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ABSTRACT

Inductive inference is viewed as & process of generalizing and
simplifying symbolic descripticns, under a guidance of generalization rules
(representing general inference processes which generalize descriptions) and
problem erviromment rules (vepresenting problem specific knowledge). Descriptiona
are expressed In an extension of predicate loglc which uses typed variables ard
a few novel syntactic forms (a variable-valued logic system VLz). Ic is
demeonstrated that various types of learning from examples (e.g., concept learning
or classification), as well as learning from observation can be ?iewed this wayv.

Learning from observation is described as a process of partitiening.a
given collection of entities into clusters (or, in general, into a structure of

clusters), such that each cluster represents a single concept selected from a

set of a priori known concepts.



INDUCTIVE INFEREWCE AS A RULE-GUIDED
TRANSFORMATION OF SYMBOLIC DESCRIPTIONS

R. §. Michalski
Department of Computer Scilence
Universitv of Illinocis
Urbana, I1llinois 61801

INTRODUCTTION

Our understanding of inductive inference processes remains

very limited despite considerable progress in recent years. Making

progress in this area is particularly difficult, not only because of the
intriusic complexity of these problems, but also because of their cpen-
endadness. This open-endedness ioplies that when we make inductive assor-
tions about some piece of reality, there is no natural limit to the level
of detail of descriptlons of this reality, to éhe scope of concepts and
operators used in the expression of these assertions, or to the richnecs
of their forms. Consequently, in order to achieve non-trivial general
solutions, one has to circumseribe carefully the nature and goals of the
rescarch. This includes defining the language in which desceriptions may
be written and the modes of inferemce which will be used, Careful defini- _
tions will avoid the main difficulty of must current research: attacking

problems which are too general with techniques which are too limited,
Recently there has been a growing need for practical sclutions

in the area of computer inducticn. For example, the development of

knowledge-bascd expert systems requires efficient methods for acquiring and

refining knouledge. Currently, the onlx_fgthod of knowledge acquisiticn is

the handcrafting of zn expert's knowledge i some formal systems e.g. in the

form of production rules (Shortliffa [1], Devis [2]) or as a semantic net

(Brachman [3]). Progress in the theory of induction and the development of



afficient inductive programs can provide valuable assistance and an alter-

native method in this area. For example, inductive programs could be useful

for filling in gaps and testing the consistency and conpleteness of expert-
derived decision rules, fer removing redundancies, or for incremental improve-
gent of the rules through the analysis of their performance. They could pro-
vide a means for detecting regularities in data hases and knowledge
bases. Also, for appropriately selected problems, the programs could deter-
mine the decision rules directly from examples of expert decisiouns, which
would greatly facilitate the transfer of kmowledge from experts into machines.
Experiments on the acquisition of rules for the diagnosis of soybean disea-
ses (Michalski and Chilausky [4]), have indicated that rule-lezrning from
examplas is not only feasible, but in certainp aspects it seems to be preferable.

Another potential for applying computer induection is in various
areas of science, e.g., biology, microbioclogy, and genetics. Here it 2ould
assist a scientist in revealing structure ¢r detecting interesting conceptual
patterns in collections of observations or results of experiments. The
traditional mathematical techniques of regression anmalysis, numerical taxonomy,
factor analysis, and distance~based clustering techniques are not sufficiently
adequate for this task. Methods of conceptual data analysis are needed, whosé
results are not mathematical formulas but conceptual descriptions of data,
invelving both qualitative and quantitative relationships.

Quite different from the above are goals of research in a special
sub~area of computer inductive inference such as automatic programming
(e.g., Shaw, Swartout and Creen [5], Jouannaud and Kodratoff [6], Burstall and
Darlington (7], Biermann [8], Smith [9], Pettorossi [10]). Here, the objective
is to synthesize a program from I/b pairs or computational traces, or to

improve its computational efficiency by application of correctness-preserving



transformation rules., The final result of learning is thus a program, in a
given programming language, with its irherent sequential structure, destined
for machine rather than human "consumption' (or, in other words, a description
in "computer terms" rather than in "bhuman terms”). Here, the postulate of
human comprehensibility (mencioned below) is not too relevant, Quite similar
to research on automatic programming is research on grammatical inference
(e.g., Bierman and Feldman [11l], Yau and Fu [12]}) where the objective of
learning is a formal grammar.

This paper is concerned with computer inductive inference, which
could be called a “conceptual induetion. The final result of learning is
a symbolic description of a class (or classes) cf entities (which typilcally
are not computational processes) which is in a form of a logical-type
expression. Such an expressidn is expected to be relatively "close"” to a
natural language description of the same class(es) of entities, specifically

it should satisfy what we call the comprehensibility postulate:

The results of computer induction should be conceptual descripticns.of
data, eimilar o ithae Seseripiiong q huno export right produce observiag the
seme data. They should be cowprehensible Dy humais as single 'chunks' of
information, directly tntzrpretabile in ratural larguage, end can involve
both guantitative and qualitative information.

This postulate implies ‘that descriptions should avoid more
than one level of bracketing, more than one implication or exception symbol,
avold trecursion, avoid including more than 3-4 conditions in a conjunction
and more than 2-3 conjunctions in a disjunction, not include more than two
quantifiers, etc. (the exact numbers can be disputed, but the principle
is clear). This postulate can be used to decide when to assign a

fnaﬁé to a specific formula and use that name inside of another formula.

This postulate stems from the motivation of this research to provide new

methods for knowledge acquisition and techniques for conceptual data analysis.




It is also well confirmed by the new role for research im artificial intel-
ligence, as envisaged by (Michie (13]), which is to develop techniques for
conceptual interface and knowiézgg-refiﬂement.

In this paper we will consider two basic types of inductive
{nference: learning from examples and learning from observation (specifically,.

the so called "coaceptual clustering”).

2. COMPUTER INDUCTION AS GENERALIZATION AND SIMPLIFICATION OF SYMBOLIC
DESCRIPT1O0NS

2.1 Induective Paradicm

The process of induction can be characterized as the search for an
economical and correct expression of a function which is only partially known.
In other words, its goal is the determination and validaticn of plausible
general descriptions (inductive assertions or hypotheses) which explain a
given body of data, and are able to predict new data. Between the two aspects
of induction -- the generation of plausible inductive assertions and their
validation —— only the first is the subject of our study. We feel that the
subject of hypotheses generation, in particular the problems of genmeralization
and simplification of symbolic descriptions by a computer, is a quita unexplored
and very important direction of research. The problems gf hypOthesis'confirma-
tion, in the Carnapian (Carmapl4 ) or similar sense, are considared to be
beyond the scope of this work. In our approach, inductive agsertions ara
judged by a human éxpert interacting with the computer, and/or tested by
standard statistical techniques. The research is.conFentrated on the following
inductive paradigm:

Civen is:
(4) a set of data rules (input rules), which consist of data descrip-

tions, {cii}’ specifying initial knowledge about some entities

( objects, situations, processes, ete.), and the generalization



elass, #,, associated with each C.. (the association is
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Descriptions Cij can be symbolie specifications of conditions
which given situations satisfy, production rules, sequences of
attribute~-value pairs representing observations or results

of experiments, ete. The descriptions are assumed to be
expressions in a certain légical calculus, e.g., propositional
‘calculus, a decision tree structure, predicate caleculus, or
calcull specially developed for inductive inference, such as
variable valued logice sygtems VLl (Michalski [15]) or VL

2
(Michalski [161).

(b) a set of rules which define a problem enviroument, i.e.,
represent knowledge about the induction problem under consider-
ation. This includes definitions of value sats of all deacrig-

- tors* used in the data rules, the properties of descriptors
and- their interrelationships and any "world knowledge"”
characteristic to the problem at hand,

(¢) a preference or (optimality) eriterion, which for any two
symbolic descriptions of an assumed form, and of the same
generalization class, spe®ffies which one is more preferable,

or states that they are egually preferable.

*Desoriptors are varisbles, relations and functions which are used in symbolic
descriprions of objects or situations.

E




The problem is to determine a set of imductive asseriicns (output descripticns):

it ey ¥ ‘o SRR B R
Cil 1> Kl' C;E HEI Kl' Clrl Kl
Cil 11 > Kz, Céz e > K2' - CZrZ 33 > KZ
(2)
- L R ' :: >
C[;l .. > Km’ sz " > Km’ LR I Cm Km

which are most preferchble among all sets of rules in an assumed format, that
do not contradict the preoblem envirovment rules, and which are, with regard to
the data rules, conststent and corplete.

A set of inductive assertions is conststent with regard to data
rules, if any situation which satisfies a data rule of gome generalization
class either satisfies an assertion of the same class, or does aot satisfy
any assertion.

A set of assertions is corplete with regard to input rules, if
any situation which satisfies some data rules also satisfies some agsertion
in the set.

it is easy to see that 1f a set of assertioms is consistent and
complete with regard to the data rules, then it is semantically equivalent
to or more general than the data rules (i.e., tnere may exist situations
which satisfy an assertion but do not satisfy any data rules).

From a given ser of data rules it is usually possible to derive
many different sets of hypotheses which are consistent and complete, and
vhich satisfy the problem environment rules. The role of the preference
criterion is to select one (or a few altermatives) which is (are) most
desirable in the given application. The prejersznce eriterion may refer to

the simplicity of hypotheses (defined in some way), their generality, the



cost of measuring the information needed for their evaluation, their degree
of approximation to the given facts, etc. (Michalski [16]).

We will distinguish following special types of .induction (this is
net an exhauscive classification):

I. Learning from examples

Within this type cthree subclasses of problems were studied most:
a. concept acquisition, or learning a characteristic deseripticn
of a class of entities.
'b. classification learning, or learning diseriminant deseriptions
of relatad classes of dbjects.
¢. sequence prediction, or discovery of a rule which éenerates a
given sequence of entities.

II. Llearning from observation

("Conceptual clustering,"

or revealing a conceptual structure
underlying a collection of entities.)

Most of the research ¢n computer induction dealt with a special
subproblem of type Ila, namely learning a conjunctive concept (description)
characterizing a given class of entities. Here the data rules involve only
one generalization class (which represents a certain concept), or -
two genmeralization classes; the second class being the set of "negative
examples" (e.g., Winston [17], Vere (18], Hayes-Roth [19]). Whera there is
only one generalization class (the so-called untclass generalization) there
i1s no natural 1limit for generalizing the given set of descriptions. In such
case the limit can be imposed, e.g., by the form of expressing the inductive
assertion (e.g,, that it should be a mosw=specific conjunctive generalization

within the given notational framework, as in {Hayes~Roth [19]) and (Vera [18]),

or by the assumed degree of generality (Stepp [20]). When there are negative




examples the concept of near migs (Winston [17]) can be used to effectively
determine the limit of generalization .

A general problem oE':;;; Ia is to learn a characteristic description
(it can be, e.g., a disjunctive deseription, grammar, or an algorithm) which
characterizes all entities of a given class, and does not characterize any
entity which is not in this class.

Problems of type Ib are typical patternm classification problems.

Data rules involve many generalization classes; each generalization class
represents a single pattern recognition ¢lass, In this case, the individual
descriptions Cij are generalized so long as it leads to their simpliciation and
preserves the condition of consistency (e.g., Michalski [21]). Obtained
inductive assertions are diserimingnt deseriptions, which permit one to
distiaguish one recognition class from all other classes. A descriminant
description of a class is a specilal case of characteristic description, where
any object which is not in the class is in one of the finite (usually quite
limited) number of other classes. Of special interest are discriminant
descriptions which have minimal cost (e.g., the minimal computational
complexity, or minimal number of descriptors involved).

Problems of type I¢ are concerned with disﬁovering a rule governing
generation af an ordered sequence of entities. The rule may be deterministic
(as in letter sequence srediction (e.g., Simon & Lea f221), or nondeterministic,
as in the card game EULESIS (Dietterich {23]). Data rules involve here only
one generalization class, or two generalization classes, where the second
class represents ''negative examples.”

Problems of type I1 (learning from observation) are concerned with

determining a structure underlying a collection of entities. 1In particular,

such a structure can be a partition of the collection inte clusters of entities



representing certain single concepts ('conceprual elustering," Michalski [24]).
Data descriptions in (1) represent in this case individual entities, and they
all belong to the same generalization class (i.e., data descriptions consist of
a single row in (1)),

Methods of induction can be characterized by the type of language
used for expressing initial descriptions ng and final inductive assertions
Cﬁj‘ Many authors use a restricted form (usually a quantifier-free) of
predicate calculus, or some equivalent notation (.e.g, Morgan [25],

Fikes, Hunt and Nilsson [26], Banerji {2?]; Cohen [38]), Hayes-Roth and
McDermott [29], Vere [18]).
In our earlier work we used a special propositional calculus with

maltiple-valued variables, called varliable-valued logic system VL Later on

1
we have developed an extension of the first order predicate calculus, called
VL21 (Michalski [16]}). It is a wuch richer language than VLl. which includes
several novel operators not present in precdicate calculus, e.g., the internal
eonjunction, intermal disjunction, the emception, the selector. We found these
operators very useful for describing and implementing generalization Processes;
they also directly correspond to linguistic constructions used in human
descriptions, VL21 also provides a unifying formal framework for adequatelyj
handling descriptors measured on different scales. (The orientation toward

descriptions with descriptors of different types is one of the unique aspects

of our approach te induction.)

2.2 Relevancy of Descriptors in Data Descriptions

A fundamental question underlying any machine induction problem is
that of what information the machine is™ Tlven as input data, and what informa-
tion the machine is supposed to produce. An important specific question hera

1s the question of data relevancy, i.e,, of how relevant to the problem under
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consideration must he variables (in general, descriptors) in the input data,

and how the variables in the output descriptions relate to the initial variables.

— -

We will distinguish three cases:

1. The input data consists of descriptions of objects in terms
of variables which are relevant to the problem, and the
machine is supposed to determine a logical or mathematical
formula of an assumed form involving the given wvariables
(e.g., a disjunctive normal expression, a regression pelynomial,
ete.).

2. The input data consists of descriptions of objects as 1in case 1,
but the descriptions may involve, in addition to relevant
variables, a relatively large number of irrelevant variables.
The machine is to determine a3 solution description involving
only relevant variables.

3, This case is like case 2, except that the initial descriptions
may not include the relevant variables at all. They must
{include, however, among irrelevant variables, also variables
whose certain functions (e.g., represented by mathematical
expressions or intermediate logical formulas) are relevant

variables. The final formula is then formulated in terms of
the derived variables.

The above cases represent problem statements which put progressively
less demand on the contént of the input data (i.e., on the human defining the
problem) and more demand on the machine.

The early work on concept formativn and the traditional methods of

data analysis represent case 1. The most of the recant research deals with
case 2. 1In this case, the method of induvction has to include efficient
mechanisms of determining irrelelvant variables. The iogic provides such
mechanisms, and this is ovne of the advantages of logical type solutions.
Case 3 represents the subiest of what wa call construcitve tnduction.

Qur research on induction using svstem VL, and initial work

L

using VL21 has dealt basicalily with cuse 2. Later on we realized how to

approach constructive induction, and formulated the first constructive

Beneralization rules. We have incorpcurated them in our inductive
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program INDUCE 1 (Larson and Michalski [30], Larson [31]) and ia the newer
improved version INDUCE-1.1 (Dietterich [32]).

The need for introducing the concept of constructive induction may
not be obvious., The concept has basically a pragmatic wvalue. Te explain
this, assume first that the output assertions inveolve derived descriptors,
which stand for certain expfessions in the same formal language. Suppose that
these expressions invalve, in turn, descriptors which stand forISOme other
expressions, and so on, until the final expressions involve only initial
descriptors. In this case the constructive induction simply means that the
output descriptions are multi~level or recursive,

But this is not the only interesting case. Derived desecriptors in
the output assertions may be any arbitrary, fixed (i.e., not learned) transfor-
mations of the input descriptors, specified by a mathematical formula, a
computer program, or, even implemented in hardware (e.g., the hardware
implementation of fast Fourier transform). Their specification may require
language quite different from the accepted formal descriptive language. To
determine these descriptors by learning, in the same fashion as the output
descriptions, may be a formidable task. They can be determined, 8.8, through
suggestions of possibly useful transformations provided by an expert, or as -
3 result of some generate-and-test search procedure. In our approach, the
derived descriptors are determined by constructive irduction rules, which

represent segments of problem-oriented knowledge of experts.

2.3 Problem Specification and the Form of Inductive Assertions

The induction process starts with the problem specification and
- o
ends with a set of alternative tnductive asseriions. The problem spesiiiva-

tion consiscs of a) data rules, b) specification of the problem environment
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and ¢) the preference eriierion. We will briefly discuss each cf these topics.

2.3.1 Form of data rules gpd, inductive assertions
In program INDUCE 1.1, the data descripticms, Cij’ and inductive

assertions, €., are c-formulas (or VL

F terms), defined as products of VL
%g 21

21
selectors, with zero or more quantifiers in front. For example, a C%j can
ket

. 3PL,P2 [color(Pl) = r: ,blue][weight(Fl) > weight(P2)]

_ . [leagth(P2) = ...8][ontop(PL,P2)]IA
[shape(Pl) * shape(P2) = box] A

(see Appendix 1 for explanation)
Since selectors can include internmal disjunctfon and involv- concepts of
different levels of generality (as defined by the gereralization tree; see
next saction), the c-formulas are more general concepts than conjunctive
statements of predicates.

Ocher desirable forms of Cf; are:
L

® Assertions with the exception operator
(TLy T2y ...)\V T (3)

wvhere T, Tl, T2, ... are c~formulas, and\v is' the exception cperater (see
Appendix 1),

The motivation for this form comes from the observation that a
description can be simpler in some cases, 1f it states an cvergeneralized
rule and specifies the exceptions. We have introduced this concept in the
past (Michalski 74), but have not made much progress with it. Recently
Vere (1978) proposed an algorithm for handling such assertions in the frame-
work of conventional conjunctive statements. He allows several levels of
exception, which we consider undesirable because of the postulate of com~
prehensitility.

¢ TImplicative assertlons
T(T, + T,) 4
Production rules usecd in knowledge-bacaed inferénce systems are

a special case of (4), when T ie mmitted and there is no internal disjunc-
tien. Among interesting inductive prohlems regarding this case ara:
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1. developing algorithms for exposing contradictions in a set of implicative
assertions

2. deriving simpler assertions from a set of assortions

3, generalizing assertions so that they may answer 2 wider class of questions
while being consistent.

Various aspects of the last problem within a less general frame-
work were studied, e.g., by Hedricx [34].

® (ase assertions
([f = R1] - Tl) v {([f = RZI - TE) Ve wus (5)

where R.,R,..are pairwise disjoint sets.

1772

This forn occurs when a description 1is split into individual cases character-
ized by different values of z certain descripter.

3.2.2 Specification of the problem anvironment
The problem envivonment is defined by the specification of the
types of the descriptors, their values sets and their interrelationships.
@ Types of descriptors
The process of generalircing a descriprion depends on the type of
descriptors used in the description. The type of a descriptor depends on the
structure of the value set of the descriptor. We distinguish among three
different structurecs of a value set:
1, Unordered
Elements cf the domain are considered to be independent
entities, no structure is assumed to relate them. A
variable or functien symbol with this domain is called
nominal (e.g,, blood-type).
2. Linearly Crdzred
The domain is a linearly ordered sct. & variable or
function symbol with this domain is calied lixear
(e.g., military rank, temperacture, weight). Variables

measured on ordinal, interval,ratio and ahsolute scales
are special cases of a linear descriptor.

- A———

3. Tree Ordecred

Elements of the dumatin are ovdercd into a tree structure,
called a gorcyaitnation tige. A predecessor ncde in the
tree represents a concept which is more general than the
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concepts represented by the dependent nodes (e.g.. the
predecessor of nodes 'triangle, rectangle, pencagon,
etc.,' may be a 'polygon'). A variable or function
symbol with such.a.domain is ralled structwred.

Each descriptor (a variable or function symbol) is assigned its

type in the specification of the problem. In the case of structured descriptors,

the structure of the value set is defined by inference rules (e.g., see eqs,

(8), (9), (10)).

® Relationships among descriptors

In addition to assigning 2 domain to cach variable and function

symbol, one defines properties of variables and atomic functions characteristic

for the given problem. They are represented in the form of inference rules.

Here are a few examples of such properties.

1.

2,

Vs

Restrictions on Variables

Suppose that we want to represent a restriction on the event
space saying that if a value of variable x, is 0 ('a person

does not smoke'), then the variable x, is ~'not applicable'

(x, - kind of cigarettes the person siokes). Thls is repre-
sented by a rule: '

[x, = 0] = [x, = NA)
NA = not applicable
Relationships Between Atomic Functions
For example, suppose that for any situvation in a given pro-
blem, the atomic function £(x,, X,) is always greater than
the atomic function g(xl, x2>' We represent this:
T,=a\/xl.x2 [f(xl, xz) > g%y, xz)l
Properties of Predicate Functions

For example, suppose that a predicate function is transitive.
We represent this:

1,x2,x3([1eft(x1,x2)][lefc(xz,x3)] = [left(xl,xg)])

Other types of rclatlionships characteristic for the problem
environment can be represented similarly.
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The rationale hehind the inclusion of the problem envircnment
description reflects our position that the guidance of the process of in-
duction by the krowledge pertinent to the problem is necessary for noatrivial
ipductive problems.

2.3,3 The preference criterion
The preference defines what [s the desired solution to the problem,

i,e., what kind of hypotheses are being sought. There are many dimensions,

independent and interdependent, on which the hypctheses can be evaluated.
The weight given to each dimension depends on the ultimate use of the
hypothesis (e.g., the number of operators in it, the quantity of informa-
tion required to encode the hypothesis using operators from an a priori
defined set (Coulon and Kayser [33]), the scope of the hypothesis relating
the events predicted by the hypothesis to the events actually observed
(some form of weasure of degree of generalization), the cost of measuring
the descriptors in the hypothesis, etc. Therefore, instead of defining =z
specific criterjon, we specify only a ge;eral form of the criterion. The
form, called a '"lexicographic functional' consists of an ordered list of
criteria measuring hvpothesis quality and a 1list of 'tolerances' for these
criteria (Michalski [15]).

- An important and somewhat surprising property of such an approach
is that by properly defining the preference criterion, the same computer
program can produce either the characterisiic or diseriminagnt descriptions

of object classes.

3, GENERALIZATION RULES

-

The transformation from data descriptioms (1) to inductive assertions

(2) can be viewed (at least conceptually) as an applicatien of certain
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generalisgiion ruies,

A generalization rule is defined as a rule which transforms one
or more symbolic descriptions (5;;; tules) in the same generalization class
into a new description (inductive assertion) of the same class which is
equivalent or more general than the set of initial dJescriptions.

A description

Vi >K (6)
is equivaleni to a set of

v, :+ >%}),i=1, 2, ... (7)

i
if any egvent ( a description of an object or situation) which
satisfles at least one of the Vi, i =1, 2, ..., satisfies also
V, and conversely. If the converse is not required, the rule (6) is
said to be more general than (7).

The generalization rules are applied to data rules under the
condition of praserving cousistency and completeness, and achievinz opti-
mality according to the preference criterion. A basic praperty of a
generalization transformation is that the resulting rule has UNKNOWN
truth-status; being a hypothesis, its truth-status must be tested on new
data. Generalization rules do not guarantee that the inductive assertions
are useful or plausible.

We have formalized seaveral generalization rules, both for non-
constructive and constructive inducticn. (The notation Dl Pﬂ DZ specifies
that D2 is more genetral than Dl)L

Non-constructive rules:

(i) the extending referznce rule

V(L ='R1] t > K kK V[L =R,) t: > K

7]

where L - is an atomic function



(11)

(i11)

(1v)
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R R, are subsets of the value set,

1'72
D{(L), of descriptor L.

2:'),R‘l,ar'ud!{
¥V - an arbitrary description.
This 1s a generally applicable rule; the type of descriptor
L does not matter.
The dropping seleztor (ot dropping condition) rule
VIL=R] ::>K K V:i:>K

This rule is also generally applicable. It is one of the

most commonly used rules for gepneralizing information.

it can be derived from rule (i), by assuming that R2 in
(1) is equal the value set D(L). In this case the selector
[L = R2] has always truth-status TRUE, and as such can be

removed.

The closing interval rule

V[L = a] 2 > K

i( VL = a..b] 11 > K
VIL = Bb] ¢ > X

This rule is applicable only when L 1s a linear descriptor.
To illustrate rule (iii), consider as objects two states of

a machine, and as a generalization tclass, a characterizacion
of the states as normal. The rule says that 1f the states

"l

differ only in that the machine has two different temperatures,

say, a and b, thea the hypothesis 1s made that all states
in which the temperature is in the interval [a,b] are also
normal .

The slimbing generalization tree rule

CVIL = a] 1 > K

one or
more | VIL = b] t: > K
rules ¢{ ; -‘._< [L=s8] :: >K

k‘__V[L = 3] 1¢ > K

where L 1s a structured descriptor
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g - represents the nede at the next level of
generality than nodes a, b, ... and 1, in the
tree d;;;zh of L.
The rule is applicable only to selectors involving structured
descriptors. This rule has been used, e.g., in (Winston [17],

Hedrick [34], Lenat [33]).

Example:

V[shape(p) = triamgle] :: > ¥
' Vishape(p) = poelygon] :: > K

V[shapa(p) = rectangle] :: > X

(v) The ectension ugains® rule

V. [L = R,] > A
1 1 [L#Ry] 11 > K
Vz[L = R2] 11 O>TE

where R, N R, = §
Vl and Vz -~ arbitrary descriptlens.

This rule is generally applicable. Tt is used to take

into consideration 'megztive examples', or, in general,
to maintain consisteoncy. It is a basic vulz for determining
discrininant class deseriptions.

(vi) The "tieming comstanss into vartables' rule

(Vip(a, )] :: > X

one or
more Vip(b,¥)] 1t > K
rules < . ' (31:, Vipx,¥Y] ¢+ > K

="

HE N

e

Va(t,0)]
where Y stands for one ¢r wevre arguments of atemic
funztion p.
x ds a varilable whose value set includes a, by, ..., 1.

It can be proven that this rule is a special case of the
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extending veferencz rule (i). This is a rule of general
applicability. It 1is the basic rule used in works on in-
duction employing predicate calculus,

Constructive Rules:

Constructive gemeralization rules (metarules) generate generalized
descriptions of rules in terms of new descriptors, which are functions of the
original descriptors, and can be viewed as knowledge-based rules for generating
new descriptors. Many such rules can be formulated; we will give here a few
examples.

(vii) The counting rule
V{attributel(P1)=A]...Iattributel(Pk)=A][attributel(?k+l}¥A].
...[atcrihutel(Pr)iA] > Kk V[#?-attributel-A = k] :: > X

- where Pl'P2’ i ey Pk’ veey P_ = are constants denoting, e.g.,
o o :
parts of an object

attributel(Pi) - stands for a certain attribute
of P,~-s, e.g., color, size,
texture, etc.

P#-attributel-A - denotes a new descriptor inter-
preted as the 'number of P,-s (e.g.,
parts) with attribute EQua} Al

Example:

Vicolor(P1) = RED][celor(P2) RED] [color(P3) = BLUE] :: >‘K

k [#P-color-red = 2] :: > K

(The above is a generalization rule, because a set of objects with

any two red parts is a superset of a set of objects with two parts
which are red and one part which is blue.)

The rule can be extended to a more general form, in which in addition

to the arbitrary context farmula V thers is a predicate CONDITION (P1'°"’P

* s K

which specifies some conditions imposed on variables Pl""'Pk'
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The generating chain properties rule (a chain metarule)

If the arguments of different occurrences of the same

relation (e.g., r;z;Eion ‘above', 'left-of', 'next',

ete.) form a chain, i.e., are linearly ordered by the

relation, the rule generates descriptors relating to

specific objects in the chain and computes their properties

as potentially relevant characteristics. Tor example:

1LST-ocbject - the 'least object', i.e., the object at the

beginning of the chain (e.g., the botrtom

object in the case of relation 'above')

MST-object - the object at the end aof the chain (e-g.,
the top object)

position(object) - the position of the object in the
chain.

The variable association detection rile
Suppose that in the data descripiions._in the contex of
condirion &, an ascending order of values of a linear

descriptor X, correcponds to an ascending'(deSCEnding) order

i
of values of ancther linear descriptor xj with the same
quantified arguments. For example, whenever descriptor

weight(P) takes on increasing values, than also the descriptor

lenght(P) takes on the increasing values. In such situations a

two-argument predicate descriptor is generated:

t(x,,x,) - 1if %, )
(xi xJ) xJ grows with X,

or

4'(1(i|x ) - 1f x

3 " decreases with Xy

1f the number of different occurrences of Xy and x, 1Is

|

statistically significant, then the "monotonic'" definition

of descriptors +(xi,xj) and +(xi;xj) can be generalized to:
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True, if r(xi,xj).i T
+(xi.xj) =
False; otherwise
(positive correlation)
True, if r(xi;xj) < =T
+(xi,xj) C

False, otherwise

(negative correlation)

wvhere r(xi,xj} denotes the coefficient of statistical
correlation, and T is a certain threshold, 0 < T < 1,
The concept of generalization rulesis wery useful for understanding

and classifying different methods of induction (Dietterich and Michalski [36]).

3. LEARNING FROM EXAMPLES

We will {llustrate some aspects of learning from examples by a
simple probleﬁ involving geometrical constructions. Suppose that two sets of
trains, Eastbound and Westbound, are given, as shown in Fig, 1. The problem is
to determine a concise, logically sufficient description of each set of trains,
which distinguishes one set from the other (i.e., a dﬁscriminént deseription,
which contains only necessary conditions for distinguishing between the two b
sets), Using this example we will first briefly deseribe the learning
methodology implemented in computer program INDUCE-1.1 (Larson and Michalski [30],
Larson [31], Dietterich [32]) which successfully solved this problem. And
next we will discuss some problems for future research.

At the first step, the initial space of descriptors was determined.
They were descriptors which seemed to b& Possibly relevant for the descrimination

problem.
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Among the eleven descriptors selacted in total were!

® 1nfront(cari,car ) - ear, is in front of cafj_
3 (a fiominal descriptor)
@ Jlength(car,) - the length of car.
+ (a. linear deseciptor)
® car-shape(cari) - the shape of car,

(a structured de%criptor with 12 nodes in the
generalization tree; see eqs. (8) and (2))

car, contains lozd
(a fiominal descripter)

* cout-lbad(cari,loadj)

® load-slape(load,) .- the shape of load,
‘ x (a structured descriptor) -
The value set: '

scircle
.hexagon—u—--ﬁﬁ.polya°“

»triangle——=
.rectanglc«"//f
O nrpts—load(cari) - the number of parts in the load of car

(a linear descriptor) i

-] nrvhecls(car,) ~ number of wheels in car,
i (a linear descriptor)

At the next scepl;dzta descriptions were formulated, which charac-
terized trains in terms of the selected descriptors, and specified the train

set to which each train belongs, For example, the data description for the

second eastbound train was: !

Ecarl,carz,car3,car4,load loud

18 gasee
{infront(carl,carz)]Iinfront(carz,carBJI...[langth(carl}-long]A
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[Caf“ShaPe(Cﬂrl)=cnaiHE]Icar~shaDECcar2)nH-sha@ed]{conc—lcad(carz,loadl)]h
[load-ahape(loadl)=triangleI...[nrwheels(car3)-2L.::>[class= Easctbound]
Rules describing_Eﬂg;problem environuent in this case were
rules defining structures of structured descriptors (arguments of descriptors

are omitted):

[car-shape=open rctngl,open trapezoid,U-shaped,dbl open retngl] =

(8)
[car-shape=open top]
[car-shape=ellipse,closed retngl,jagged top,sloping top]=[car-shape=closed top) ¢

[load-shape=hexagon,triangle,rectangle] = [load-shape=polygon]

1
and that the relation 'infront' is transitive. (
The eriterion of prefererce was to minimize the number of rules used
in describing each class, and, with secondary priority, to minimize the
number of selectors {(expressions in brackets) in each rules.

The above information was given to INDUCE 1. The program produced
the following inductive assertions*:
Eastbound trains:
'Bcarl[1ength(carl)=short][car-shape(car1}=closed top]::>[class=Eastbound]
It can be interpreted:

If a train contains a car which is short and has a elcsed top (1

then it 15 an eastbound train.
Alternatively,
'acarl,carz,loadl,loadz [iufront(carl,carz)][cant-load(carl.loadl)]

A [cont—lcad(carz,loadz)][1nad—shape(loadl)=triangle]
A [loadwshape(lnadz)zgglgggg] :1 > [e¢lass=Fastbound]

It can be interpreted:

It may be a useful exercise for the reader to try to determine his/her
own solutions, before reading the computer solutions,
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If a trein contairs a car whose load ts a triarngle, and the load of the (4]
ear behind is polygon, then the train is easibound.

Westbound trains:
[nrcars=3] Vv carl[car-shape(carl)=jagged-topj 11> [eclass=Westbound]
Either a train has three carc cr there is a car with jagged top (1]

car, [nrears-length-long=2] [position(car,)=1] [shape(car,)=cpen-top, jagaed-top]

- ——— . ——

11> [elass-Westbound]

There are two long cars and the third car has oper-top or jagged top. (lﬁ
It 1is interesting to note that the example was ¢onstructed i
with rules (12) and (13) in mind. The rule (11) which was found by the program

as an altermative was rather surprising because it seems to be comceptually

simpler than rule (12). This cbservation confirms the thesis of'ihis'resgarch

that the combinatorial part of an induction process can be successfully
handlad by a computer program, and, therefore, programs like the above have
a potential to serve as an aid to induction processes in various practical
problems.

The descriptors underlined by the dotted lines ('mrears-length-
long', ‘position(car)') are new descriptors, generated as result of
constructive induction, How were they generated? The constructive
generalization rules (metarules) are implemented as modules which scan “
the data rules and search for certain properties. For example, the eounting

metarule checks for each unary descriptor (e.g., length (car)) how many

times a value of the descriptor repeats in the data rules.

In our example, it was found that the selector [length (car) = long)
occurs for two quantified variables in every Westbound train, and there-
fore a new descriptor called ’nr cars-}g&g;h—long' was generated, and a new
selector [nr cars-length-long = 2] was formed. This selector, after pass-
ing the 'relevancy test', was included in the set of potentially useful

sclectors. During the gencration of alternative assertions, this selecetor
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vas used as one of the conditions in the assertion (14). The descriptor
‘position(car)' was found by the application of the ehatn metarula.

Now, how does the whole.program work? The program is described
in papers [Larson 31ab, Michalski 16, Dictrerich 32]. 1In the Appendix 2,
we provide a description of the tep level algorithm. Here we will give a
sumary of the main ideas, their limitations, and describe sﬁme problems
for future research.

The work of the program can be viewed essentially as the process
of applying generalization rules, inference rules (describing
the problem environment) and metarules (generating new descriptors) to
the data rules, in order to determine inductive assertions which are
consistent and complete. The preference criterion is used to select the

The preocess of generating induccive assertions i3 inherently
combinatorially ewplosive, so the major guestion is how te guide this

process inorder to detect quickly the most preferable assertions.

As described in Appendix 2, the first part of the program
generates (by putting together step by step the 'most relevant'selectors)

a set of consistent c-forrulas.

- The relevancy test for the selectors is a function of the number
of data rules covered in the given generalization class wversus rules
covered in other generalization classes.

C-formulas are represented as labelled graphs, and testing then
for consistency (i.e., the null intersection with descriptions of objects
in peneralizuation classes other than the class under consideraticn) or for
the dzgree of coverage of the given class is done by testing for subgraph

isomorphism, By taking advantage of the labels on nodes and arcs, this
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operation was greatly simplified. However, it 1s nevertheless quite time

and space consurming.

In the second part, the program transforms the consistent c-
formulas into VLl evenzs (i.e,, sequences of values of ceartain many-valued
variables [Michalski 15), and further generalizatiun is done using
AQVAL/1 generalization procedure [Michalski, R. S. and Larsom, J. B. 37)
During this process, the extension against, closing the interval and
elimbing generalization trege generalization rules are applied. The VLl
events are represented as bimary strings, and most of the operations done
during this process are logical operations on binary strings. Consequently,
this part of the algorithm is verv fast and efficient. Thus, the
high afficiency of the program is due to the change of the data structures
representing the rules into more efficient form, once a relevant set of
selectors have been found (b& determining consistent generalizations).

A disadvantage of this algoricthm is that the extension of references
of selectors, achieved by the application of the extension against, the
closing interval and elimbing generalization rules, is done after a (supposedly)
relevant so- of selectors have been determined. It is possible, however,
that a sel- .or from the initial data rules or generated by constructive

generalization ruies, which did not pass the 'relevance test', could turn

out tc be very relevant if its reference was appropriately generalized,

On the other hand, applying the above generalizarion rules to each selector
represented as a graph structure (i.z., before the AQVAL procedure takes over)
could be computationally very costlv, This problem will be aggravared when
the number of metarules generating derived descriptors will be increased.

We plan to seek solutions to this problcq_gy designing 2 better descriptor

relevancy test, determining more adequate dat structures for representing

sélectors and testing intersections with descriptions, and by applying problem
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Another interesting problem is how to provide an inductive program
with the ability to discover relevant derived descriptors, which are arithmetic
expressions of the input variables and to integrate them as parts of inductive
assertions., For example, suppose that the Eastbound trains in fig, 1 are

characterized as:

in the case ¢f traing with 3 ewrz, the load of
the fivet two 2zrs ie twice the tic ‘zal lead
of Westbound ears, and <in tae case o] *he
longer *raine, the load of the first itvo cars
is equal the total load of Westbound vars!
How would onz design an efficient algorithm which could discover such an

assertion?

Let us now consider a problem of describing, say, the Eastbound
trains not in the contex of Westbound trains, but in the contex of every
possible trainm which is mot Eastbound. This is a problem of determining
characteristic deseription of Easthound trains (type Ia).

A trivial solution to this problem is a 'zero degree generaliza-
tion' description, which is the disjunction of descriptions of individual
trains. A more interésting solution (although still of 'zero degree
generalization') would be some equivalence preserving transformation of
such a disjunction, which would produce a computationally simpler descriptiom.
Allowing a 'non-zero degree generalization' leads us to a great variety of
possibilities, called the version space (Mitchell [38]). As we mentioned
before (Sec.2.l), the mest studied solution 1s to determine the most specific
conjunctive generalization (i.e., the longest list of common properties),
Another solution is to determine the description of minimal cost whose degree
of generality is under certain threshold (Stepp [20]). INDUCE 1.1 gives a
solution of the first type, namely, it produces a set of the most specific

" (longest) e-formulas (quantified logical products of VL., selectors).

21



Here 1s an example of such a solution:

. dear[length(car)=short]{car-shape(car)=clesed top] A
A [ntwheels(car)=2]

(In every Eastbound train there is a short car with
closed top and two wheels)

4 dcar(position(car)=1][car-shape(cat)=engine]
. dear[position(car)=2])[car-shape(car)=open-top]
(The second car in each train has an open~top)
° dcar[position(ear)=2,3] [shape(car)=traingle]
[nrcars=4,5]
) Vear[nrwheels=2,3]
The leogical product of these formulas is a characteristic
description of Eastbound traims.
Te keep this paper within reasonable limits, we will skip the
discussion of problems of type Ic (i.e.. the sequence prediction), referring

reader to paper by Diettrich [23].

4. LEARNING FROM OBSERVATION

The major difference between problems of learning a characteristic
description from examples (type IA), and problems of learning from
observation (type II) is that in the later problem the input 1s usually an
arbitrary collection of entities, rather than a collection of examples
representing a single predetermined conceptual class; and that the goal is

to determine a partition of the collection into categories (in general, to

determine a structurs within che collectien), such that each category represents

a certain concepe.
-

Problems of this type have been intensively studied in the area of

cluster analysis and pattern recognition (as 'learning without teacher').
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The methods which have been developed in these areas partition the entities
into clusters,such that the entities within each cluster have a high
'degree of similarity', and en;I:I;s of different clusters have a low
'degree of similaricy’.

The degree of similarity between two entities is typically a
function (usually a reciprocal of a distance function), which takes into
consideration only properties of these entities and not their relation to
other entities, or to some predefined comcepts. Consequently, clustetrs
obtained this way rarely have any simple conceptual interpretation.

In this section we will briefly describe an approach to clustering
which we call conceptual clustering. 1In this approach, entities are assembled
into a single cluster, if together they represent some concept from a pre-

defined set of concepts.

For exanmple, consider the set of points shown in Fig. 2.

@ »
® ®
® ®
@ &
»
9
& f L]
® & & & & o0 o © o @
&

Fig. 2
A typical description of this set by a human is something like
‘agircle on a straight line'. Thus, the points A and B, although closer
to each other than to any other points, will be put into different clusters,
because they are parts of differemt concepts.
Since the points in Fig. 2 do not fill up completely the circle
and the straight line, the obtained conceptual clusters represent generaliza-

tions of the initial data points. Consequently, conceptual clustering can
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be viewed as a form of generalization of symbolic descripticns, similarly
to problems of learning from examples. The input rules are symbolic
descriptions of the entities in the collection (to interpret this problem
as a special case of the paradigm in sec. 2.1, consider the collection
as a single generalization class).

If the concepts into which the collection 1s to be partitioned

are defined as C-formulas, then the generalization rules discussed before

would apply (within the restriction imposed by the problem, which is that
they cannot intersect; as each cluster should be disjoint from other
clusters).

We will describe here briefly am algorighm for svch a clustering,
assuming that the concepts are simpler constructs than C-formulas, namely,
non-quantified C-formulas with wnary selezetors, i.e., logical products of

such selectors. Unary selesctors are relational gtatements!?

[xi # Ri]
where:
X is one of n predefined variables (i=1,2,...,n)
f is one of the relational operators = # > > < <
Ri is a subset of the value set of % - g

A selector is satisfied by a value of x , if this value is in
relation # with some value from Ri' Such restricted C-formulas are called
VL, corplexes or, briefly, complemes (Michalski (24 ]).

Individual entities are assumed to be described by ewvents, which
are sequences of values of variables X

(a1 855 + v vy 3)

where ae D(xi), and D(}E) is the value set of %, , i=1, 2, ..., n.
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An event e is said to satisfy a complex, if values of Xy in e satisfy all
selectors.
Suppose E is a set gf™e%ents, each of which satisfies a complex C.

If there exist events satisfying C which are not in E, then they are called
wnobserved events. The number of unobserved events in a complex is called
the gparseness of the complex. We will comsider the following problem.
Given is an event set E and an integer k. Determine k palrwise disjoint
complexes such that:

1. they represent a partition of E into k subsets (a k-partitionm)

2. the total gparseness of the complexes is minimum.

‘The theoretical basis and an algorithm for a solution of this problem

(in somewhat more general formulation, where the clustering criterion is
not limited to sparseness)is deseribed in Michalski [ 24]. The algorithm
is interactive, and its general structure is based on dynamic clustering
method (Diday and Simen [39 ]). Each step starts with k specially selected
data events, called sezds. The seeds are treated as reprasentives of k
classes, and this way the'problem is reduced to essentially a clasgsification
problem (type 1lb). The step ends with a determination of a set of k complexes
defining a partitien of E. From such complex a new-seed is selected,
and the obtained set of k seeds is the input te the next iteration. The
algorithm términates with a k partition of E, defined by k complexes, which
have the minimum or subminum total sparseness (or, generally, the assumed
cost criterion).

Figure 3 (on the next page) presents an example illustrating
this process. The sgpace of all events. is defined by variables Kpr Xos Xgq
and X, with sires of their value sets 2, 5, & and 2, respectively. The

space is represented as a diagram, where each cell represents an event.
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Cells marked by 1 rapresent dara events, remaining cells segment unobserved
events. Figure 3a also shows complexes cbtained in the first ireratiom.
The remaining figures show resulTs from the consecutive lterations. Cells
representing seed eveats in each iteration are marked by +.

The solution with the minirun sparseness is shown in Figure 3c.

The partition is specified by complexes:

a‘l’ = Ix, = 0llx, = 1lx, = 0]
l:r.'; = fx, = 0llx, = 2] (x, = i:+:%)
b o " = als

a, = [x1 1](x2 1..3)

This result was cbtained by program CLUSTER/PAF implementing

the algorithm,

Another experiment with the program involved clustering 47 cases of
soybean diseasés. .These cases represented four different diseases, as
determined by plant pathologists (the program was not, of course, given
this informaticn). Each case was represented by an event of 35 many-valued
variables: With k=4, the program partitioned ;Il cases 1Into  four

cateporios. These four categories turned out to be precisely the

categorics corrcsponding to individual diseases. The complexes defining

the categories involved known characteristic symptems of the corresponding

diseases.
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5. SILMMARY

We have presented a view of inductive inference as a process of
generalization and simplification of symbolic descriptions. The process is
conducted by applying generalization rules and problem environment rules
(representing problem specific knowledge) to the initial and intermediate
descriptions. It is shown that both, learning from examples and learning
from chservation can be viewed this way.

Learning from examples is described as a problem of 'conceptual
clustering', defined as a problem of partiticning a collection of entities into
clusters (or, generally determining a structure of clusters) such that

each cluster tepresents a concept selected from a predefined space of concepts.
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APPENDIX 1

_Definition of variable-valued logic calculus Vo1

Data tules, hypotheses, problem eavironment descriptions, A

and generalization rules are all expressed using the same formalism,

that of variable-valued logic calculus VLZI.* VLZl is an extensicn
of predicate calculus designed to facilitate a compact and uniform
expression of descriptions of different degrees and different types
of generalization. The formalism alse provides a simple 1ingui§tié-ihter-

-preqatidﬁ of descriptions without losing the precision of the con-

ventional predicate talculus.

There are threg major differences between VLZl and the first

order predicate calculus?

1. In place of predicates, it uses selccters (or relational
stataements) as basic operands. A selector, in the most
general form, specifies a relationship between one or
more atomic functions and other atomié functions or
constants. A common form of a selector 1s a test to
ascertain whether the value of an atomic function is a
specific constant or is a member of a set of comstants. 7

The selectors represent compactly certain types of
logical relationships which can not ba directly represented
in FOPC but which are common in hunan descrintions. They
are particularly uceful for zepresenting changes in the dcgree
of generality of descriptions and for syntectically uniform

treatment of dcsoripfﬁ?g'of different types.

2L 1 i5 a subuer of a more complete syslem VL2,which is a manv valued-
logac extension of nredicate caleculus.
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2. Each atomie function (a vaviable, a predicate, a funection)
is assigned a value set (domain), from which {t draws values,
together with'agﬂggacterization of the structure of the value set.
This feature facilitates & representation of the semantics
of the problem and the application of generalization rules appropriat
to the Lype of descriptors.
3. An expression in VLZl can have a truth status: TRUE, FALSE or
? (UNENOIWR) .
The truth-status '?' provides an interpretation
of a VLZI description in the situation, when, e.g., outcomas of
‘some measurcments are not kKnown.
Definition 1: An aiomie funeiion is a variable, or a function symbol followed
by a pair of parentheses which ecnclose a sequeace of atomic functions

and/or constants, Atomic functions which have a defined interpretation
in the problem under consideration are called descrintors.

A eonstant differs from a variable or a function symbol In ihat

its value set is empty. If confusion is possible, a constant is typod
in quotes,
Examples

Constants 2 * ryed

Atomic ferms: N color(box) ona-top(pl,p?) ((xl, g(xz))

Exemplary
Value scts: D(xl) = {0, 1,..., 10}

D(color) = {red, blue,...}
D(on~top} = {rrue, falsc}

D(f) = {0,1,..., 20}

Definition 2: A selector is a form

[L & R]

where L - called rcferce,is an atomic function,

functions separaced by '+'. (The operator '+' is called the tnternal
conjunction. )
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# - is one of the following relarional cperaters:
=34 > <> <

R = called reference, is a ceonstant or atomic function, or a

gequence of constants or atomic functions separated by operator

' 'or '..'. (The opcraters ',' and '.,' are called the

znterrzl disg urﬂt*on, and the range sperator, respectively).

A selector in which the referee L i{s a simple atomic function and
the reference R is a single constant i3 called an elementary selecior. The
selector has truth-status TRUE {or FALSE} with regard to a situation if the
situation satisies (does nof saticfy} the selector, i.e., if the referee L
is {is not)} related by # to the reference R. The selector has the truth-
status '?' (and is fnterpreted as being a questton), if there is not sufficient
information about the values of descriptors in L for the given situation. To
simplify the exposition, instead of giving a definition of what it means that

'L 15 related by § to R', we will simply explain this by examples.

-linguistic description

(1) [color(boxl) = t.'hi-te-] color of boxl is white
(i1) - [length(boxl) > 2] - leﬁgth of boil is greater‘than or eq
(111) [weight(boxl) = 2..5] weiéhtlof boxl is betweenm 2 and 3,
(iv)  [blood-type (P1l) = 0,A,B] blood~type of Pl is Q0 or A or B
) [on-top(boxl, box2) = T) boxl is on top of box2
or simply !
[on-top (boxl, box2)] ' :
(i) [above (boxl, box2) = 3"] box 1 is 3" above box2
(Viii) fweight (boxl) > weight (box3)] the weight of Loixl is greater than el

weightof bLox3
(ix) [length(boxl) - length (box2) = 3]* the length of boxl and bex2 is 3

(x) [typo(pl) © type (PZ) = A,B) the type of Pl and the type of PZ
: —wmn 18 either A or B..

Note the diceet corrospondence of the solecctors to linpuiutic

descriptions. Note also that some sclectors can not be exprossed in FOPC

in a (prapmatically) equivalent form (e.g., (iv), (x), (x)).

*This expression is equivalent tn [length(boxl)= =3] [lunpgth(box2)=3].
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A VLQI expression (or, here, sinply VL expression) is defired by
L

the following rules:

(1) A constant TRUE, FALSE or '?' is a VL expression

(i1) A selector is a VL exprassipn
(iii) 1f v, Vl and VZ are VL expressions then so are:
) formula in parentheses
R inverse
v, ﬁ'Vz or V,V, conjunction
v, v v, disjunction
vy yv, exclusive disjunction
N v
Vl\J 2 exception
Vld>V2 metaimplication

wherd:{)_e {+, @, 11>, =, k, |=}
(implication, equivalatce., decision assignment,
inference, generalization, semantical equivalence)

Hxl.xz,...,xp(V) existentially quantified expression

Vxl,xz,...,xk(vj universally quantified expressicn

A VL formula can have truth-status TRUE (T), FALSE (F) or VMROWN (),
The interpretation given to connectives WA, Y, -+, is defined in Fig. Al. (This
interpretation is consistent with Kleen-Korner 3-valued logic)., An expression
with the operator =, k or F 1s assumed to alﬁays have the truth-status TRYUE
and with operator ::>, TRUL or ?. Operatorsy, V, and ¢ are interpreted:
-Vl\“'Vz is eguivalent to VichZ)
vy !_VQ is equivalent (V, y VN V.Y,

Vl © Vz is cquivalent to (V1+V2)(V2+Vl)

The truth-status of
TRUE (FALSE}  if, there exlslLs
{doos not exist} a value of x which makes

Hx(V) is the truth-status of V equal TRUE

? _ 1f 1t 1s not known whether there exists . ale
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DEFINITION OF CONNECTIVES
1.,V aAND —=

IN VL,
" Figure Al

TRUE {FALSE} 4f for every value of x

Vx(V) is the truth-status of V is {is not} TRUE

? . if 1t is not known whether for every . . -
A constant * ('irrelevant') is intreduced to substitute for R, in
a selector {L = R}, vhen R is the sequence of all possible values the L can
take.
A VL expression in the form

QFI)Qin“I (Pl v Pf%.v Pl)

.l,x2|0- l,xz,-.. and Pi iS 4 con-

Junction of selecetors (a ferm), is called a dicjunciive simple VL expression

. or Vx

wvhere QFi is a quantifier form {x

{(a DVL cxpression).
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To make possible to use a nane substitution operation in VLZI’

the following notation is adopted:
® I1f FORMULA is an arbitrary VLZl expression then V : <FORMULA>
assigns name V to the FORMULA,

® If FORMULA is a VL., expression containing quantified variables

21

Pl, PZ’ caey Pk’ and V is the name of the expression, then

P.(V)
denotes tha quantified variable Pi in the FORMULA.
This constvuct enables one to refer to any quantified variables inside

of any VL expression.

21
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APPENDIX 2

Qutline of the Top Tevel Algorithm of INDUCE 1.1

1. At the first step, the dara rulg§ (vhose condition parts are iy the
disjunctive simple forms) are transformed to a new set of rules, in which
condition parts are in the form of c-ezpressions, A ec-expression (a
eonjunctive expression) is a product of selectors accompanied by zero or
more quantifier forms, i.e., forms QFxl'xz,..., where QF denotes a
quantifier. (Note, that due tc the use of the internal disjunction and
quantifiers, a c-expression represents a more general concept than a

conjunction of predicates,)

2. A decision class ié selecréd, say :i’ and all c-expressions aééociated
with this class are put into a set F1, énd all remaining c-expressions
ﬁfa nut into a sé: F2 ( the.ééﬁ F1 represents events to be .éévered .

éﬁd sec'FO represents coﬁstraints, i.e., events not to be coperzd ).

3. By application of inference rules (cescribing the problem envirenmant)
and. constructive generalization rules, new selectors are generated. The
'most promising' selactors (according to-a certain criterion) are added

to Lhe c-expressions in Fl and FO.

4. A c-expression is selected from F1, and a set of consistent gencralizatious
(a restricted star) of this expression is obtained. This is done by starting
with single selectors (called 'secds'), selected from this c-expression

as the "most promising' ones (according to the prelerence eriterion). In each

- —
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absequent rext step,a new selector is added to the c-expression obtained in
the previous step (initially the sceds), until a specified ataber (parnmeter
'NCONSIST) of consistent generalizations is determined. Congistency is
achieved when_; c-expressicn has NULL intersection with the set FO. This
'rule growing' process is illustrated in fig. A2.

3. The obtained c-expressions, and c-expressions in FQO, are transforacd
to two sets El and EQ, respectively, of VT_.J; events (i.e., sequences of
values of certain discrete variables).

A procedure for ggneralizimg VLl descriptions is then applied
to obtain the 'best cover! faccnrding to a user defired criterion) of set El
against EQ (the procedure id a version of AQVAL/1 program Larsen & Michalski 757,

bDuring this process, the extension against, the closing
the interval and the elimbing generclization tree rules are applied.

The result is transformed to a new set of ¢-expressions
(a restricted star) in which selectors ﬁave now appropriately generalized
references,

6: The 'best' c-expression is selected from the restricted star.

7. 1If the c-expression completely coversTl, then the process repeats for
another decision class. Otherwieé, the set Fl is reduced to contain only the
uncovered c-expressions, and steps & to 7 are repeated.

The Implementation of the inductive process in INDUCE-1.1 :bnsisés
of a large collection of specialized algorithus, each accomplishirg certain
task . Among the most important tasks are:

1. the implementation of the 'rule growing process'

2. testing whether one c-exprzssion is a generalization of ('covers')
another c-expression. This is done by testing for subgraph isomorshism.

3. generalization of & c-expression by extending the selector
references and forming irredundant c-expressions (includes application of
AQVAL/1 procedurs).

4. @generation of new descriptors and new selectors

Program INDUCE 1.1 has been implemented in PASCAL {for Cyber 175

and DEC 10); its complete description is given in (Larson[?ﬂ, Dietterich[32].



