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FOR PARTITIONING DATA INTO CONJUNCTIVE CONCEPTS
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Then he took the seven loaves

and the fish, and when he had given
thanks, he broke them and gave then
to the dlsciples, and they In turn
to the people.’

Mathew 15:36

1. INTRODUCTION

Clustering ls the intelligent partitioning of a collection of
entitles. Specifically, Lt is the process of dividing entities (objects,
observations, oeasurements, data, etc.) Into categories that are eeaningful
or useful for some purpose. 1t s one of the fundamental operations
people use to simplify descriptlons of thelr environment, and by that, to
improve the efficlency of their deciaiun_uaking. Appropriate clustering
reveals the.underlying atructure of the glven set of objects, and hence

clustering can be viewed as a furm of knowledge acquisition.

Clustering problems pervade many flelds, particularly experimental
sclences such as biology, chemistry, goology, medicine, etc. Incelligent

partitioning of cbjects can also be an lwportant capahility of autonomous
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or seml-autonomous robots designed for exploratlon of special environments
(e.g., the bottom of an ocean or the surface of a planecr). Consequently,
understanding the nature of clustering is not only of scientiflc interest

but also of significant practlical importance.

A conventlonal view of clustering 1s that it is a process of
partitioning objects {into groups such that the degree of similarity (or
“"natural assoclation”) Is high among objects of the same group, and low
among the objects of different groups. The notion of the degree of
eimilarity is therefore fundamental to this viewpolnt. A great varlety of
different similarity wmeasures have been developed and used in various
clustering technlques. Frequently a reciprocal of a distance measure Is
used as a similarity function. The Fistance measure for such purposes,
however, does not have to satisfy all the postulates of a dlstance
function (specifically, the triangle inequality). A cowprehensive review
of various dlstance uqd similarity measures 18 provided in Diday and Simon
[l] and Anderberg ([2]. Backer ([3] describes a fuzzy similarity measure

based on the theory of fuzzy sets.

To d;tetmlne the similarity of objects, a measure of similarity fis
applied to symbolle descriptlons of objects (data polnts). Such
descriptions are typically vectors, whose components represent scores on
selected qualitative or quantitative variables used to describe objects.
The underlyfing assumption is that Lf the similarfty function has high value
for the glven descriptions, then the objects represented by the
descriptions are similar. The simllarity relationship between any two

objects in the population to be clustered is thus reduced to a single

number == the wvalue of the similarity function applied to symbolic
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descriptions of objects.

Conventicnal measures of distance are “context-free,” i.e., the
distance between any two data polnts A and B 1s a function of these points
only, and does not depend on the relationship of these points to other data’

points:
Similarity(A,B) = E(A,B) (1)

For example, for any conventional distance measure, the distance
between points A and B is the same as between B and C (Fig.l).

An illustration of the context-free distance
Fig.1
Recently 'some authors have been 1Introduclng “context-sensitive”

measures of similarity:
Similarity(A,B) = F(A,B,E) (2)

where the similarity betwcen A and B depends not only on A and B, but also
on the relationship of A and B to other data polnts, represented in (2) by

For example, Gowda and Krishna [4] defined the so-called “"mutual
neighborhood™ distance measure. [f polnt A Is the nth closest point to B

and B Iis the mth closest point to A, then the mutual neighborhood distance
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groups not on the basis of palrwise distance hetween polnts, but on the
basis of “concept membership.” That means that the points are placed In the
same cluster 1f together they represent the same concept. In our example,

the concepts are a circle and a rectangle.

The approach to clustering which clusters objects inte groups
representing a priori defined conceptual entitfes is called "conceptual
clustering.” A Llink ©between conceptual clustering and distance-hased
clustering methods can be established by stating that tn conceptual
clustering the similarity between the data points {s a Ffunction of these

polnts, context F, and a set of predefined concepts C:
Simflarity(A,B) = £{A,B,E,C) {3)

The approach haa been introduced by Michalski [5]. It evolved from
earlier work by the author and his collaborators on the problem of
genecating “uniclass covers.” Such covers are disjunctive descriptions of
l. class of objects learned from only positive examples of the class. Stepp’
IG]Idescribes a computer program and varlous experimental results on
determining uniclass covers. His work is concerned with what can be called

“free”* conceptual clustering.

The idea that the similarity measures of the type (1) or (2) (the
“concept-free” measures) may be inadequate for some clustering problems is
not new. In the past, several authors noticed this problem it and proposed
various solutions. For example, Watanahe [7,8] proposed the concept of

“cohesion"” to measure the "degree of clusterness® of points, which

*In "free” clustering the number of clusters Is not predefined, as opposed
to “constraint™ clustering where the number of clusters {s assumed a
priori.
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Di - {ﬂ.l,-.-,lll, i = l.z.o-¢|ﬂ {ﬁ]

In general, the value sets may diffes not only with respect to their size,
but also with respect to the structu?? relating thelr elements (reflecting
the scale of measurement). In thls paper we will restriect curselves only to
the case of noninal or linear variables (L.e., varlables with unordered or
linearly ordered domalns, respectively). A sequence of values of variables

Xps X ovees X is called an event:
e = {rl, T2| waeay f“) ts}

where r_ € D

1 1* { = 1.2.1&&.“.

The set of all posslble events, E, 13 called the event space:
d
R O 6)

where d = dl'dz-...-dn {the slze of the event set) and di - Hi + 1.

Definition 1. Given two events e in I, the syntactic distance,

6{:1.221 betwecen e, and e, is defined as the number of variables which have

different values 1n.ai and e,.

Definition 2. A relational expression
[xl / Rl] (7)

wvhere Rl' called the reference set, is one or more elements from the domain

|‘I1 and ! stands for one of the relational operators = ? £, 1s called a

Ekl selector® or, briefly, a selector.

*VL, stands for variahle-valued logic systenm VL, [13] which uses such

selectors.
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llere are a few exanples of a selector, in which wvarfables and their
values are represented by Ilnguiatlc terms:
[helight = tall]
[color = blﬁe, red] Fread: color is blue or red)
[length > 2]
[size ¥ medlum]

[welght = 2..5]

The operator .. in the last selector denotes the range of values from
2 to 5, Incluslvely. I; fs used when the domain of the variable is a
linearly ordered set. A selector [xi # Rll 1s sald to be satisfled by an
event e = (xl.xz,...,xn}. tf the value of X, in e, 18 in relation # uiFh

any element of Rl.

Definition 3. A logical product of selactors Is called a 251 term:

A [x, #R,)
7 I (8)

where I ¢ {1,2,...,n}, and R D,. A set of events which satlsfy a VLI

B
term Is called a EEI tomEIEE or, briefly, a complex.

Thus a VLl term is a formal representation of a complex. Since these
two nctlons have a one to one correspondence, we will use them
interchangeahly, unless It leads to a confussion. Therefore, {f a set-
theoretic notation 1is applied to a term, it mecans that the operation is
applied to the corresponding complex (l.e., a set of events satisfylng the
term). A complex ( VLI term ) a i3 sald to cover an event e, Lf the values

of varlables {n e satisfy the relatlonal statements (selectors) fIn the



- 261 -

complex (term}.

For example,, event e = (2,7,0,1,5,4,6) satisfiles the complex

[%, = 2,3][x; € 3](xg = 3..8].

Let E be a set of events In I, which are data points to be clustered.

The events in E are called data events (or observed events) and events in

I \E ({.e., events in L which are not data events) are called empty events

{or unobserved events ).

Let a be a complex whlch covers some data events and some empty

eventa.

Definition i. The number of empty events covered by a 1s called the

sparseness of a and denoted by s(a).

Let p(a) denote the number of data events covered by a, and t{a)
denote the  total number of events covered by a. He have then

t{a) = p(a) + s{a). The total number of events satisfying the complex

a= A [x, fR,] 1s:
el i i

tfa) = I C{Ri} + N d

iel id1 (9)

vhere
- Ic {1,2,...,u}
C{R1} = the cardlnality of n1

d, - the cardlnality of the value set of variable Xye

i
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Definitton 5. The degree of generallty g(a) of complex a 1s defined:

e t{a) - s{a)
gla) = log P(a) - log (1 + oy (10)

The value ﬁ%&%-speclfies how many events are In the complex per un; data
event. Thus, the degree of generality g(a) specifies the uncertainty of the
location of the data pPolnts in the complex. The greater the degree of
2eneraliey of g, complex, the preater is the uncertainty. If g = 0, then
all the events {n the complex are data events. We can see from (10) thae

for a fFixed p(a) the degree of Beneraliry g 5 monotonically growing

function of Eparseness.

Let L be a set of complexes (or events), and Hi be the set of al} the
distinct values which variable X; takes in these complexes (or events).
De[inlt[gg 6. The operation which transforms 1, Inte the complex

n
121 I:i - RII 1s called reference union or refunion, The tesuleing
complex is called the minimal tovering complex or Mc-complex for L and

denoted RUCL) {Ee{Enion].

If any Rl - 01. then the corresponding selector {s femoved from the
complex. The refunion Is thus a transformation vhich transforms a sat of

complexes (or events) into the minimal covering complex.

Theorem 1. The me=complex of an event gep has the mintmum Sparseness among

all complexes covering this set,

Proof: Let a be tie me=comple . for an cvent set E:
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n
a = RU(E) = A {ni-Ril
i=1 (11)
. n
here R, ¢ D, (the domaln of x,). Suppose that p = A [x,~P,] 15 a
1="1 i {=1 £L

omplex which covers E and has a smaller sparseness than a. 1f this is
srue, then there must exist Et such that PL e Ri‘ But Ri' according to the
jefinition 6, contains all values that %y takes in events In E. Therefore,

LE P, c R, then complex a could not possibly cover all events In E, whlch

i

{s a contradiction. ) .

Let E be data events which are covered by a complex a .

Definition 7. The set F {s called the core of a, and the complex a* = RU(E)

{s called the trimmed a.

From Theorem 1 we have a* ¢ a.

Theorem 2. I 51 and Ez are two disjolnt event sets then:

%

s(RUCE,)) + S(RU(E,)) < s(RUCE, U Ej)) a2

Proof: According to Theorem 1, RU(EI) and RU(Ez) have the smallest posslble
gparseness among all complexes covering El Qnd E!’ respectively. Since F,

and Ez are disjoint, then (12) must hold. s

The property expressed by Theorem 2 has an analogy In statistical
clustering, where with the increasing number of clusters the “[it” between
each eluster and the probabilicy distribution "fitted” to the cluster also

lncreases.
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L

Theorem 3. Tet a and a, be two intersecting complexes, whose unlon covers

1
an event set E. Let E1 (EZJ denote the set of events in a, (uzl vhich are
covered only by this complex (the relative core of the complex). let a,

and ay be any two disjolnt complexes covering the same event set E. 1If

RU(EIJ and RU(Ez} are disjolnt complexes, then:
s(RU(E,)) + s(RU(E,)) < s(ay) + s(ay) (13)

Proof: The theorem is an lmmediate consequence of Theorea 2 and, the prenmise
that oy and a, are disjolnt complexes. L]

We will next Introduce two basic concepts for the conceptual
clustering algoritha presented in gectlon h. They are the star of an event

against an event set and a cover of an event set agalnst another event set.

Let F be a proper subset of the event space I, and e an event outslde

of F, 1.e., e & F.

Definition B. The star G(e|F) of e against F is the set of all maximal
under finclusion complexes covering the event e and not covering any event

in F. (A complex a i{s maximal under inclusion with respect to property P,

{f there does not exist a complex a* with property P, such that a c a*.)
Let El and F, be two disjolnt event sets, Elr\ Ez =- .

Deflni:lon.g. A cover CGV(EIIEZJ of By agatnst E, is any set of complexes,

[a]}er' such that for each event e ¢ El there {5 a complex nj' 1€ 1,

covering it, and none of the complexes uj cover any event in Ez- Thus we

have:
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E, ¢V a, ¢ I \ EZ

= g3 3 (14)

A cover in which all complexes are palrwise disjoint sets is called a

disfoint cover. If set F, is empty, then the cover COV(EiIEzJ - CGP(EI|F}

2
is simply denoted as CO?[EI}.

Definition 10. The sparsencss (the degree of generality ) of a cover Is

defined as the sum of the sparsenesses (the degrees of generality) of

complexes in the cover.

3. SUFFICIENCY OF COMPLEXES ﬂ CLUSTER REPRESENTATIONS
First, we will observe the following property of complexes:

Theorem 4. For any given event space I and integer k < dl-ﬁz---dn {where d1
ts the cardinality of the value set of variable xij, there exist k palrvise
disjoint complexes a,, @y, .+, Ek which completely £f111 up the space [,

lvEc,

=1 3 (15)

Proof: The theorem 1is equivalent to saying that any event space can be
partitioned into an arbitrary number of complexes (but, of course, not
larger than the cardinality of L). To sec this, take any subset of
variables such that the arithmetic product of corresponding di—n is greater
than or equal to k: Let HJ, F1,2,... de;ote all possible sequences of

valyes of variables Xg ie I 5
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Construct complexes:

a, = A [x, =r..]
i iel . 1] (16)
vhere rij' teI, §=1,2,..., denotes a value of . varlable x, in the

sequence R Obviously, the complexes aj are palrwlse disjoint and Fill vp

It
the space I. 1f k” > k, then k® — k complexes are jJolned with the

remaining ones into single complexes, according to the formula:
5[:1 = a] w ﬂ[x1 = b] = Bf:i = a,b] _ (17)

where B denotes a conjunction of selectors Lnvolving variables other than

x This {s always possible, because for any Xy 1t e I, there are d1

1.
complexes nj, which differ only In the value nf'xt. L]

"

From the view of clustering, a more interesting questlion I3 whether
for any given event set E in the space I, there always exist an arbltrary
nusber k < c(E)} of pairélse disjolnt complexes, such that they not only
Eill up the space [, but also ?artlttun the set F into k nomempty subsets.
A positive answer to this question would lmply that #ny given event set can
be partitioned into an a priorl assumed number of subsets, each covered by
a sailmple complex, disjoint Erom other complexes. The answer 1s Indeed
posicive. In fact, even a stronger property holds, as stated by the

following theorem.

Theorem 5. (The Sufflciency Princlple)

For an event space [ and any data event set F = [el, €y vey ek]'

E ¢ [ there exists at least one set of k palruise disjoint complexes

9. @ a
2y +++y @y guch that each complex contalns one data event:



gy

ej € uj, J=1,2,...,k (18)

and the union of complexes fills up the space I:

F1 i (19)
Proof:

The baslec 1idea of the proof 1is to show that for any

E = {EL'E ,,..,ek}, E ¢ [, it is always possible to construct a tree, In

F]

which nodes are assigned the variables x,, 1 € 1,2,...,n, branches of nada

11

x, are asslgned elements of a partitlion of D1 {the value set of 31}, and
the leaves represent complexes “j' such that each complex covers & single

event ej’ and the unlon of complexes Eills up the space L.
Suppose, 'j - (xtj,:zj.....:nj), {1 =1,2,444,k, and xij € DI'

Tnk; any varlahle, say ‘F' which has different values for events in E,
Suppose these ﬁvalues are a,, 8y, +..y A Partition the value set, ﬂp of
% into gubsets {all, {az], A [az;ll' A, vhere a_ € A_and A_ is a ast
Dp X {'1'“2'33"""3*11' It is obvious that complerey
[xp - all, [np - azi. sesa, [:P - nz]. partition both, the event set E a4
the event space [ (Into z non-empty subsets. Suppose these compler:y

partition E into Ea . E‘ g A EA and I into E‘ " I- . W :h y whera
1 2 T 1 2

Variable !P ts assigned to the root of a tree. Branches from the r..t
are assigned values A1y By ceey hz' Leaves of this tree correspond i

complexes [x? =al, [‘l? - I;], seey [:llP = Az], covering event gs-y
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!‘1, Eogr =ros Eh:' respectively (Fig. 3).
Xp
q, Az
ap q,
[Xp :q]
|
I
i Xr
by By
b/ b

[ Xp=a, 1LX, =By

Constructing a tree for the proof of the sﬁfflciency principle
© Fig.3
For every one of the ahove event sets which has more than one element
repeat the above process with the Enllowing modification. Suppose E:l has
more than one element and X takes values bl' h!' see, l? for nvénta in
Eal' Asslgn L to the root of a new tree, and attach the tree to the leaf
corresponding to E_, (L.e., to the leaf marked by [:p - III in Fig 3).

Assign the branches cmanating from this root values hl‘ hz, saey By, where

BY - D’ \ {hu'hz""‘hy-l}' It is obvious that complexes:
[xp - lll[zr - bl!' [np - nll[lr - bZI' aawy [tp - Illll: - Br] (z0)
partition both, the set Eal and the set =a1 Into y disjolnt subsets.

Thls process Is contlnued until leaves of the obtalned tree correspond

to complexes, each of which coveriny only one event from E. Because every

*

step of thls process partitions slmultﬁneuuslr events In F and in [, the
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union of the obtained complexes covers E and f1lls up the whole space L.

Thus, these complexes constitute the desired set {al,uz,...,ak!. ]

Thias above theorem asserts that the space of all complexes 1is
sufficient to be a space of cluster representations, because any event set
can be clustered finto an arbltrary number of <complexes. The thecrem Is
used as the theoretical basis for the clustering algorithm described in

section 6.

As the above proof Indicates, there usually will be many covers which
constitute a k-partition of any given event set. Therefore, a questien
arises as to which cover to select as the most desirable. In order to

answer this question, a criterion of the quality of a cover Is needed.

4. A CRITERION FOR EVALUATING QUALITY OF CLUSTERING

Let E ge the set of data polnts, and COV(E) a disjoint cover of E.
Such a cover lmplies a partition of E into clusters, each cluster being the
event set contained in one complex. 'The- sparseness (or’' the degrece of
generality) of the cover could be used for defining a criterion of quality
of a partition. However, if E is partitioned Into Individuval events,
:hen; obviously, the sparseness ( as well as the degree of generality)
will be zero. Consequently, this kind of criterlon can be used only {Ff the
number of clusters ls assumed a priori, 1.e., for a constralned clustering
problem. In this case the problem is to find a disjoint cover of E with k
complexes, whose sparseness {or the degree of generality) is minimm. 1In
the case of a free clustering problem (i.e., when the number of clusters is

not assumed a priori), a criterion of quality of partitioning has to
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involve, i{n addition to sparseness (or the degree of generallty), also some
“cost™ function dependent on the number of clusters, e.g., a measure of
complexity of a cover. 1In thls paper we ar; concerned only with the
constraint clustering problem. Although it may seem otherwise, this is not
a serlous 1limitatlon because I1nteresting practiball solutions of
clustering problems should not produce more than just a Few clusters (this
1is so, because when the numher of clusters 1is large, humans prefer Cto
organize them {nto an hierarchy). Consequently, to obtain a general
solution, a constralnt clustering algorithm should be repeated for

several different k, and the hest obtalned partition selected as the

general solutlon.

The sparseness (or the degrec of generality) may not be sufficlent as
the sole criterlon for seleét!ng a cover. One may seek a cover which
exhibits other propertles than minimum sparseness. In nrde; to use several
criteria Ffor selectlng a cover simultaneously, we adopt the lexicographic

cost functlonal deflned in [14].

A lexicographlc evaluation functional ( LEF) is defined as a pair of

two lists:
A= {a-list,T-1lised (21)

where a-list = {at'aZ"""t}' s a 1llst of attrilbutes used
to evaluate a cover
1-list = {rl,fz,...,tl}, i3 a list of "tolerances™ assigned to

the attributes a ,respectively, 0 <1, < 1.

i’ { =



W ; (-

Let ?j, J=1,2,... denote all possible disjolnt covers of the event

set E. Let V denote one of the covers, and let ‘1(“33 denote the value of

- attribute 8 for cover ?J. Cover V is said to be optimal (minimal) under

functional A If for every j:
A(v) & AV, (22)

where
'ﬁ{?} - ('l(v}l ‘2(“)."‘&"{"’}1
A(?jj - [aI(VJ), az{ﬂjj,...,al(VjJ}, b L) W R

and ¥ 1s a relation, called the lexicographic order with tolerances, which

holds {E:
or lalurj} =Ml LT, and 3,(V4) = a, (V) > T,
OF sssssssss
(23)
OF wsvcsscnnsssnssasnsnnnsy d il ol Y 0
where . " "'( ‘1J 'l{ )2
T.t - fil{l.imax-ﬂlmln}' i .- 1.2,-”,1-1

Wiz ujxlal{“j}h

8 oin " n;ﬂ[ai(“j}}

Note that {f t = (0,0,...,0) then K. denotes the lexlcographic order

In the usual sense. 1In this case, A can be specifled Just as A = <a-list>.
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To specify the a functlonal A one selects a set of attributes, puts

them in the desirable order in the a-list, and sets the wvalues for

tolerances in the t=list.

Relation & partitions all covers into equivalence classes and orders
the classes linearly, with the first class containing one or more optimal

covers, and the next classes containing consecutively less optimal covers.
Relow are a few criterla which may be used to assemble an a-list:

® Sparseness (or generallity g) of a cover. Minimizing sparseness will
produce complexes which “Eit” as closely as possible to clusters of data
events. This criterion fs an analog to the criterion of minimizing Intra-

distances In the conventional distance-based clustering.

@ Intersectlon, defined as the averape degree of Intersection (DI) between
any two complexes In the cover. The DI betwcen two complexes Is the total
number of selectors whlch remain In both complexes after rtemoving every
palr of dlsjolnt selectors (selectors whose reference sets do not
intersect). For example, the degree of Lntersection between complexes

[x,=2,3](x,=3,5,7] [xc=2. .5}
and 4 k s ’

[, =3] [%,=1]{x,=5..12][x.~1]
s 3. 1 2 4 LKA
The Introductlon of DI as a criterfon for clustering comes from the
observation, that people tend to prefer partitions of objects, in which
clusters differ not In just one, but 1In many characteristics. This
criterlon Is anm analog to the crclterlon of maximlzlng cluster inter-

distances in dlstance-based clustering.
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® Imbalance, defined as

-
Wk ) Itfkec(E) = e(E nap)l

where c(E) is the size of the event set, and c(E ni} is the number of

data events covered by complex ui (the cardinality of the core of a The

IJ'
{mbalance measures the variabillty of cluster slzes.

e Nimensiconality , defined as the total number of different wvariahles
Involved fin the complexes of the cover. The dimensionality tells us how
many varfables are used to describe clusters, and, thus, how many variables

have to he measured to classify objects into these clusters.

E. PROCEDURES STAR and NID

Before describing an algorithm for conceptual clustering (next
section) we shall Fflrst describe two lmportant procedures used In thls
algorithm: STAR and NID. Procedure STAR generates the star (def. B) of a
data event agalnst a set of other data events, and procedure NID transforms
a non-disjoint cover, whenever possible, into a disjolnt cover with the

same number of complexes.

This procedure is based on the algorithm descclbed in [14].

Let e, be an event and a a complex. The operatlon e, |- a (read: ..

extended in o i3 defined:



l.

i)

3.

1
(5]
=
I

Let ctnt}, L =1,2,...,k, denote the cardlnallty of ay {the total
numbe r of events covered). Determine the {(arlthmetlce) Sum of

Eardinallties:

3
sc = ) c(nl} (28)
{=1

and the cardlnality of the (set-theoretic) sum of complexes:
3

ca=¢( D a
=1

R 9

If sc = cs then STOP: L is already a disjolnt cover.

For { = 1,2,...,%, determlne the rela;lve core, GOREt, of complex
u{,{.e.. the set contalning data eéents covered by complex a, and only
by this complex; Let RESIDUE denote the set of remaining events,
l.e., RES[DUE = F \ Iil CORE,, -

For each CUREI detecmlne {ts mc-complex (def. 6):
u? = RU(CORE,), 1 = 1,2,...,¢ (30)

If any two complexes u? Intersect, then STOP. The disjolnt cover

cannot he obtalned. (This Lls a direct consequence of Theorem 1)

Sclect an event frowm RESINUE and call it e. DeleFe e from RESIDUE.

For each palr (E.u:}, L=1,2,...,0t, deternine the coverlng complex:
ap = RU(le] g o) an

Delete cvery al which Intersects with any uj. jE 1. 1 all nt are

deleted then STOP: a dlsjolnt c¢uver cannot he obtalned.
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Select the best complex, Best=-a, among complexes u}, according to the

LEF:
<(hspars, -res, -b:el],t*r_l,tz,r}:l)
where
Aspars = the dlfference between the sparseness of ni and u:
res - the number of events in RESINUE covered by ui
dsel - the difference between the number of selectors In ai and
1 ¥
*y

TalTy = tolerances are set to 0 by default.

The sign “=" in front of res and Asel iIndicates that the algoritha
maximize these criteria (by minimlzing the negative value).

Suppose Mest-a was created hy Jolnlng e with q;. Assign to u: a new

value Best-a.

If RESIDUE = ¢, then END, otherwise go to 6.

The output from this procedure 1s efther a dlsjoelnt cover

;,....u:! of set F, or an Indlcation that such cover cannot be

obtalned from the Initlal cover [ul,uz,...,nt],

6.

6.L.

AN ALGORLTIIN FOR CONJUNCTLVE CONCEPTUAL CLUSTERING

51 E:prvlnu

ey s

Based on the ideas described In previous sectlons, we have developed

an algorlthm for conjunctive conceptual clustering, called PAF.* Given a

- —

*Pnlish-Amecican-French
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set, E, of events from an arbltrary event space, and an Integer k, PAF
paftltionn E 1into k élus:ers, each of which has a conjunctive description
in the form of a VLI complexi The obtalned partition {s optimal or
suboptimal with regard to a lexleographic evaluatton functlonal, assembled

by a user from the criterfa llsted In the previous section.

The general structure of the algorithm i{s hased on the oultleriteria
dynamie clustering method developed by Diday and his collaborators (Diday
and Simon [1}, Hanani [15]). Underlying notions of the dynaamle clustering

method are twoe functions:

g - the representation function, which, given k clusters of a partition
of E (a k-partltlon) produces a set of k cluster representaclons,
called EEEEEEE‘ There may be diferent kinds of kernels, e.g., tha
center of gravity of a cluster, a few selected polnts from a cluster, a
probabiliey distributlon best fitting the cluster, a llnear manifold of

minimal fnercia, ete.

£ = the allocation function, which, given a set of kernels,

partitions % into k clusters, "best fltting™ these kernels.

The method works lteratively, starting with a set of k initial,
randomly chosen kernels (of a given klnd). _A single iteration consists of
an application of Ffunctlon f to glven kernels, and then of funcetlon g to
the obtained partition. An lteration ends with a new set of kernels. The
process contlnues until the chosen criterion of quality of a partition, W,
ceases to improve. (Criterlon W measures the "fit" between a partitlon and
kernels.) It has bec; proven [L], that this methad always converges to a

local optimum.
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The measure W can be a single criterlon, or a sequence of criteria.
In the multlerltecia case, for each criterion an approprlate type of

kernels {s used (Hananl [15]).

The algorithm PAF applies a multicriteria dynamlc clustergng method,
in whleh the basie and final cluster representation is a ?Ll complex.
Intermediate representations Include the geometrical center of a cluster
f{using the syntactle distance; def.l) and the "most outstanding” event

(most distant from the center) In a cluster.

The use of the latter representation s an application of an
"adverslty principle.” This prilnciple states that LE th; oost outstanding
evant truly belongs to the glven cluster, then {f It serves as the cluster
representatfion, then the "fit" hetween it and other events Iln the same
cluster should stlll bhe bétte: than the "Eit™ between it and events of any

ather cluster.

In the algocithm PAF, the measure of "fit"™ between a data event and a
kernel (a PLL complex) 1is a blnacy wmeasure, deflned by a predicate
specifylng whether an event Eé:isfles the complex or not. A complex (s a

lfnqu. which can describe a very large number of cunflgurations of events.
For n varlables, each taking d distinct values, there are N = {Zd-lln
different complexes. For example, 1f n = 10 and ¢ = 7, then M!lﬂzo. Such
a large slze of the “concept space™ makes  conjunctive clustering
computatlionally an extreacly complex problem. To oabtain a feaslble
practical solution, it ls necessary to apply a comhinatlon of carefully

designed heuristice  search metheds.  Tn PAF, one of the methods used Is a

well knpwn “best flrest®™ secdcch technlque developed’™ Lo actificlal
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leeq:

E = a set of data events
k = the desired ar of clusters
A = the evaluvation [unctional

L/

Choose k "seed" events from E

— |
\z/
Using procedure STAR determine the star
of each seed apninst the remaining seeds.
Select From each star one complex, =0 .
that the ebtained collection, P, of k
complexes will be the "bhest™ disjoiue
cover of E (with lielp of NID procedure).

2/
Is the terminat lon

criterion applied
to P sacisficed?

Is Llteration

odd or even
7

&/ N\
Chouse k new sced
events which are
central in the
cuomplexes in P

Choose k new seed
events which are
extreme in the
cumplexes in I

A flov diagram of algoritm PAF

Flgure 4,



in the next sectlon.

4. A terminatlon criterion of the algorithm Is applled to the obtalned
cover. The termination criterion is a pair of parameters (b,p), where
b (the base) is a standard number of leerations the algorithm always
performs, and p {the probe) Is the number of iteratlons beyond b,
which the algorithm performs, after each lteratlon which produces an

improved cover.

5. 4 new set nf seeds ls determlned. Tf the {teration 13 odd, then the
new seeds are data events In the centers of complexes Ln the cover
(according to the syntactle dtstance}.- 1f the Lteractlon 15 even, then
the new sceds are data events maximally dlstant from the centers
(according to the "adverslity principle”).

7. PROCEDURES P, SP AND S

411 three procedures use hounded stars, that is stars whose slze s
limited by speclal.paramnter MAXSTAR. The reason is that the slze of stars
may be very large when the number of variables n is high. As can be seen
from procedure STAR, the upper bound on the number of complexes In a star
grows exponentlally with k (the number of clusters); name ly nk. The slze
of any star (s controlled by not allowing it to have more than MAXSTAR
complexes. Whenever a star exceeds this nunber, complexes are ordered in
the order of ascending sparseness, and only flrst MAXSTAR complexes are
retalned. It [; alsg assumeid that all complexes in stars are trimmed (l.e.,
the refunlon operatlon Is applled ta the core of each complex, and then

the cesultlng me-complex Ls used to replace the original complex In the
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star; sce def.7).

To slaplify the description of procedures we will assume that the
criterion of clustering optimality 1is minimizing the sparseness of the
disjolnt cover (representing a partition). The procedures can he extended
for a multicrikerin case by using a criterion LEF (which imposes a linear
order between equivalence clsses of sets of complexes). In such a
multlcriterfa case, however, sparscness should be used as the primary

criterion In order to retain the properties of the described pr}cedures.

Procedure E

The procedure is applicable for relatively small HAXSTAR and k. It 1is

particularly useful for execution on a parallel processor. Let star

Gi - E(eilﬁu \ {ei}] be a set {n;.u:,---,u; }o 1 =1,2,...,k. Assume that
i

complexes ui j-ﬂ,l,...,gl are ordered in ascending order on sparseness.

jl
The position of a complex In the star so ordered (indicated by a subscript,

vhich counts from 0), 1s called the rank of the complex (thug, e.g.,

complex ui has rank 2).

2

i from each star G

J i

generate all possible sequences:

Taking one symbol a f=1,2,...,k, at a tiee,

1, 2 k
PD - {ﬂu ﬂ.n,titiﬂn}
k-1

Q

)

1 2 k
Fl - {ua,nn,...,n oy

. (32)
P - (ﬂl,uz,...,qk )}
B'k 0" o gk

| k
P

2 }
& % 8

P = (a

where I = (51+1]c32+l}"'(5k+1}
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The sum of the ranks of complexea In any such scquence is called the
EathraEE: Assume that sequences Pj' {=1,2,...,[ are now arranged In
ascending order on their pathrank, with sequences of equal pathrank ordered
arbitrarily. As before, ?0 has ﬁathrank 0 (because all complexes In Pu
have rank 0). PI'FZ""'PE' hnue;er, denote sequences with pathrank 1, and

Pr denotes a sequence with pathrank gi+gz+...+§k.

Considering sequences PJ in the ascendlng order on thelr pathrank,

the following operations are performed on each sequence:

(L) A ?J i{s tested whether it is & cover of E. This can be done by

consecutively removing from E data events covered by each complex In

P If at the end E becomes the empty set, PJ is a cover. 1If a P, is

¥ ]

not a cover, it ls removed from further conslderation.

(11) A P, Is tested whether it 1is a disjoint cover. 1f 1t s, lts

J
sparseness s calculated. TF fr {s not, a lower bound (l.b.) on the
sparseness of a possible disjolnt cover i1s calculated (without

actually determinig the disjolnt covef}.

The 1.b. is computed by detz?mining the relaclve core of each
complex (l.e., data events covered only by the given complex and not
by any other complexes), and then computing the sparseness of the nec-
complex of the core. The 1.b. Is the sum of so obtalned sparsenesses
(thls computation is hased on theorem 3). ({The purpose of using the
1.b. 1Is to avoid, whenever possible, the computatlionally costly

procedure WIN.]
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(L11) 1f the computed sparseness (or l.b.) Is not a new minimum (il.e., 1s
not smaller than the sparseness of the best cover obtained so far),
then the cover s removed from Further consideration. Otherwlse, 1if
it Ls a dis)olnt cover, Lt I8 retained as the best cover; and if it {is
a non-dl: Jolnt cover, It ls transformed by NID, Lf possible, into a
disjoint cover ({note that some operatlons of the NID procedure were
dlready done in (i1)). TF the sparseness of the obtained Jlsjalnt
cover still represents a new minlmum, the cover s retalned as the
best so far. If the sparseness Is not a new minimum, or NID falls to
produce a disjolnt cover, the cover Ls removed from further

consideration.

The dlsjolnt cover tetalned at the end of the above ;;;rch process
through sequances Pj {s the output of the procedure. It is a minlioum
sparseness cover which can be assembled from complexes In the glven stars.
The existence of at least one disjolnt cover ls assucred by the sufflclency
pcinelple. An advantage of the above described ordering of sequences Pj
ls that the hest cover will most llkely be cinsa to the beglnning of the
list. Therefore, Lf the number of sequences ls very large, the search can

stop before reachlng the end, with a low rlsk of looslng the optimal

solutlon.

Ef”ccdﬂiﬁ EE

In procedure P, all sequences P, were pgenecated first, and then

3

linearly scarched Ln order to determine the best cover. Tn this procedure,

the scarch for the hest cover is done durilng the process of generating the
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sequences, wusing the “best Fflrst™ sgearch strategy (Winston [16]).
Specifically, the search is based on the algorithm A* (Nilsson [18]). At
step a complex is added to the partial cnvér (a partial sequence after
application of NID) which most 1tkely leads the optimal cover (according to
an evaluation function). This process avoids testing (usually many)
sequences Pj' for whlch it 1s possible to predict that they will not
produce an optimal cover. The procedure PS5 Is especlally applicable when

stars Gl are large. .

Fig- 5 illustrates tha search pruce;a. Branches emanating from a node
at level 1 represent complexes in star G!I A path froam the root to a node
at l;vel i represents a partlal disjolnt cover with | complexes. When I=k,
the path represents a complete disjolat cover (corresponding to some

sequence P, to which NID was applied).

J

In the first step, sequence Pn - {u?,n;,...,u:] 1s generated. (It s
the sequence of complexes of the smallest sparseness). The relative core
of each complex is determined and then the mc-complex 1is constructed for
each core. Let ‘1"2""'“k denote the sparsenesses of the obtalned me-
:uuplaxes: On the basis of theorem 3, the sum l1 + 5, + L.t 'k specifies
a lower bound on the sparseness of the best disjoint cover which can ba

built €rom complexes nf glven stars.

In the next step, node (1) (fig. 5) is expanded, f{.e., ur is pairced
with every complex in ﬂz, procedure NID is applied to each pair, and then
the sparseneéss Is calculated For the obtained dlsjolnt palr. If NID fails,
the path 1s abandoned. The ohbtiined palr is a partial cover with {=2

complexes., Nodes corresponding to generated partial covers (includlng the
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remalnlng conplexes In Gl} are assigned a value of the evaluation function:
f=h#+g (33)

where

h - is the sparseness of the obtained partlal disjolnt cover

g - is the sum s, ., +3,., + «vo + 5, , where 1 is the number of ~complexes
in the partial cover.
{g represents a 1l.b. on the sparseness of the remaining complexes to
be determined, {.e., complexes that are needed to complete the cover

under construction}

According to the best Eirst strategy, the node to be expanded at each
step is the one which is assoclated with the lowest value of the
evaluation function. It is proven that such strategy will produce the
optimal cover [18]. The order of expanding nodes In the tree In Fig. 5 is
ghown by numbers 1in circles. The wvalue of the evaluation functlon

assoclated with each node Is given in parenthecses.

Procedure §

This procedure ls llke procedure P5, with the exceptlon that stars are
not gencrated beforehand. When expanding a node in the search tree, rather
than taking complexcs from already determined stars, an appropriate star is
generated each time. Thls requires a multiple repecritlion of the stat
generation process, but saves on the memory for storlng all stars (which

may be large sets).
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8. A NOTE ON IMPLEMENTATION AND AN EXAMPLE

The algorithm has been implemented by R. Stepp in PASCAL for Cyber
175, The detalls on the implementation are in [19]). For fllustration we
will briefly describe two examples, whlch were used in testing experiments

with the program.

Filgure Ga rep?esents a diagrammatic representatlion [20] of an event
space, spanned over varfablas X +%5:%4,%,, with domain sizes 2, 5, 4, 2,
respectively. Fach cell represents one event. Cells marked by 1 represent
data events, remalning cells represent empty events. Fig. ‘6a also shows a
cover obtalned from the flrst iteratfon of the algorithm. The remaining
flgures show results from the consecutlve fteratlons. Cells representing
seed events [n each lteratlon are marked by + . The partitfon evaluation
critecion was a LFF:

{(sparsencss, (mbalance, dimenslonaltey) (0, 0, 0 »
According to this criterion, the best particticn ls the ane shown Ip

Fig. hc. The partlelon 1s specified by complexes:

u‘f = Ix) = 0l(x, = 1(x, = 0]
n; = Ix; = O0)[x, = 2][xy = 1..3]
u; = x = 1][x, = 1..3]

Another experiment with the program [nvolved clusterlng 47 cases of
soybean dlscases. These ecases represcnted four different dlseases, as
detecmlned By plant pathologlsts (the program wis not, of course, given
thls {nformation). Fach case was represented by an event of 35 many-valued
variables. With k=4, the program pactitioned all cases Inte four

categories. These four categories turned out to be precisely the
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categorles corresponding to Individual dlseases. The complexes defining
the categories involved known characterlstic symptoms of the corresponding

dlseases.

9. CONCLUSION

The paper presented a thenretlcal Ffoundatfion and an algorithm for
conceptual clustering, In which entitles are assembled Into classes
described by slngle conjunctlive concepts {‘-"L1 complexes). Thus, the
proposed approach produces clusters together with thelr descriptions. The
descriptions are conjunctive statemanta involving relations on wvarlahles

characterizing the entities, and have a simple lingulstiec Interpretation.

The presented algorithm has been Implemented and tested on wvarlous
examples. The results Indlcate that the method provides an valuable
alternatlve to the conventional clustering methods, and has a potentfal for

appllecatlon In varlety of clustering probleams.
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intelligence [16].

6.2 Description of PAF

A flow dlagram of algorithm PAF {s shown In Fig. 4.

In the Eirst step (block 1}, a - set of k data events
Eu = [el,ez,...,ek}, called seeds, is selected from the event set E.
Sceds can he selected arbitrarily, or they can be chosen as events
which are most distant syntactically (def.l ) from each other. 1In the

latter case the algorithm will generally converge FEaster. For

selecting such events program ESEL [L7) can be used.

For each seed e t=1,2,...,k, a star s generated agalnst the

remilnlng seeds (using procedure STAR described In sec. 5):

Gy = Cle,lE_\ le 1, 1 =1,2,...,%
From cach star a complex Is selected, such that the resultling set of k

complexes:
(i) Is a disjolnt cover of

(t1) s an optimal or suhoptimal cover among all possible such covers,
accordlng to an assumed criterlfon LEF (constructed by a user from
criteria listed in sec.4: sparseness or generallty, intersection,
({mhalance and dimenslonallty). This {5 the most difflcult and
computationally costly step of the algorithm. It can be
performed In a number of different ways. We will distinguish
between theee different procedures: P (parallel), PS (parallel-

sequential) and S (sequentlal). These procedures ace described



