and used to classity new objects accurateJ.,y-. 

A caupg,ter system which uses such descriptions as a plaWlible discriltinant descriptions of the sets Fo 

bub for giv:l.ng e.dvice =st be able to generate a.nd 
 and Fl based on the given events eo and el , Suppose
'It()date its descriptions as new observations are m.a.d.e. 

One of the methods tor 1IlSJ.nta.1rd.tlg these descriptions now that a secOIld eveJ:It eO of the set FO is given: 


4
is described here (see (Cuneo ] for another approach). 
eO .. (0,2,1)This method uses the hypotheses which are consistent 


with observations and facts which are available wh=­
 Then the above descriptions are not consistent with the ever possible and. returns to the observations and. available facts, namely the event eO of setfacts to correct bypotheses which ue inconsistent. o 	 1F satisfies the description for the set F. The 
ttypothesis Generation and l1od.ating expression [~ = 1] describing FO is correct, but the 

All tacts and. events (observations) are expressed description for Fl must be modified to form 

in the variable valued logic system VI.... The system [~ = 2]'v [x:, .. 1] or a simpler expression [~ 3 C].
• l-~ 


is described in d.eta.il in [Michalski ]; here we will 
 A few programs have been developed which inter VLI1cn4r briefJ.,y- review same of the most basic cCI'lcepts. expressions of various types from facts or frOm other'.!he langu,age provides a formal. and. flexible mediuc. ':r,. expressions (denoted AQYAL!l programs). Amor.g
for expression which can be easiJ.,y- applied to real 

phencmena. DeScriptiOns in this lar.oe.-uage are famal these programs is UNICLASS which generates the 

to make appllcatiOll ot roles of inference possible. description of a set of events against its complement 

The descriptions use a very natural set of cperators 8


[Yuen ]. AQ.7 is the original and currently the mos';
to relate expreSSions in tile langua.ge to real si tua.­ flexible program which infers discriminant e~ressions
tiaos. Each variable Xi and formula. V is aSSigned from sets of events which are near opt~~l with res~ect 
its own danain (sizes 4i and d, respectiveJ.,y-) ±'rem to a user specified criteria list [Larson, Michalski?1. 
vbich it can draw its values. The danain for differ­ AQ.9 infers discriminant descriptions from sets of 
ent variables may vary in size and structure to 4­events or formulas or both [CUneo 1. SYMl infers vr"
reflect the properties of the associated variables. 
EXpressions in the language m8¥ be coc:posed of expressions which are composed of symmetric selectors 

variables, symbols and. a set of operators (&, V, """,,). (t.e. selectors of the torm (xl+x2~3) or (x

1
+x43 2,3) 


An example of an expression in the language is the 
 where + is the arithmetic sum and X4 means 
folloring : 

x4 

complement defined as d4-~) • A new program deooted 


3(~ :: 1:3] Cll2 a 2,6] V 2(X4 = 1] ............ CX) = 0] 

AQll will be described here. 

1 
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!be program AQll accept. disjoint .et. ot event. ot each dcaain are DOt ordered). Aa~ that tllO seta 
aDd tact. along with set. ot hypotheses where each ot tacta (Fl and ,,) are known and for each aet
b;rpOthe.i. 11 a description in Vz,. of one event set 

(i-l,2), an bJpotheaia vi ia given.
(at lea.t in part). The hypotheses are first 
corrected in order to resolve all inconcistencies Set 1 	 Set 2(1.e. to insure that a hypothesis for one set doesn't 
ezpla1n or 'cover' an event frolll another set). 'lben 
new formulas are formed based on the given events and, tbe new corrected hypotheses, Finally, an estimate is 
..de of the degree to which each hypothesis is expected 
to de.cribe the as.ociatedevent set. 

'lbe procees of correcting generalized vz,. 
ezpres.ions requires that some expressions be reduced 
to cover or describe fewer facts and that some of the 
ezpressions be expanded to cover new facts not 
covered before. Each of these operations can be 
carried out by extending the expression using the 
operators already introduced (namely &0, V, -v). The 
tint type of correction can be reall:::ed by appending 
to each formula a description of the events which are 
inconsi.tent with the formula. 'lhat 11, if the events 

1 	 0 e a!Id e of the set F are covered by a formula Vl 2 . 0
which 1. supposed to cover only known events of F , 

then one can form a deScription F:X,0 of the events e
l 

and e asainst the events of FO. Appending this
2 

de.cription of the exception events to the expression 
.,i vO gives v°....., F:X,0. (A cover or description of an 

event set El against a set of events or formulas EO 

denoted C(El IEO) 1s an expression which describes all 

the events of El but none of the events or formulas 

in E .) Application of, this process to each formula° and each set of events gives a consistent set of 

formulas (i.e. each formula v1......,~ covers events of 

only one event set ; and no others). 

i, Each of these conSistent expressions can be 
e:.r:pan.ded to cover events which were not covered earller 
(but should now be) by appending a description of 
events which were not covered (using the V operators) . 

~ ~ ~1
Let us denote these new expressions V = (v-l where V 

. .,,; 	 covers completely the event set; but no other event 
.eta. This set of formulas is a complete description 
ot the available facts. We now search for a Simpler 
set ot complete eXpressions. 

Since each step of the correction process has 
thua tar increased the cOlllplexity of the expreSSiOns, 
IOlIIe retinement of the formulas is now in order. It 
is evident that the area of generalization of the 
original formulas was in error (or else no correction 
would have been necessar,r). The formulas have been 
corrected at the expense of increased COlllplenty of 
the descriptions. Because the set of formulas is now 
con'istent, some refinement of the formulas can be 
performed at little expense. We can form new 
descriptions which are once again Simple and 

correct by covering each complete set of events ; 
against the 	corrected set of formulas (except the 

formulas for ;) quite economically. 

'lbis completes the formula correction phases of 
the hypothesis correct10n procedure. It may be helpful 
to now study a simple example of this process. 
Consider the event space E • (3,4,2) (a cartesian 
product of the domains of } variables Xl' x ' ~ having2 
" ~, and 2 elements respective-q, where the elements 

;01: e l ,l • (1,0,0) ~: e2,1· (2,0,0) 

e1,2 - (1,2,0) e2,2 • (2,0,1) 

e l ,} - (1,3,0) 
·2,3 • 

(2,2,1) 

e1 ,., • (0,0,0) e2,~ • (0,0,1) 

e l ,5 • (0,2,0) e2,5 • (1,3,1) 

vl : [;, - 0,1] v2: [;, ­ 2) 

lThe formulas V and v2 may hllVe been formed at a 
time when only the first three facts of each set 

,1 aad ." were known. Now, two new facts have been 
added to each se) and the formulas are no longer 

correct. The formula vl still describes all events in 

the set ;01 but also covers two events in the set';'. 

The formula v2 describes only three events in the set 

." • 'lbe formulas coUld be corrected in several wa:ys. 
The Original hypotheses could be discarded and new 
fbrmulas created based on the facts alone. A procedure 
for doing this is given by Michalski in [2]. This 
could be called a direct method (or one step method) 
and can be quite time conSuming if the sets of facts 
are large (e.g. 100 to 200 events per set). A second 
approach is to simply modUy each hypotheSis by 
appending facts using the appropriate operators (-v 
or V) • For this example, the resulting f'ormulas 
would be: 

';""(e2,,. V e2,5) and v2 V e2,~ V e2,5 

These expressions are quite complex and fail to 
generalize the new information in the tacts e 4 and

2 
e2,5' 	 ' 

The approach taken here is to first generalize 

the exceptions to vl. Using a VL form of' de Morgan's 
laws, an expression can be formed which covers ,4e2
but none of' the events of' F. This expression is: 

([Xi • 0,2] V [x, ,. 1])([;, ,. 0,2) V [x2 ,. O,l,}] V 

[~ ,. 1])([;, ,. 0,21 V [~ =0,1,2) V 

[x, .. 1))[X, .. l]([~ ,. 0,1) V [x, ,. 1]) 

Performing the indicated operations aad applying 
absorption laws, this expression reduces to 

[x, ,. 1] 

Since this term also covers e2 5' it is a descriptIon 
1 ' of' all exceptions to V. Simpler expressions for the 

correction to the formulas Vl and v2 are: 

[;, • 0,1] "[XJ ,. 1] 

Now, using a similar method, the formulas yl 
aad v2 and be generated 

"1 1 
V • C(F lexi .. 2] V e2," V e2,5) 

2 



t 

", 
., 

~ • c(r21 [~ • 0,1] "'-'fx, • 1]) 

"1
V • [~ • 0,1}[x, • 01 

~ • [~ • 2} V rX, • 1] 

'1'bese expressiona are simple and consistent with 

respect to the sets to tacta r and ~. It is 
interesting to oow investigate the discriminant 
capabilities of such formulas. 

larmulas which are generated by inductive 
interenee to describe event sets are actually 
generalizations of specific examoles of esch set 
which are simple with respect to"the available operators 
aDd the specified criteria" These formulas mAY indeed 
be very far from an accurate description of the actual 
events set. There ~ be, in fact, no simple 
description using the available set of operators and 
cost criteria, and 00 matter how much eff'ort is spent 
in the formation of simple deSCriptions, they will not 
describe the associated event set well. An estimAte 
ot the degree to which formulas describe the associated 
events set is, therefore, crucial to the credibility 
ot the resulting hypothesiS. This estimate can be a 
description of the past performance of the formulas 
tbr each event set from. previous correction steps, or, 
.a described here, a description of the performance of 
the !Jet of hypothesis .men applied to the problem of 
classif'y1ng a separate set of events (a testing set) of 
kDowD set membership. 

~ Criteria describing the degree to which a set 
o~ IQ'potheses is able to classify a set of events are 
presented here. The first critenon, the percent 
correction classification for each hypothesiS is 
calculated as follows: For each event in the testing 
set, the degree to which a formula describes that event 

1s computed [Larson, II.ichalski7]. 'lbe event is assigned 
to the set(s) whose formula(s) comes closest to the 
event. If one of assigned decisions is the set from. 
which the event was selected, the decision is correct. 
'!'be percent correction decision is then the 
percentage of events in the testing set which were 
given the correct assignment. 

An event in the testing set may come close to 
more than one formula resulting in multiple decisions. 
Tbia ability to give multiple decisions is most 
dealrablej however, if the testing events are known 
to rea1de in only one event set, this behavior should 
be II1n:1.m!zed. Therefore, the second criterion which 
1s used here is the average number of decisions for an 
event. The combination of a high percent correct end 
a low uwnber of decisions per event is then the measure 
o~ the discriminant capabilities of the formula •. 

Another measure of the quality of V11. expressions 

18 their complexity (the simpler the descriptions are, 
the easier they are to comprehend). ~~ such measures 
of complexity are uaed here: The number of terms in a 
formula, and the average number of selectors in each 
term of the formula. The experiment described below 
evaluates each of the above criteria to give an 
indication of the quality of the expressions which 
are inferred by the program. 

Application to Medical Diagnosis 

The program. described above has been applied to a 
problem of distinguishing cases of different liver 
diseases. The data used in the experiment was supplied 

_ Dr. Jeaes Orot't frail the UniveraitJ ot Utah 

[Croot't6]. 'Ihb data was originally collected by 
Prot8110r Klatakin at the yale University Medical 
Sebool. Three diseases were selected from the data 
tor thil experiment: 

~ Dileases Name 
(p) Polt Iiecrotic Cirrhosis 

(G) Granulomata 

(F) Fatty Liver 

tbe total set of cases for each disease was separated 
into a training set and a testing set as given in 
Figure 2 (Cols. 3,4). Each case is represented by 
values of 50 signs and symptoms in Figure 1. A 
simulation of mAny applications of this hypotheSiS 
correction has been performed in this experiment and 
the decision making capabilities of the resulting 
expressions are compared to those of a set of 
expressions which were inferred from the complete set 

01' training tact. directly [Mtchalsld3 ]. 

The complete training set was partitioned into 
five sets 01' events each conSisting of 2~ of the 
complete training set. Five sets 01' hypotheses were 
inferred in five stages as fOllows: An initial set of 
bypatheses was obtained from one of these sets and the 
decisiPn making capabilities evaluated with resnect to 
the testing set. Then, each new set of training data 
was merged in turn with the previous training set and 
the previous hypotheses to form new expressions. !':ach 
new formula set was applied to the testing set to 
evaluate the performance of the formulas (Figures 3, 4) 
and statistics about the eomplexity of each new set of 
expressions were calculated (Figures 5, 6). (At each 
stage, the hypotheses t'rom the previOUS stage are 
used in addition to the set of training events. As 
an alternative method, new fOrmulas could be generated 
using only the hypotheses from the previous stage and 
the events oot yet classified by the old h'~tbeses4 ~~ 

[CUneo ].) In these figures, the abcissa represents 
the total amount of training data which is available 
at one stage. The value for each disease is indicated 
by the point on the graph with the corresponding 
symbol (P,F,G). 'ltI show the change from stage to 
atage, the points fOr each disease are connected with 
dashed lines. An example of an expression describing 
Post Necrotic Cirrhosis is the following: 

Description of P using ~ of the training data -­

[;'7 = O][~ • 0)[x42 = 0][~8 = 1] V 

[~ s 0][~4 =O][X25 =l,21(~1 =0][~7 =0,1] 

("42 = 1] V 

[X20 = 1][~3 = O,l][x41 = O,ll(~3 =0][~3 = 1,2] 

The results were then compared to those fOn:lulas 
Which were obtained directly fro.c the complete 
training set (Figure 2, Cols. 5-8). It is clear 
I~ these results that as events are added to the" 
training set, though the complexity of the expressions 
increases somewhat, the decision making capabilities 
also increase to form a more unique correct description 
of each disease. Figure 7 gives the computer time 
required to form each new set of expressions. 
Although the time increases Slightly as more events 
are added to the training set, the time for the last 
stage (15 sec.) is significantly less than the time 
required by the same program to infer formulas directly 



troa the tra1.D1llg eet (vitbout the aid of the 
pr."fIV1DwIl)' generated b:ypotbeles -- 1 II1n •• 20 sec.). 
!berefbre, it 8QDe lJ:rpotheael are ava1lable, new 
corrected exprelsions can be generated eff1Cientl)' 
ua1DS tb11 metbad.. 

'1b malte a collpBrison ot thil new method and a 
cla.aical pattern recognition methOd, a parallel 
experiment was perftn:'lDl!d using the same data as before\ but DOW using Bayesian statistlcs to distlnguish one 
neat set rn:. 8DQtber. ('l'be Bayesian method bas been 
lhOVD to be u accurate a. several CClIIIIIIDn pattern 

recognition methods [crott61.) '!he Bayes deSCription 
tor eaeb event set (assuming that aU symptoms are 
independent) is a function of conditional probabil ­
ities generated rn:. the training set aa follows: 

n P(Zi. e1ld. k) 
~(e) • P(d - klz - e) - P(k) x <e> 

i-l P 

i. a particular event or case ¥bieb 
i. to be claasified (e value ofi 
! t.b variable or SJm.Ptom). 

P{d - klx _ e) 	 11 the probability that an event e 
rill be of' the event set k (in this 
lI:I:p8rt.nt, e is a particular case 
at a disease k). 

P(k),P{e) 	 a priori probabil1ty of' an 
occurrence of disease k and event 
e (asstaed here to be 1). 

P(z! ,. e
i 

Id ,. k) 	 probabil1ty of' obse~ variable 
nlue e in an event of set k.

1 

A decia101l is .ade b,- calculating Gp(e), GF(e) 

and Go{e) and aelectiDg the disease with mllld.m.1lIIl 

prob8bility. 'ftIe ooaditional probab1lity matrix 
P{z! ... eild - p) USing 2ot. of tbe training data (the 

~s1an counterpart to t1:e ~ description above) is 
givea below: 

P(Zi - j \d - p) 

.... Val. Variable (Xi)(.1) 
VAL x I x 111 S Ie .. X "I Ie • X 9 XII)• 2 • •0 •• 19 0.50 CJ.69 0.38 0.83 0.69 0.50 0.'57 0.63 ~.6Q " 0."" 0.5(1 0.3,. 0.63 'l. 1] 0.32 ~.50 c••" 0.38 0.32 

Z• O. ]8 0.0" "'.'l0 e.c., I).CO O.CO 0.,"0 0.00 c.eo ?e~ 
s O.OC 0.'J0 0... 0(1 0 .. )0 (J.C''' ".00 'l.oo 0.00 o.C:I 0 • ..,0 

VAl.. xl1 11:12 XI3 .... XI5 XI6 xl"l Xl. X19 X20 
0 ••6] o.e. 0.'50 •• "0 1.0" 0.75 0.9" 0.38 0."" C.32 

0.31t 0.1.1 0.50 -:.Ol! o.c') 0.25 0.07 0.63 0.57 C.69•II 0.00 o.'!O 0.00 c.C'O o.e'1 ?oo 0.00 0.00 c.CO 0.,]0
:s •• oc O.CO 0.00 0."0 0.1), ".CO 0.00 o.co 0.00 0.00 

VAl. X21 X72 1123 ](2" X2~ X:>6 1127 lI(28 lI(29 xJO 
0 .,.2~ 0.1" 0 • .,.. c."). .,.0·" 0.07 0.50 \).9. 0.152 0.1" 

0.75 0.82 e.JS D. C7 e.2'" 0.7,,> 0.3~ 0.00 C.19 C.82•II 0.00 O.CO 0.25 0.'0 0.75 C.le; e.19 0 • .,7 C.Cl CI.OO 
:s 0.00 0.00 c.oo o.ec O.C,} I).ce C.I)~ O.OC 0.".11) 0.00 

VAl. x31 X32 1t33 ](:u 1(.l~ x36 1(3"1 X38 X3" X"O 
a •• 15 0.6. 0.13 c .... ?CO '3.19 0.57 'lo32 0.25 0.75 
1 0.25 0.32 t'.12 0.')0 0.P.3 0.82 0.57 0.25:t."" 0.6" 
II O.'!O 0 .. 00 C.5"1 C.07 :).11 e.eo 3.e') 0.1)" c.... 0.00 
;a e.ol) 0.00 0.00 0.00 1).,)0 0.0? O.CO c.co 0.0'3 O. co 

VAL ."1 ."2 x.3 X.5 ""6 Jr.7 X"8 X"9 XSI) 
0 0.75 0.88 0'.75 0.75 """ ".75 ~.e8 1.1)0 0.00 0.57 0.69 
1 c: .19 e.l~ 0.25 0.13 0.19 O. C 7 0.00 C"UI c••• 0.13 
1/ 0.07 O.O~ o.CO 0.t3 0.07 ".07 O. CO 0.13 0.00 0.00
:s O.O? 0.00 0..00 0.00 0.00 0.00 0.00 0.00 C.CO 0.19 

FOr CQIlparisoa" this decision process was applied to 
the same sets of training events used in the five 
stages above (Figure 8 and Figure 2, Col. 9). The 
accuracy seems to be equivalent although much more 
te,t!ng is necessary to arrive at a conclusive state­
ment. Some observation about the differences 

between th! Bayesian and V~ methods can be IDade 
[Miebal.k1 ]. . 

1. 	 Y'It ezprelSions are easily tratalated. into 

l'ailish delcriptions. The Bayesian descri~ion 
i. a II\Iltrtx of' condition probabilities cor.:sir.1ng 
an entry tor each value of' each variable i~ the 
event space. Such a matr1:x: is very d1!'fic·.:.lt to 
interpret. 

2. 	 Y'It expressions involve only a subset of C:.e 

complete set of variables. This subset co:::.ai!l8 
onl)' the variables necessary to distinguis= or.e 
object set from all the others. In the e~ssio~ 
given tor P above, only 13 variables are ~5ed in 
the description the Bayesian analysis req~s 
values tor all 50 variables. 

,. 	 Evaluation of Y'It expressions requires on17 

comparison operations where the Bayesian ~!tbod 
requires extensive multiplication of noat~tlg 
point mllllbe/s, 

Conclusion 

we have brietl)' described here one method ~or 
maintaining a body of knowledge by uing an in:'~rectia: 
learning process. 'lbe results of' tbe small er,:'!ri.!::ent 
presented here gives hope to the application 0: ":hese 
techniques to a larger scale knowledge acquisi~:on 
system. 
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Figure 8 Bayesian analysis 
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