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. Capacity and Efficiency of Decision Functions 

JAMES R. BITNER 

Abstract-Two criteria for comparing the p('rrormance or de­
cision (unctions art" discus!i('d. Tht" first is th(' caparily lUI d('finrd 
by Cov('r. W(' extend his de-finition to allow Ih(' (,Alculatinn of tht" 
('aPIlt'ily of hype-rbo"e-!' (inle-n'al (·omple-xe-s). whil'h IIr(' !lhown to 
have asymptotically lower capadty than hYlX'rplan('S. Th(' s('('ond 
criterion is the l'fncif.'nC,V. We calculate the efficiency fot polyno­
mial functions. The efficiency sharply decreast's as the degree of 
the polynomial increases. This calculation is also done (or hypt'r. 
boxes. which Ilre shown to be more cmdent than hyperplanes. 

lndl!'1t Tl!'rm!i-Capacity. decision (unctions. dichotomy. effi· 
cit"ncy. hyperboxes. hyperplanes. interval complexes. .·ma· 
chine. 

l. INTHOJ)lICW)'ION 

Th" cap(,..jly !If the rlalls uf rlh.degree polynomial decision 
functi(lns hilS heen defim·d by Cover HI). 121,\ ttl. !lee also (61) 
a.'I f()II~IW!I: Given N poinL" in a d -dimensiunal SI'Iirt'. calculate thE' 
fraction of the ;!.N dichotomies that are achievallie using poly­
n(lmiah uf a given degree (thill frartion can also he viewed as the 
di('ho{omizalion probabilit.v: i.e., the prohahility that a random 
dicholom'. is achievahlf'). As N increases and d is held fixed. this 
fraction is first rlose tu (lne. then drops quickly to ?.ero. The puint 
where this drop occurs is defined as the capacity; it measures the 
numher of puints a runctiun can reasunably handle in a given 
numher {If dimensions. For rl.h-degree polynomials. the capacity 
was round 10 he 2("'~·}. Note that this is twice the numher of ad. 
justable cot'rficients. 

Cover's work raises several quesl.ions: Is ca"acity a meaningful 
quantity fm ot her cla!\.'1es nf decisinn fUI1('tiuns? If so. what is their 
caJlacit~' and how does it compare wit h that of the class of Jlnly­
numial functions? \"'e discus,.<; thesE' questions for thE' class of 
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hyperboxes (interval compluE'!'». an integral part of the vari· 
able·valued logic system of Michalski [41.151. We also consider 
the efficiency. as defined by Zagoruiko [31. of this class of func­
tions and of polynomial decision functions. ' 

II. CAPACITY OF HVPERBOXF.s 

A hyperbox (or interval complex [4), [5]) is the region in d· 
space defined by Ii' =- (x \ •••• ;Xd llaj :S ,Ii :S b,l. Notice that the 
sides of the hyperhox must be paralld to the axes. Since 1\ hv· • 
perbox has 2d coefficientl', and since the capacity of any poly­
nomial decision (unction equals twice the number of adjustable 
coefficients. it millht be tempting to define the capacity of a 
hyperbox to be 1d. However. such a definition is dearly unac­
ceptable because capacity would no longer have its intuitive 
meaning of "the greatest number points a function can handle 
in II ~iven number of dimensions." The capacity must be rede­
termmed by calculatin~ the probability that II random dichotomy 
of N points in d -space is achievable by a hyperhax. 

To begin the analysis, we first note that the number of dicho­
tomies achievaBle with hyper boxes varies with the location of the 
points. Consider Figs. 1 and 2. In Fig. 1 the dichotomies with a 
and c in one class and band d in the other cannot be achieved, 
but in Fig. 2 all dichotomies are possible. It would be natural to 
restrict the points from lying in some improbable degenerate 
configuration as C.over did for polynomial functions by requiring 
t~at the points be in general position. However, this is not pos. 
SIble; as long as d is "northeast" of c, the-dichotomies in Fig. 1will 
still be unachievable. 
. To cope with this problem. we need to make only two very 
general assumptions. First, that the points are independently 
chosen from an arbitrary continuous probability density, and 
second. that the value chosen for one coordinate of Ilpoint is in­
dependent of its other coordinates. 

Now. to determine if a given dichotomy is achievable, index 
through the dimen!:ions. A c1ass-2 point (called a "twu") is said 
to be active if. in each dimensiun we have examined. the two has 
occurred between the leftmost une and the rightmost one in that 
dimension. After all dimensions have heen examined. there exists 
a hyperbox containing all the ones and no twos if all tW<l> are now 
inactive. Since the dkhotomy is achievable if either the onE'S or 
the twos can be contained in a hYPl'rbox. we must repeat this 
process. with the rules of ones and twos intE'rchanged. 

From this prucC'dure it can he !:een that onl ... the order of the 
points (from left tu righU in eaC'h diml'nsiol1 determines if a di­
chotomy can be achieved; the numher of di{'hutomies is inde­
pendent of the exact coordinates of the puinLc;. as long as their 
relative order remain!' the same. Therefllre./\ distrihution of N 
points can be desnil)('d hy d sequenl'es of length N, with the ith 
sequence listing the puints from left to right ill dimension i. Since 
we assume the N points are independently chosen. each of the 
N! orderings (!:equencE's) is f'qllally likely. This holds for any 
probability density. Further. sequences fur different dimensions 
are independent. and !'ince we desire the probahility ofachieving 
a random dichoulm>:.l'ach point is equally likely to belong to class 
1 or class 1. 

_We ~ow describe the calculation (If Prob (N points in a d· 
. dlmemllonal space can be dichotomi1.ed). the dichotomization 

probability. Since the probability that k of the N points are ones 

.d 

b. 
.c 

a • 
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equals (£,,)/2 N , the dichotomi7.ation prohability is 

0/2N) f (N)
Ir-!) k 

X Proh (k ones and N - k twos can be dichotomi1.ed), (1) 

Define an outer Ofle to he a one that is not hetwef'n the leHmost 
and rightmO!"L two!' in a ,riven dimE'n!'>ion. All (lulerones and twos 
will bE'come in;'lclive (!'>ome m;'l~' he already), Fllr m :: 1. ... •d, 
we do the following cakulat illn for nil i' :S It: and j' :S N - I~. 

Prob (i' inactive ones and i' inacth'e twos after m dimensions) 

== 1: L L Prob (,I outer ones.), outer twos) 
i 51' 1 :$1' r.,'· 
)( Prob (i' - i out of x ollter onE'S are active) 
)( Proh V' - i out of y outer twos are active) 
)( Prob (i inactive ones and j inactive twos after 

m - 1 dimensions) (2) 

where, if m = 1. the last prohability equals one if j = i = 0 and 
zero otherwise. The probability in the summand of (n. which 
equals the probability that all the ones or all the t""os Are innl'ti\'e 
after d dimensions, can easily be determined from the rE'Sultf; of 
(2) with m = d. 

The calculation of (2) has two parts. WE' first describe the 
calculation of P(x outer ones, )' outer twus), There are six 
cases. 

Case 1 (x :: 0): To get exactly)' outer twos, the sequence must 
be2"lz12",' where a + b == y.a > O. b > O.andz isanystringof 
k - 2 on~ and N - k - a - b twos. There are tv - 1)(N-~2~ ways 
of choosmt the sequence. Hence the probability is (y ­
I)(N;!;2)/(.). since there are (r) strings with k ones. 

Cas(' 2 (y :: 0): This is the same as Case 1 with the roles of the 
ones and twos re\·ersed. We have probability equal to 

(x _ 11 (N - x - 2).
k-x 

(Z) 

Ca,~E' 3 (0 < .t < k and 0 <Y < N - k): The !'>equen("e must be 

P2z12Y or 2.\'1z21 '. where z has k -.r - 1ones out of N - x ­
y - 2 positiunf;. Therefore. the probability is 

2(N -.r - .v - 2)
h-x-l 

(~) 
('a,~(' 4 (x = k and I) < y < N - k): This case if; impossible; 

when all the l!lll'S are !Iuter. either all tw'" must be outer or they 
all must he inner, 

Cas"..'i (0 < x < k and y = N - k): Similar to Case 4 and also 
impossible. 

I The upunent in regard to repelilion 2" muns 1111! have Q consecutive twos.. 

http:dichotomi1.ed
http:dichotomi1.ed
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Tahlr ..r I'rnbabilir;("\ Ih:lI ,. I'II;n'" ( lin IIr Uidwh,n,i/rd in J I)int"",i"n, 


.. (N....b... or dl..,n.lon.) ,l' 2 ) 4 ~ 6 a ._-­

.. 
/0 O.R1W o. Q~t)() 0.9q~1 O. ?999 O.?'l"'l o.·"qq 

5 0.681~ 0.9JQ(, II.'!'H 1 (!.q?~~ O. 9q9~ 0.9':'19 

6 O. ~0!10 0.8J5R O.Q6IS 0.'1920 O.9?~', o.',qn 

7 o. )4)1 O.69~S 0.89(,) 0.9691 0.991 } 0.9'118 

8 0.22~6 0.54~q O.IQSS t.l.9222 0.9130 O. Q911 


... 9 0.141.5 0.~()8l 0.6118 0.845" 0.93108 0.91 1,2
.'S 10 0.0898 0.2915 O. ~420 O. i4~8 11.8130 0.9415
0... 	 11 0.0541 0.2042 0.4201 0.6304 O./Ml O. ~691 


12 0.0)21 0.ll81 0.1141 0.514) 0.6894 0.8112 
-0 
lJ 0.0(9) 0.0')1) 0.229" 0.405'1 0.5828 0.129/.. 

w 14 0.0112 0.0~94 0.1625 0.811: 0.4179 0.6)29

'" n 0.0065 0.0)19 0.1129 0.2321 0.18ll 0.5))113 
16 0.00)1 0.02)8 0.0170 0.1102 0.2965 0.4 J88.!3 .. 11 0.0021 0.0148 0.0:.16 ,). 1120 0.22S1 o.nn 0.4858 0.6111 0.7186 
18 0.0012 0.00'11 0.01 ,1 0.01\60 0.1685 0.2168 0.3998 O.~HI 0.6l81 

'
19 0.0001 0.0055 0.0221 0.0598 0.1216 0.2ll4 O. J224 O.UOI 0.5552 

Case' fi (.r =k and y =:~ - II): Hen." onIY.I~vlI yOllfi~urat ions 
(1'2·\ and 2"1 xl art' pos,<;lble. so I.ht' pmhahlhty IS 2/(.). 

Finally, what is Proh Ii' - i out of x outer nnes are active)? We 
must choo.<;e i' - j of the x outer nnes Ilnd Ii - i' of the k - x inner 
ones to he active (t here are exactly h - i actiL'''' ones in all). Since 
there are (:._,). (~::) = (:_,l(~,:~)sllch chokesllnd a total ()f(~; 
ways of arbitrary placement, the probahility ill 

c. ~ J . e=:)
G) 

Prob V' - j out of y outer twos are active) is calculated in a 
similar way and equals 

( Y )(N - h-':Y)
j' - j j' - y' 

C) 
j 

This completes the description. A program was "'Titlen to exactly 
calculate t he dichotomization probabilities. The results are shown 
in Table I. 

We are inter~ted in the points where thest" curvt's equal 1/2. 
These points can be closely approximatf"d using linear interpo­
lation (the CUTVt':'i are fairly linear in this region). The results are 
shown in Table 11. 

The slope is the difference between successive values of C(d). 
We make three observatiuns from this table. 

l) The dichotnm i7.a1 ion prohability has tilt' s.mn(' form as that 
for polynomial functions; it drops off quickly after the capacity 
has been reached. Therefort'. capacity i~ a mt'allinj!ful quantity 
for hyperhoxes. 

2) The capacity Ilf a hYI>Nhnx willlJl.> asymplllti('l\II~'I('ss than 
that of the hvperplanf'. eVl"n Iholl~h Ihe hyperhox has nearly 
twice as many adjustahle cttE'fficie/lI.s. Howf"v('r. for small values 
(this may be'of practical interest) the hYl)f'rh(lx has hil!hcr ca· 
pacity. 

:l) The slopE' of C(d) decrf"nses as d increa."l"S. Rurnehow.latt'T 
dimension.!' are not as "useful" as earlit'T IInps. N{Jte thaI eVNY 
dimension add" a constanl tn tht' capacity of lh(' hyperplane: all 
dimen!'>illn.!' ha\'t' the snllle "usefull1eJo;s." 

The slope appean; to al>l'rnnch a limit armlll(ll A. imlicating 
the capadty approm'ht's a linear a:o;ymptute having ~Iope 1A. The 
point C(8) = 18.281i!) determines the y·intt'rcept. giving a ('a· 
pacity of J.4d + '7 for larJ!f' d. To ohl ain mnr(> e\'irlen('E'. a !,I"coml 
program wall! writtrn t hat approximates tht' I)rnbabilities by 
randomly gener<ltinJ! i1ichotnmies and testing whether they are 

1.\IIU: II 
\'.1111(' ror (·Idl. 1M CapacilY or d.I)ill1('nsionalllyperbolttS 

CaPMlty or 
d C(d) slo2!! • hll!ef(~lanC' 

6.00000 

2 8.1lJ58 
2.3Jl58 , 
2.0lt"6 

3 10.34454 II 
1.181)8 

12. lJ192 10 
1.65140 

~ 13.16932 12 
1.56665 

6 15.JS591 14 
1.481184 

16.84481 It 
1.44209 

e 18.26690 18 

achievable. For N = 24 and d = 12, the estimated probability was 
0.480, agrl'eing nicely with the predicted 1.4(12) +7 =23.8. 

It is not clear why hyperboxes should have such a low capacity 
compared to tht'ir 2d adjustable coefficients. An argument 
against the resulL'I is that a hypercube is an equimetric surface 
under the metric d(x,y) =maXi IXi - Yi I. so we might expect it 
to have the Mme capacity as a hypersphere (an equimetric under 
the Euclidt'an mel.rid. A h}'S}erbox would tjlen have a much 
hight'r capacity Ihan a hypercube, since we can choose d "radii" 
instead of oue. 

Hnwcver. Iht're are intuitive arguments supporting the results: 
HYPt'rspht'res always can achieve a linear dichotomy (a large 
cla..;!'» by making the radius very large. Hyperboxes cannot since 
the !'>iries must he parallel 10 t.he axt"S. Another argumt'nt is that 
the dimensions are cOI1!1id('rt'd independently in determining if 
a point is in a hyperhox. while for hyperplanes and hypt'rspheres. 
the diml'nsiolls are inlerrelated. In gt'neral. we would expect a 
mt'thlld thai makes u!le of this interrelation to be more po~'er· 
ful. 

III. EFFICII':N(''i 01' 1'00.'iNOMIAL DgClSION FUNCTIONS 

WI' nnw di~("llss Ihe icll'a (If ,"'ici~l1ry. defined by Zagoruiko 
1:11 tn h(' the mHo of the capacit.y to the product of the amount 
of !'tor:lJ!(' :tnd tht' ('Hlllplltationall'ffort rpquired by the function. 
7..al!lIflliko il1l'1lrrcd Iy mlculntf'cl the t'ffici('nc~' of polynomial 
(I('\'isiull fl1l1d iOIl!". Wf" nllw curr('cUy calculate this efficiency and 
di!l('lIsS its sicnifirance. 

\\'p rlet('Tmine I hI' numhN of operat.ions rpquirpd to ('valuate 
an rtIHlrJ!rC'(' Jlolynomial ill d variables, using an t'xtension of 
Horner':o; rulE" Inj which evaluall.'S the polynomial in th(" minimum 
time possible. The rule is recursively defined as follows. 
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nou: III 
Th(' Err.d('n(~ or Variou~ llcci~ion Funrlion~ in II [)ilnfn~iolili 

d "XE~rbo. .-1 ftl. d~&roe polyno.I.1 
.-2 f- ) 

).42851 .6849) .H685 .18265 

1 I. )6059 .34241 .10274 .063102 

.78S16 .22831 • 058S4 .0)1)5 . 

4 .5))2 7 .17123 .03862 .011,108 

5 .39198 .1l699 .02766 .OJ 14) 

10 .15484 .06221 .01245 .000lS 

15 .09276 .04280 .00570 .00121 

20 .06558 .03261 .00)26 .00051 

For d == 1. use the ~tandard form of Horner's rule. For d > I, 
collect all terms with the same power of x 1 to ohtainf(xt.·· • .x,,) 
= a,xl + l"-'I'I(X;? ... •x,,) + ... + X ,",-1(.\'2.... •x,,) + 
PrCt2.·~· .-"d). where P,(l'1.··· ,-"a} is; an ith·dr)(ree polynominl 
in d - 1 variahles;. Eal'h 1', il' then evah:.:Ilrd recms;ively, To 
evaluate f, the values obtained for Ihe P, nre \'iewed as coeffi­
cients of an rlh·de~ree polynomial in l' \. which is evaluated using 
Horner's rule. This mt'thod rE'quires (d:,) - 1 additions; and (d;,) 
- 1 multiplication!': to evaluate an rth·degree polynomial in d 
variahles, 

The storage needed i!': (<I;') locations for the coefficienLe;. tn 
addition. d locations arE' required 10 store intermediate results 
if r > 1. This gives an efficiency un of: 

2 (d; r) 
E= • for r > L 

[(d ; r) + d] [(d ; r) _ I ] (IA + t A~ l 
and 

2 =---- for r =1• d(IA + 1M)' 

where IA and tM are tht' times required to add and mllltiply. As 
rand d increase, (';<1) increases very ral)idly al1d quickly domi· 
nates the expression. Thus, for large rand d, we havt' 

So as rand d increase. the functions rapidly become le5o'> and less 
effiC'ient. Thus, even thnu~h hiJ.!h·de~ree polynomial,> have a large 
capacity. it i!': outwei!,:hed hy their even lar~er complexity, making 
the hyperplane the mrn;t desirable function of this class. 

IV. EFFICIENCY Of' HYI'EHBOXEs 

Tn caleulal e I he effit'iency of hY[lerho)((>s, we first determine 
the slorage and time reqllirements, Suppose the fealure space 
is discrete (as it alway!' is usin!! inter\'al complexes) and I hat the 
f()lI()win~ reprl'st,ntal inn is us(>d: A fent ure (.T,) whirh may take 
on {! different \'alues and has value j il' repre~ented hy ~elt in/.! the 
jth hit in a string (If t' hits. The constraint a, .:5 x, .:5 hi i!': repre· 
sented hy setlin/.! hit!' (I. I hroul!h h, in a st ring of t' hits. Testin~ 
whether a point sati!':fies a given constraint is accomplished by 
one "and" operation. 

We require d locations to store the cun!':trainL<;, To "erif" a 
point is in the hyper box requires d "and" operations, since ail d 

constraints mu~L he tested. If a point is not in the hyperbox. we 
stop testing as soon as any constraint is violated. Assuming that 
half Ih(' points to 1)(' classified lie in the hyperhox and that. on 
thl' avl'ragl'. half of the rnnstfl~illts I(d + 11/21 art" examined in 
rlm:sifyinl! I'oillts rllIl in tll(' hyperbo!\. I/~.d + Itlild + 11I:!1 = (3d 
+ 1)/4 "and's" will be required. This gi\'es the efficiency as 

tAd + 7 fi.6d + 28 
d(3d + l)t.nd· 

d (3d 4+ 1) tand 

Tahle III compares this with polynomial discriminant fUll," 
tions, where I A. tM. and tand nre the ('xecutinn tim('s (If the op· 
propriate ins.truclion on an IBM :lfion:;. Tht" quantity t Ind also 
contains the time for a conditional branch. The efficiencv for the 
hyperhox with d S 5 is calculated using the exact valu~s. For d 
> 5. the approximation C(d) "" lAd + 7 was used. 

Actually, the hyperbox's efficiency is even higher in practice, 
After synthe~izing an interval complex formula. we usually find 
that only a fraction (f of the dimensions have constraints imposed 
on them. In this case. both the storage and time requirements are 
multiplied by cr, and the total efficiency is divided by ('(2. Typi· 
cally, C'l =lb. and the efficiency is 9 times greater than that shoy.,ll 
in the table. 

V. CONCLUSION 

Our main task has been to calculate the capacity (as defined 
by Cover> of the claRe; of hypcrbol'es. an important component 
of the variable· valued logic !':ystem of Michalski. The capacity 
was found to he lAd +7 for large d. This calculation also revealed 
three interesting facts. First, the probability that a dichotomy 
nf N poinLe; can he achieved by a hyperbol has the l'\3me behavior 
as that for hyperplanes. That is, it is close to one for a small 
numher of poinL", then drops Quickly and is close to zero. This. 
tlf cnur::e, was nllt known a priori (the probability might slope 
very slowly down toward zero), Therefore, capacity is a mE'an· 
ingful quantity for hyperboxes (a figure very different from 
polynomial functions). indicating the robustness of Cover's 
definition. 

Second. the capncity of lAd + 7 is surpri~ingly smaIL Since the 
capacity of polynomial functions equals twice the number of 
adjustable coefficients, we would expect a capacity of 4d. The 
hyperhox somE'how makes "less use" of its degrees of freedom 
than a polynomiol fUllcl inn. 

Third. the slope of capacity function decreases (approachin~ 
104 as a limill. Therefore. increasing the numher of dimensions 
gives diminishing returns. where earlier dimensions are more 
useful than later une!'. 

We also discu!'..'>ed the efficiency as defined by Za~oruiko, We 
corrected his calculation for the efficiency of polynomial func· 
tions and found that the efficiency decreased rapidly as the de· 
gree of the polynomial increased. We extended this calculation 
10 hyperboxes and found them to he more E'f{icitnl than hyper· 
planes, . 
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