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CONCEPTUAL CLUSTERING:
A THEORETICAL FOUNDATION AND A METHOD i
FOR PARTITIONING DATA INTO CONJUNCTIVE CONCEPTS

Ryszard 8. MICHALSKI

University of llinois
Urbana, Il., U.S.A.

Then he took the seven loaves

and the fish, and when he had given
thanks, he broke thewm snd gave theu
to the dlaciples, and they in kurn
to the people.

Mathew 15:35

1. INTRODUCTION

Clustering ia the {ntelligent partitionfng of 2 collection of
entities. Specifically, It is the process of dividing entities {objects,
obssrvatlons, mossurements, data, =t¢.) into categorles tiat aze weaningful
or ueseful For some purpose, it s ane of the fundamental gperations
people use to almplify descripcions of their envircument, and by that, «te
faprove the efficlency of thelr declsion making. Appropriate clusterling
reveals tlie underlying wtructure of the given set of objeets, and hence

clustering can be viewed as a [orm of kaowledge acyulsition.

Clustering problens pervade many (lelds, particularly experimental
ociences such as blology, chemistry, goolegy, medficine, ete. Incedligent

patiltioning of cbjects can also bu i leportant capablllity of autonomous
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or semi-autonomous robate designed for exploratlon of speclal environmeats
(e<g., the botfow of an pcean or the surface of a planer). Consequenrly,
undecstanding the nature of <lustering L[a not only of ecientific {nterest

but alsoc of significant pracrleal tmporcance.

A conventfonal wiew of clusterlng 1s that 1t Ly a process of
partitioning objects Into groups such that the degres of almilarity (or
“natural assoclatlon™) is high smong obJects af the same group, and low
among the objects of diffecedt groups. The notion of the degree of
simtlarity s therefore fundamentel to thils viewpolne. A great varlery of
different similarity wmeasures have besn developed and used In wvarlous
clusterlng techniques. Frequently a reciprocal 0f & distance measurs 1a
used =25 a almilarity fuactlon. The ﬁlstaﬂcc measure for such purposes,
however, does not hawe to satlsfy all 'the postulates of a dlstance
fuactlon (specifically, the triangle fnequality). A comprehenslve review
of varicus distance and siallarity measures is provided fn Diday and Simen
[I] and Anderberg [2). Backer {1] desccibdes a fuzzy sioliarity weasure

bssed an the theory of fuzzy sets:

To detzrmine the similarity of objects, & méasure of sintlarity i=
applled Fo nymbollc descciptions of objects ({data paolnts). Such
deseriptlons are typlcally vectors, whose componenis represent acorss on
selected qualltative or quadtitative varlables vsed to describe objects.
The underiylng assumprion fs that Lf the gimilarity functlon has high value
for the given descriprions, then the objecta represented by lﬁe
descriptions are similar. The almiiaricy relatlonahip betveen any two
objlects In the populatlon to be clustered Ls thus reduced to a slogle

number == the value of the slaflacity functian applled to amymbolle
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descriptions of cbjects.

Conventional messures of distance are “context=free,” l.e:, the
dlstance between any Lwo dats points A and B ls a function of these pointe
ouly, and does not depend on the relatlonshlp of these points to other data

polineas
Slmtlarkey(A,B) = E{A,R) (4]

For example, for any conventlaonal distance  measure, the distance

betvaen points A and B 1s the sate a3 between B and € (Fig.1).

‘l Ll
o.:k~:\~:Hﬁ.’,/,,,,: s 8
L

&n illustration of the context—free distance
Fig.1l
Receatly aome -authors have heun introduclng “context-sensitive”

seasuras of slnilacity:
Similarity({&,B) = E(A,B,E) (2)

where the similarity between A and B depends not only on A and B, bur zlso
on the ralstioashlp of A and B to other dats polnts, represented Ln (2) by

For example, Guwda and Krishna [4] defined cthe so-called "mirual
neighborhood™ distance meagure. 1f polat A is the nth closest point to B

and B is the mth closest point to A, then the mutusl neighborhood distance
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between A and 8 Ll ntm These authors have demonstrated that a method uslng
such = distance geasure can solve some clustertng problems which methods

dazed on the “context—free” distance cannol-

Both prévious eclustering approaches cluater data points only on the
bpasls of knowledge of the individual datka polnts. Therefore such methods
sre fundamentally unable to capture Lhe “Ceatalt prepecty” of objects,
i.e., a propsrty which (s chacracterintle to cectaln conflgurations of
points consldered as a whole, and not as a collection of -1ndependent
points. In order to detect such properties, the system wmust koow not
only the data polats, but alse certaln “concepts”. To Lllustrate this

goint, let us coansider a problem of clustering dsts pofats la Fig. 2.

A person considering the problem In Fig, 2 would typlcally describe (¢

as "a ¢lrele on top of a rectangle,”

e & 0§ & 9 72 o & & & B

e & ¢ & © 9 8 9 @ 0o B % &

An fllustratlon of conceptual clusteciag

Fig-2

Thus, the palnts A sad A, although being very close, are placed In separats

clusters. lere, human solution finvolves partitloning the data polnts loro
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groups not on the basls of palrwise distance hetween polnts, bot on the
basis oF "eoncept wenbership.” That meaas that the polnts are placed fn the
page cluster (f together Lhey represent the same concept. In our example,

the concepis are a circle end 3 rectangle.

The approach to clustering which clusters objects inte groups
representlng a prierl defined conceptuel cntltles 1s called ':oncept;al
clustecing.™ A llnk batween conceptual c¢lustering and distance-hased
clustering methods can be established by stating that La conceptual
¢lustering the similarity between the data polnts is a function ofF these

points, context ¥, and & set of predefined concepts C:
Statlarity(4,B) = £(A,8,E,C) )

The approach has been fatroduced by Michalski |5]. It evolved from
earller work by the author and his collaborators: on the problem of
genecating Tunlclass cuvers;“.Such covers ate dlsjunctive descriptions of
l- class of objects learned f[row only positive exawples of rthe class. Stepp
[6] describes a computer program and vericua expecimeatal zesuvits om
detzrmining unlclags covers. His work {s concerned with what can be called

“free™™ conceptual clustering.

Tha fdea that the wimllarity mcasures of the type (1) or (2) (the
“concept={ree" ncasyrea) may be fnadequate for some clustering problems s
not neiw. In the past, several suthors moticed this problem it and proposed
verious solutlons. For example, Waranabe (7,8] propased the concept of

“cohesioa™ to measuce cthe “degree of cluaternesa”™ of polats, whlch

*In "free” clusteciog the number of clusters ls not predefined, as opposed
to “constraint™ clustering where the number of clusters is sasumed a
priori.
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utilizes the cnitopy weasure. Uslng this concept he vas shle to resolve
the “three glrla f£n -the dacmltory™ parsdox, which cannot be malved by
"concept-free” methods . Other measures of “coheslveness™ of objects wexe
proposed on the bazis of graph—theoretlc-consideratlnns, e.g-, Marula [9],

Auguston and Minker [X0], Zabn [11]j, Cheng [12}.

This psper presents 4 theoretical basis and an algoritha for
conceptual clustering, where conceptual entcitles are conjunctive statements
in variable-valued lople caleulus VLl [L3] (which 1sx a typed ﬁnny valued
loglc extenslon of propositlonal caleculus). These statements, called VI.t
complexes, are logleal products of relational statements lInvoiving discrete
variables of an acbltracy aumbetr of valuea (definitfon 2 and 3 in the next
cheptar). Complexes have a ciople llngulstic Interpretation and ace azble
to esxpress conslsely & large <clasas oF relatlonshipe among discrete
varlables. The algaciths comblnes the methodology of optimlzatlon of
variable-valued loglc expressions [t4] with the dynsmlc clustering method
(1) 1ts thecrecical foundatfon Ls o special property of compleres

fomylated a5 the Sufflclency Principle (sectlon 3.

l. COMPLEXES AS CONCEP{EEE ENTITIES FOR CLUSTERING: SASLIC DEFINITIONS

Let Kpo Kou wvsy X deniote discrete variables which are selected to

2r

dasceibe oblects in the populatlon to bhé clustered. For each variable a

value set or domatn ls deflned, which eontalne all possible values this

varlable can take for any object s the popularion. We shall assume that

the value nets of varlables x , (=1,%,...,n are [falze, and ctherefore can

1’

be represented as:
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D.'l. - {D,I,---.,lii, S 1.2.---.!‘! (“J

n general, the value sets may diffes not only with respect to thelr alze,
ot also with respect to the attucture relating thelr elements (reflecting
e scale of mensurement). In this paper we will restrict ourselvea only to
he case of nominal or linear varfables (l.e., variables with snordered ot
inearly ordeced domalns, fespectively). A sequence of values of varlables
O TR L 2 called sn eventt

L (fli Tys sveey rl‘l') (%)
thexe L Dl' L= 1,2,00a,n

The set of all posslble events, &, is called the event space:

(6)

4
E=dehig

here 4 = dl-dz'...-dn (the slzg.of the event set) and dl = ‘1 + 1.

jefinitfon 1, Given two =vents =, &, ia E, the syntactic. distance,

ﬁ(el,nz) batween e and €y is deflined aa the nusber of vdrtables which have

d{fferent values in e, and e,.

Definition 2. A relatlonal expression
l*i / Ryl ' (7)

wheza Rl' called the ceference set, is one or more elements From the domaln

Py and # stands Eor one of the relational cperatocs = } > £, 1is called a

YL, selectsc® or, briefly, a sslector.

1

= i
{ #tands ot vatiahle-valued loglc system VLI [13] which wuses such

seleczors..
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llece are a Fev exanples of s selector, In which varlables and their
values are répresented_hy-llngulstlc terme!
. [height = tell]
{eolor = blue, red) {read: color s blue or red)
[length > 2]
[size # medlum]

[welpht = 2..5] k

The operator .. Ln the last selector denofes the range of values fron
2 ro 3%, Aincluslvely. It s used when the domaln of the varlable fs a
1lneacly ordered set. A selector (x; s R,] 18 sald to be satlsfled by an

event = = (al,xz,..-.xn), {f the value of x in e, s {n relatton # with

any 2lement of Rt'
Definttion 3, A loglcal product of selectors 13 called a VL, kers:

A fx, # R
et + O F )
vhers 1 ¢ [£,2,+-+.0], and Rl 3 Di' A set of events which satlisly a ”LI

term 15 called 3 EEl complex or, briefly, s cnmplex.

Thus a ?Ll term Ia a formal representatlion of a complex. Since these
two aotlons have 4 one te one corrfespondence, we will use them
fnterchangeahly, uniesn Lt leads to a confuszloon, Thecelfare, 1f & set-
thegeetlec notation L3 applied to & term, if moans that the cperation Is
applled Lo the corremsponding complex (l.e., a sel of events satlafylng the

term). A complex ( le term ) o i3 said to cover an event &, Lf the values

of vaclables ln ¢ matlefy the relational statements (selectors) In the
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complex (term).

For example, event e = (2,7,0,1,5,4,6) satlafies 'the complex

(%, =2,3][xy < 3]{xg = 3.8,

Let E be a set of events Ln £, which are data polints to be clusterad.

The events in E are called data events (or observed events) and events in

I VE (L.e., events in I vhich are wot data cventy) are called empty events

{or unobserved evencs ). .

Lek a be a complex which covers some data events and some emply

evenrs.

Beflaitlion i. The number of empty aveats coversd by a 18 called the

sparseness of a and denoted by s(a).

Let p{a) denote the number of data events covered by o, and &{a)
dencte the total onumber of events coversd by a. We have then
t{a}) = p{a) + s{a). The total number of events satisfying the complex

a= A [z, §R] {8
fex i i

Ha) = M (R I 4

11 151 (2)

where
Ic {1,2,.00,u]

.c(nlj =~ the cardinallcy of Rl

d, - the cardinslity of the value set of wvarfable x

i i
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Definition 2. The degree 2£ generallty g(o) of complex a [s defined:

t{a) s{a)
3 = - - {1 + —— 10
g{a) = log p(a) log { pla) (1o
The value %%z% speclfies how many events are In the complex per one data

event. Thus, the degree of generallty g(a) specifles the uncertalnty of the
location of the dats polnts In the complex. The grester the degree of
generallty of & complex, the greater ls the dncgtta!nty. if g=0, then
all the events Ia the complex are dats events. We can see (rom (10) that
for a fixed pl{a) the degree of generality is a monotonlcally groving

function of wparseness.

Let L be @ set of complexes (or events], and R be the set of all the

1

distinct values which varfable x, takes In these complexes {or evenis).

Deflnltion 6. The opecation whleh tranaforms 1, lata che compléex
n

A [xi - Rl] ia called yrefereace wnilon or refusnlon. The resulting
=1

complex ls called the minlmal coverlng complex or mc-complex for L aod

denoted RU{L) (reflunion].

1f any kl - Di' then the corresponding selector {5 vremoved from the
complex, The refunlon is thue a trensformatlon which transforms a set of

complexes (or eveuts) Llato the minimsl coverlng complex.

Theorem L. The me-complex of an event set has the minlmun sparseness anmeng

al)l conplexcy coverlop this set.

Proof: Let o be the mec=cample (ar an event set E:
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a
a =RUGE) = A [x=R ]
Gy A8 (1
n
hace B, ¢ D, (the domaln of x,). Suppose that p= A [x;~F.] 18 =&
1= i S

ooplex Which covers E agd has a smaller aparseness than a. If thls Is
rue, then there must exist PL such that P, ¢ R+ Bur Ry according to the
efinition 6, cootalns all values thnt-xi takes Un events tn E. Therelfore,

fe, c'R;, then complex a could not possibly cover all eveuts In F, which

i L

4 & contradictlon. .

=t E be data evants which are covered by a complex o' .

Yefinltion 1. The sat E s called the core of w, and the complex a* = RU(E}

{3 called the trimmed o,

From Theorem 1 we have a* c a.

Thearem E: Lf El and Ez are twp disjolnt event sets them:
I(RU(EI)) *-SCKU(EZ)) £ s(RUCE, u EzJJ (12}

reooli Accocdlng te Theoresm 1, RU(El) and RINE,) have the snallest possible
sparsensss among all complexes covering El {nd E:' regpectively. Since El

snd E;

2 are disjoint, then (12) must hold. [3

The property exprsssed by Theofen 2 has an analogy {0 statliatical
c¢luatering, where with the' lncreaslag nunber of clusters the “fle” between
each cluster and the probabiiley distribution “fleted” te che cluster aleo

{acreanea.

Theores 3: let a; and oy ke two lntersecting complexes, whose union covera

L

an event set E. let El (Ez} denote the set of events in oy (uz) which are
covered only by this complex (the relative core of the complex). Let o
and e, be any Ltup disjolnt complexes covering the same event set E. 1f

RU(El) and RD(EI)'are dlsloint complexes, then:
s(RU(El)) + l(RU(Ez)) £ s(u‘J + 5(02) ()

Proaf: The theorem is an lumedlate consequence of Theorem 2 and_ the premise

thet oy and a, are disjoint complexés. L]

wa will next LIntroduce two baslic concepts for the conceptuzl
clustering algocithm preaented in saction 6. Tihey are the stag of an event

sgalnst an avent eet and a cover of an event set agalnst another evenl sez.

Let F be a proper subset of the event space £, and e an event out'slde

of F, 1l.e., & & F.

peflnltion B, The scac G(el¥} of e sgatnst F is the set ol all max kral
@nder lacluslon complexes coverlng the event e and not covering any event

in F. (A complex g Is maximal under imelusian with respect Co property %

Lf theteé does not extst a complex a* with property P, &uch thst a c a*.)

Let El and 82 be two disjelat event setla, El(\ ﬂz -4

peflnition 3. A cover COV(E |R,) of E agalnst E, ts any aet of complexen,
{Gj]JtJ' such that fer each eveni e :-El there (s & complex ﬂj' jed,

covering lt, and none ot the complexes ::l_J cover any event ln-Ez. Thud we

have:
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E, ¢ U a, ¢ I\E

1=y (14)

A cover In which all complexen ave patrelise dlsjolnt nets la called a
disjoint g¢over. If set F, is empty, then the cover BO?(EIIEZ) - COV(ELIG}

is simply denoted &3 CO?{Ei).

pefinition 10. The sparsencss (EEE depree of genarallity } of & cover 1w

defined as the sum of the sparsencsses (the degrees of generallty) of

conplexes Ln the cever.

3. SUFF[CIENCT.QE_CDHPLEXES AS CLUSTER REPRESENTATIONS

Firar, we will observe the followlng propecty of complexes:

Theorea 4. For any glven eveat apace £ and Lnteger k < dl'dz"'dn (where dl
is the cardinslity of the value set of ‘variable xi}, there exist k palruise
dlsjoint complexee @yp Bpa teta ay whilch completely £111 up the space I,

f.e.,

g1 7 (s)

Proof: Iﬁg theorem s equivalent to saying that any evenl space ¢an be
pattitloéed Into an arblirafy number of complexes (but, of courss, not
Yarger than the cardilnalicy of £). To mee thls, take any subsat of
variables such thet the arithmetic product of cortesponding dl—u is preater
than or equel to ki Lat Rj' J=1,2,:++ denora skl posaible sequences of

values of variables x,, 1 1.
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Construct c¢omplexes:

(16)

where T Le I, J=1,2,..., denotes & value of wariable x in the

iy {

fequence RJ. Obviously, the complexes cJ ate pairwise disfolnt and f111 up

the space L. 1If k* > k, then k™ ~ k complexes are Jolned with the

remaining ones into siugle cosplexes, according to the formula:

Blx, = a] ¥ B[xl e b} = Ble - a,b) 7y

¢
where B denotes a conjunction of selectors lnvolving variables other than
x

This 1s always possible, because :for any x L € F, thare sre d

L 1 L

complenes Gj' which differ oaly in the value of Xy ®

From the view of clusterlng, a more {nt=restlng questlon Ls whether
for any glven event set K {n the apace I, there alvays exist an arbitrary
nusibier k ¢ ¢{B) of palrulse disjolnt complexes, such that they not only
f1ll up the space I, but also partition the set K fnto k non-empty subsets.
A positive answer to thls questlon would iwply that any glven event set can
be partitioned Into sn a priocl sssumed number of subsets, each cavered by
a alople complex, dlsjoint from other complexes. The answer Lls lndesd
positive. in fact, even a wtronper propecty holds, ss scated by the

(pllowing theorem.

Theocem 3. (The Sulflclency Princlple)

For an event space [ and any data eveat set F = {cl. e ...,'ek};

E c L there exists at least one szt of k. palreise disjoint complexes

o &
| L T Ty, auch thar sach conplen contains one dats evenl:
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ej € ujl j - I,2,---.k {181

and the snlon of comglexes fL11s up the space [L:

1 (19)
Proof:

The basie idea of the proof 1s to show that fer any
£ = [el.ez,....ek}, E ¢ L, it ls aluays poselble to construct a tree, In
which nodes are ssslgned the varlables X 1€ 1,2,+:03n, branches of mnude

x, ate assigned elements of & partition of Qi (the value set of il). and

/1
the leaves represent complexes nj. such that each complex covers o single

event ej, and the union of complexes fills up the space L.

Suppose, 11 - {xlj'xZJ"°"xnj)’ 3=1,2,-24,%, and xL1 € DI'

Take any varishle, szay xp, which has different values for events In E.
Suppose these values are 81y By, eney By Partition the wvalue setr, np of

L into gubsets (al}, [12}, weey {a_ 1, k:' where & ¢ A, and A_ 18 & n=t

=1
DP \ “1"1"3"‘°"=—1}' It is obvlous that complexes
[:P - ‘1]' pr - ‘zi- —nirid p [xp = Az], partltion both, the event set E a3

the event space [ Into 2z non-empty subsets, Suppose these complerzs

paztlition E inte El . E. s ey E‘ and £ 1into Eq ’ ;a o very L
1 2 z i 2

A’ whegrs
z

Variable ‘P ia assigned to the,coot of a tree. Branches Fron the rog
ste assigned valuwes By 8y ey A - Leaves ol thle tres corvrespond ta

cospletes [xb = ‘ll' [xp - azl, FEN [gp - az]. covering event seng

Enl‘ E.z' By EA:' respectively (Fig. 3).

[ Xp=a, L 2By]

Constructing & Erée for the prool of the sufffciency principle
Fig.3
for every one of the above event sels which hag more than one element
repeat the above process with the (ollowing modiflcatlon. Supposse Eal has
mare than one element and x: takea values bl. h!' ssry B for events fin

4

Eil' Asplgn x_ to the root of a new teee, and artach the tres to the leaf
cocrespoading to Enl (l.#., to the Leaf marked by [xp - 311 in Fig 3}.
Assign Lhe branches ecmanaling from this root values bl' bz, seay ‘y' vhere

Br - ny \ [bs’bZ""'by—1|° 1t 'Ls obvious that complexen:
I‘P -'nllixr - bll' lKP - al]Ixr - bzlv htl ol | [‘p - .lilxr = BI} (20)
partition both, the set Eal and the set Ial fnte y disjoint subsets.

Thia process is continued until leaves of the oltained tree correapond
to coaplexes, each of wilch coverlny only one event from E. Bepause every

step of this process pactitions sloulisnecusly events Ln f oand In I, the






