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ABSTRACT 

This paper discusses a Prolog progf3.m ~.. bicb performs translation from CIIJu8IJI Form (CF) into 
Annotated PredicIJte Calculus (APC) expressions.. A complementary system which translates irom APC 
into Clausal Form also enters into the discussion. A number of theorems are given in the course of a 
detailed discussion of the translation algorithms. A 6nal section gives some sample test data, from which 
a general critique of the system's capabilities and performance are drawn. This leads into a discussion of 
possible further research work. 
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SOME NOTES ON NOTATION 

This paper discusses several di.lferent logical formalisms, or languages. It is hoped that the brier 
introduction in the first section will suffice ror the reader to sort them out. Each or these languages has 
its own peculiar set of symbols, but at least they are consistent in the usage of symbols they share. The 
common symbols which appear in almost any present-day logic textbook, such as <I&:" ror logical 
conjunction, or "V" for the universal quanti6er, are used without much intrOduction. The special 
symbols used by the Annotated Predicate Calculus are described in the course of section 2. It is 
assumed that the reader is familiar with the symbols used in Prolog programs, such as ":-" and "!" . 
There are nonetheless three symbols which might give the reader pause, and their use is as tollows: 

- This is not used as a 10lical symbol. It is used here simply 
as an arrow indicatinl direction. 

V This is used to denote the exception operator of APC, which is 
also called the exclusive or (see also page 7). 

1= ~ 	 This is used to indicate that two statements are logically 
equivalent. It is used rather than" <J;:::(>" when we want to 
distinguish that we are makinl a compari,on of sta.tements 
in a language, rather than one statement in the la.ngua.ge. 

http:la.ngua.ge


1 CF to APC Translation 

CF to APC Translation 

1. GENERAL BACKGROUND 
The computer programming language Prolog, for Programming in logic, is a 6rst attempt at a 

new style of programming language, commonly called a declarative language, as opposed to procedural 
languages. It uses a restricted subset of the Fird-Order Predicate C(Jiculu3, known as the Horn 
Clauses, with which the programmer describes various objects and their relationships. A user can then 
put questions to the Prolog interpreter, (a computer program) once the information has been stored in 
its database. Ir it can find an answer to a user's question stored as a fact in its database, it will give that 
fact as an answer. If it cannot 6nd an answer directly, but has been given enough information to 
"deduce" the answer, then it will 6nd and report such an answer. This is because of the structure or 
Horn clauses, which allow for a simple style or logical inference to proceed through a chain of 
implications. 

There are at least two ways to view logic programming, both of which are helpful at times. First, a 
set of Prolog Horn clauses is orten considered a program in the sense that it tells the interpreter what 
action to take in breaking down and solving a complex problem, just as conventional procedural 
programs tell an interpreter how to step through a problem. (Or, if they are compiled, which is a. 
possibility ror Prolog programs as well, then the equivalent machine code tells the machine what to do.) 
Alternatively, in a declarative interpretation, one can view the Prolog Horn .c1auses as a set of axioms 
through which an interpreter (or theorem-prover, or theorem-seeker) scans as it searches for answers to 
questions. For the present paper, this latter view will probably be more helpful. We will be looking at a 
superset or the set of Horn clauses, called clanal form3, as statements containing information. We will 
be comparing clausal rorms (CF) to First-Order Predicate Calculus (FOPC) and Annotated Predicate 
Calculus (APC) statements containing the same information. 

Robert Kowalski III 6rst advocated that logic would be useful for certain classes of programming 
problems, many of which are current topics in arti6cial intelligence research. First-Order Predicate 
Calculus (FOPC) may yet prove best for this, but it has been shown that a simpler set of expressions, 
clausal forms (CF), have in one sense the same e;z:pre8,ive power (de6ned below) as FOPC. The CF 
language can be viewed as a subset of the language FOPC, but it is written in a diO'erent fashion. 
Because the CF set has important properties for automatic theorem proving, it is of interest in the 6eld 
or artificial intelligence, and a number of authors have compared the expressive powers of FOPC and 
CF. A scheme ror translation from FOPC to CF can be found in a recent text by Clodsin and Mellish, 
Programming in Prolog 121, chapter 10. To avoid adding unnecessarily to the length of this paper, we 
will assume the reader is familiar with CF and FOPC as Clocksin and Mellish have presented in their 
text. It will rurther be assumed that the reader is familiar with the algorithms they have given for a 
translation from FOPC into the appropriate CF in pages 208-217. 

Ezpressive power, as used by Clocksin and Mellish, is actually an indication of what class of 
statements ean be made in a language. Consider two languages, Land )(. It ror every statement one 
could make in language L, there were some set or statements in language )( that expressed the same 
thing, then language )( is equal to or greater than language L in expressive power. It it also holds tbat 
every statement one can make in )( can be made by some set of statements lrom L , then they are 
equivalent in expressive power. Clocksin and Mellish are carerul to point out that there is a diO'erence in 
expressive power between CF and FOPC, in that one must use "Skolem constants" in CF to represent 
the existential quanti6ers of FOPC. They admitted that tbis is not strict equivalence, but lelt that it 
was not critical in this context, since tbe device of Skolem constants satis6ed their needs. This will also 
suffice ror our purposes. Thus we have from their work tbat it is possible to translate every FOPC 
statement into a set of CF statements wbicb still retain tbe logical information. Indeed, il one does any 
legal reordering or renaming of parts in the CF. obtained, the information survives and still represents 
statements that are equivalent to the FOPC expression(s). Not all of the literature agrees on the use of 
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, 

some of the above terminology, but we are following the definitions given by Clocksin and Mellish. 1 

Another issue besides expressive power sbould be mentioned. To say tbat two languages are 
equivalent in expressive power can be very misleading, since tbe technical logic term is quite dilferent in 
meaning tban the average English speaker would expect. For example, FOPC is equivalent in expressive 
power to tbe language APC, which we shall discuss shortly. Thus CF is also or equivalent expressive 
power to APC as well. Certainly anything tbat one can write in APC can be translated into an 
expression in CF. However, statements which may be succinct in one language may require cumbersome 
expressions in another. For example, in APC it is easy to express notions of counting. The statement 
below indicates that there are 25 objects "x" which satisfy a relation "mysterious(x,y)" : 

3(2S)x 3y I mysterious(x,y) I (1.1) 

This has equivalent expressions in FOPC and CF notation, but the shortest FOPC expression the author 
has seen for this requires about two dozen lines to write (and looks rather strenuous ror a human reader 
to make any sense of). [n Clausal Form (CF). the expression grows larger still. [n many contexts, 
relative conciseness should prove to be just as important· a measure of a language as expressive power. 
A language which is more concise can generally display higher concepts more clearly th:t.n a less concise 
language, even though they are of equivalent expressive power in the technical sense. 

Whereas CF represents a more "primitive" cousin of FOPC, a body.of research has looked at ways 
in which FOPC may be extended, to capture more of the information which natural languages can 
convey without loss of rigor. A key example of this has been given by Michalski et aI, in Machine 
Learning [4j, chapter 4. Th:t.t chapter describes an extension called Annotated Predicate Calculus (APC) 
that can make statements about structured environments in it. concise way. We list these extensions 
here. then give a more detailed description in the next section. 

First, APC includes an additional quantifier, which we shall call a "numeric existential quantifier", 
which allows one to easily make statements or counting. Second, APC introduces compound predicates, 
which correspond to a contraction that users of natural languages commonly make. Third, APC 
includes a rich set or operators (see the ezception operator). Finally, APC introduces the concept or 
separate annotations, which describe a term and which are meant to be applied wherever the term 
occurs. This allows a set of constraints on a term to be written just once, without requiring that they be 
repeated everywhere that one uses the term. 

As an example or an annotation, one might define in one place that a "dining set" consists or a 
table and at least rour chairs. Thereafter, wherever the term "dining set" is used, we are constrained by 
this definition. At present this last concept is not a part or our translation system: we translate numeric 
existential quantifiers, compound predicates, and exception operators, but have lert out annotations. 
Perhaps a later version of the translator will include these, but we will not discuss them further in this 
paper. 

2. RECENT BACKGROUND 

We have already mentioned that one of the goals envisioned for Prolog was that it could be an 
effective environment to store logical inrormation, which could then be used to deduce rurther racts 
using an efficient inference procedure. An automatic translation scheme between APC and CF could 
potentially allow one to write programs in APC, which could then be translated to Prolog and used. This 
goal has not been fully realized since Prolog systems in use today allow only Horn clauses, not the rull 
clausal rorm, and they rely heavily on a control scheme which is order-dependent. This application may 
become available in concurrent Prolog environments, where the order of clauses is not important. 

It would be miJIu.dinr to leave the impression th.d this is the 6rai nch demonstration. The worle of LoW'enheim, Slcolem, 

Herbrud ud Godel in the 1020's ud early 1030's laid this ,roudW'orle. See their papera in reference [31, Of courae Clock­

,ill ud Mellish give &0. excellellt and modena exporitioll. 

I 
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There is still plenty of mMivation to have such a translator, simply because it can provide an APC 
"front-end" ror users or Prolog systems. Having this, one could inform a Prolog system or whatever one 
had in the way or !(Jctll in the powerrul APC rormalism, that would be rewritten automatically into CF. 
Next, one could query the system in APC. The query would also be rewritten, producing Prolog goals to 
be tried, (rom which an answer could be returned. If a theorem-prover made some manipulations or 
simplifications in the set of clausal forms, then instead of giving its result as a mass or CF, a reverse­
translator can look for as concise as possible an APC statement to express the result. Such a statement 
would likely be a great deal more meaningful to a person using the system thaD the raw CF output. 

Thus, in the spring or 1984 we embarked on a project to translate rrom APC to CF and vice versa. 
We chose to limit this goal to only dealing with the simpler kinds or numeric quantifiers and not to deal 
with annotations, in order to cut down the size of the tast. The two parts turned out to be about a 
ractor of 10 dilJerent in difficulty. The first part, APC - CF, simply needs to follow a few rules or 
expansion and convert an APC expression into its FOPC equivalent. Then the translator can simply 
execute the algorithm described by Clocksin and Mellish 121 and produce its (possibly massive) result at 
the terminal. This hair or the translator was written by Kah Eng Pua, and was accomplished with a 
Prolog program or some 360 lines \51. The other direction proved to be about as much harder to achieve 
as integrating runctions is harder than taking derivatives. Indeed, ror those ramiliar with the calculus, 
those tasks provide a close analogy. The CF - APC translator involves a Prolog program or more than 
3600 lines which, while it can recognize a wide variety or rorms, still may not succeed in giving the best 
result. 

The goal in constructing the CF - APC translator is to take the specialized clausal rorms such as 
are given in [21 and to see ir we can reverse the process, producing the correct higher-level expression 
from a set of clauses. The task is not as clearly defined in this direction. Usually m(Jny such 
translations are possible, each one a di8'erent way to say the same thing. Moreover, it is not always 
clear which of the alternatives is the best one, if any. The CF - APC translator is described beginning 
in the next section. First we give a short discussion or the problem or translating APC - FOPC. This 
should explain all or the concepts rrom APC with which the reader needs to be familiar. Once one has 
an APC expression converted to FOPC, one can use the algorithm in reference [21 to complete the 
translation to CF. (Pua gives a similar description in his paper, rererence [51). AI!. mentioned earlier, 
there are three constructions in APC which we need to expand to form the equivalent FOPC. 

The 6rst APC construction I have loosely termed the numeric ezi6tentilJl quantifier. Instead of 
only being able to say "There is some X such that ..... , as one does in FOPC, one can also say the 
following in APC: 

Concept APC Form 

(1) "There are at least 10 objects X such that ...n 

(2) "There are exactly 5 X such that ... " 
(3) "There are at least 3 and at most 7 X such that ... " 
(4) "There are 2 or 5 X such that ... " 

(5) "There are distinct objects X, Y and Z such that ... " 

3 (>=10) X ... 
3 (5) X ... 
3 (3..7) X ... 
3 (2 V 5) X ... 

3.[X.Y.ZI .. · 

Flpr. 1 I the Exl.tentlal Quantifier. In APC 

These same concepts can be expressed in FOPC, but only in a more clumsy rash ion. The FOPC 
existential quantifier corresponds to the statement: "There is at least 1 X such that ..... 
So in FOPC, one can manage to say 

"There are at least 3 X such that <statement(X»" , (2.1) 

butonly by a more basic construction. One way to achieve this is with: 

3 X=: Y 3 Z [( .. (X .... Y) &: ...(X =- Z) &: -(Y == Z) ) &: 1 (a.a)
<statement(X» &: <statement(Y» &: <statement(Z» 
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This unfortunately involve~ repeating the statement three times (with :to different variable each time). 
An alternate way2 to express this statement is: 

3 X 3 Y 3 z [( ~(X == Y) &0 ~(X = Z) &: ~(Y = Z) ) &0 1 
• V U [ ( (U = X) V (U == Y) V (U = Z) ) c:t> <statement(U» ] (2.3) 

This more concise form avoids repetition of the statement body, but one still needs :to good deal of 
overhead around the statement, which grows as the square of the number in the numeric quantifier. 

To make a statement of the second form in figure 1, 

"There are exactly 5 X such that alpha(X)" (2.4) 

in FOPC one could either combine two statements like those in (2.2) : 

"There are at least 5 X such that alpha(X)" 
and (2.5) 

"There are not at least 6 X such that alpha(X)" 

or, applying the idea from formula (2.3), one could change the implication to an if Bnd onl1/ if form: 

3 V 3 W 3 X 3 Y 3 Z r( ~(V == W) & ~(V = X) & ... &0 ~(Y == Z)) & 1 (2.G)
l V U [ (U == V) v ... V (U = Z) \ <l=t> <statement(U» I 

There are also constructions that represent the 3rd and 4th forms in 6gure 1, based on the 
constructions in statements 2.2 to 2.6 above. The fifth form of figure 1 is actually simpler than the 
others to represent. In FOPC it can be written: 

3 X ~ Y 3 Z I.. (X=Y) & .. (X=Z) & ... (Y=Z) & <statement>\ (2.T) 

Here, unlike the 2nd through the 4th rorms, the "statement" already contains proper reference to all of 
the variables, so it does not have to be repeated or modified. These statements are all more cumbersome 
and less dear written in FOPC. They become quite unwieldy when the number in the numerical 
quantifer is large (large meaning anything above 10 or so). 

Indeed, they are so unwieldy that Mr. Pua was led to make an unfortunate choice in developing 
the APC - CF translator. Instead of producing the correct FOPC and then translating to CF; he 
decided that a shorter form could be written ir a certain Prolog predicate were given a special meaning. 
He chose to use a functor of the form "num ber(Var, NumericPart}" which stood for the fact that there 
were to be a certain number of occurrences of the variable "Var". Thus for example, number(X, 5) 
would mean that there were 5 instances of X (for further details and the forms used for each type of 
APC quantifier, see reference 15]) . 

Surprisingly, however, some information is lost in this translation. This was not recognized until I 
began looking at the problem of recovering the APC from the output of the APC - CF translator. 
Examples demonstrating the loss of information are given in section 4.3, entitled ·simplify'. Since an 
APC ... CF translator such as Mr. Pua has written will likely prove to have more applications than the 
CF ... APC translator which I have produced, it is important that this improper code be re-worked, as 
mentioned in later sections of this paper (see the discussion of the 'simpliry' routine in the section titled 
"Implementation: The Specifics", and the final section, entitled "Performance: Recommendations 
Regarding Further Work".) 

2 Tbill rorm 'IUS 3Q"~lIied to th~ a.IIthor by N~c:hum D~nho"itl. 
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The second APC construtt is the compound predicate, which allows one to make clear statements 
about objects which share given properties or belong together in some other way. As with numeric 
quantifiers, every compound predicate has an exact meaning in FOPC, but once again it will take more 
FOPC statements to convey the same information - the number will depend on how thoroughly 
compounded the predicate has become. Consider the following three English sentences: 

"Bob is tired and hungry." 

"Yesterday you talked to Jane or Susan." 

"Chris or Mike took the car and drove to Toronto." 

In the first, one can view the English sentence as a contraction ror the more lengthy: "Bob is tired and 
Bob is hungry." Any English user will know that this is what was meant. Similarly, an English user will 
understand that the second sentence corresponds to the statement: 

"Yesterday you talked to Jane, or yesterday you talked to Susan." 

The idea in both examples is that in English we will orten contract an "and" or an "or" construction as 
rar as possible. One cannot talk to something called 'Jane or Susan', but the meaning is nonetheless 
clear. The third example sentence shows tha~ in English, we reel rree to mix these two constructions. 
Though it takes a bit more thought, we soon recognize that sentence to mean the same as the 
cumbersome statement: 

"Either Chris took the car and Chris drove to Toronto, or 

Mike took the car and Mike drove to Toronto." 


The general rule seems to be that when both an "and" and an "or" contraction appear together, the 
"or" goes outside or the "and". One could say that the "and" is more tightly bound to the objects as it 
appears lower in the parse tree ror the sentence's meaning, doser to the nouns involved. 

These exa.mples do not show the whole story in English usage, ror there seems to be another 
convention that if more than one connective appears, the first is to distribute around the second. These 
can conflict, such that the sentence: 

"Bill and Jack mee Sally or Jane" 

is rather ambiguous in its precise meaning. 

APC has a construction which reHects the loose conventions above in a rigorous way. Any 
predicate may have arguments or the forms shown by the rollowing three examples: 

predicate(argl, arg2 &. arg3, arg4) . 

predicate(argl V arg2. arg3) . 

predicate(argl, arg2 V arg3, arg4 & arg5) . 

which are interpreted respectively to mean: 

predicate(argl, arg2, arg4) &. predicate(argl, arg3, arg4) . 

predicate(argl, arg3) V predicate(arg2, argS) . 

{ predicate(argl, arg2, arg4) &. predicate(argl, arg2,arg5) } V 
{ predicate(argl, arg3, arg4) &. predicate(argl, arg3, arg5) } . 

Any number or arguments are allowed to be compound arguments, and each compound argument may 
• contain any number of simple terms, so long as "and-eompounding" and "or-eompounding" are never 

mixed in the same argument. The last restriction requires that although pred(a &. h, c V d) is 
acceptable, pred(a Vb&. c, d) is not legal APC. 



CF to APC Translation 

We can now give the generat Corm Cor an APC predicate: 

predicate ( arg 1 •...• arg Q ) , 

where Cor each i, argl is one oC the 6ve forms 

• simple term (such as "alpha", or "pred(x, y)" ... ) 
• and-predicate (such as "pred(a &: b, c, d)" ... ) 
• or-predicate (such as "pred(a, b V c, d)" ... ) 

• simple-or-orterm i 1 V ... V simpie-or-ortermj m 

• simple-or-andtermj 1 &: ... &: simple-or-andtermim 

Here, a "simple-or-orterm" is any term that is either a simple term or an or-predicate, while a "simple­
or-andterm" is any term that is either a simple term or an and-predicate. Note that since 

pred(C(a) &: f(b) V g(c), second, third) 

is not a legal form, its contraction to 

pred(C(a &: b) V g(c), second, third) 

is also not legal, even though on the top level it looks fine. That is why we only allow "simple-or­
orterms" to be "or-ed" together and only "simple-or-andterms" to be "and..ed" together. Such mixed 
connector argument compounding is not allowed, as this is deemed more confusing than helpful. 

The same Corms are allowed in arguments of functions as well as predicates. (Though predicates are in 
some senses different than functions in logic, they appear identical to the translator at all stages.) 

Two non-obvious situations require comment. First, since any number of arguments may be either 
"or-compounded" or "and-compounded", the rule if there are more than two is that all "and" 
compounds should be expanded first, then all "or" compounds should be expanded. 

Thus, f(p V q, r &: 5, t&: u, v V w) becomes: 

f(p V q, r, t, v V w) &: r(p V q, r, u, v V w) &: 
f(p V q, s, t, v V w) &: r(p V q, s, u, v V w) 

which then gives: 

{f(p, r, t, v) &: f(p, r, u, v) &: f(p, 5, t, v) &: r(p, 5, u, v) } V 
{ C(p, r, t, w) &: f(p, r, u, w) &: f(p, 5, t, w) &: f(p, 5, U, w) } V 
{f(q, r, t, v) &: f(q, f, u, v) &: f(q, s, t, v) &: f(q, 5, U, v) } V 
{f(q, r, t, w) &: f(q, r, u, w) &: f(q, s, t, w) &: f(q, s, u, w) } 

The second complication involves a bit of recursion which can develop in this situation. There is nothing 
to prevent the following APC clause Crom being used: 

f(p, g(q V r, s), t & u) 

This one is expanded by recogni,ing first that g(q V r, s) means g(q, s) V g(f, s), so the whole thing 
expands to: 

If(p, g(q,s), t) &: f(p, g(q,s), u) I V If(p, g(r,s), t) &: r(p, g(r,s), u)1 

The CF - APC translator was designed to handle these two situations correctly (though I am not going 
to guarantee that the code is bug-free!) 
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The third and hal APe! reature is a rich set or connectives. The APC connectives are shown in 
figure 2. 

Connector Meaning Comments 

&. and 
V or 
~ not 

ct> only it also read "implies" 
<P ir also read "is implied by" 

q.:f> it and only ir 
V except iC also read "exclusive or" 

Figure 2 : The Logical Connectives ot APC 

The reader will recall that A ct> B is logically equivalent to -A VB, thus A <P B is equivalent 
to A V -B , and that various equivalents ror A q.:f> B include (A ct> B) 81: (B ct> A). and 
thererore (-A VB) 81: (-B V A) , as well as (A 81: B) V (-A 81: -B). This last Corm is perhaps closest to 
the way one generally thinks or it. 

The APC "exception" operator is not really new. It is more commonly called the "exclusive or", and is 
generally discussed at some point in basic texts on standard logic. It is given the Collowing 
in terpretation: A V B means A q.:f> -B , which is (A ct> -B) 81: ( .. B ct> A) , so it also equates with 
(-A V .. B) 81: (B V A) ,or (A 81: ~B) V (B 81: ~A). This last rorm is helpCul toward understanding its 
name, since it shows that the condition A holds, except when B does. 

3. IMPLEMENTATION: OVERVIEW 

To get a general idea oC the task Cor a CF - APC translator, take the example output which 
Clocksin and Mellish give on page 217: 

person(ft(X)); king(X) :- . 
king(X) :- respects(ft(X), X) . 

We might be given this as input, and asked to 6nd out what it "means" in FOPC or APC. To 
determine this. we need to reverse the transCormations that were made on it. One needs to replace the 
universal quantifiers which Were removed, which in this case means putting a universal quantifier in Cor 
"X". One also needs to return any Skolem runctions into existentially quantified variables. In order to 
do this, one needs to be able to recognize that some Cunctions are designated Skolem Cunctions and play 
this special role. Such a convention is used in the translator, as described later. This whole process 
takes a clause (or set or clauses) which we may say is implicitly quantified, and making the quantification 
explicit. II the translator is recovering an APC expression Crom some clauses which have been 
manipulated, we could refer to this as re-quanlificalion. In this paper, Cor s'implicity, we will simply 
reCer to this as quantification. Arter quantification, the process continues - we look patterns that 
indicate we could make an expression into an implication, or tor ways to coDect negations higher in the 
expression, or to rorm an iJ-and-on/lI-iJ expression trom two simple implications. Also, since we are 
translating into APC, rather than just FOPC, we would also try to reco,nize patterns Cor numeric 
existential quanti6ers or exclusive or's, etc. 
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.. 
There are three versions of the main routine of the CF .... APC translator, providing ror options 

the user mayor may not want. The differences in the three are not essential, but cosmetic. In general.. 
the main clause is as Collows: 

prologtoapc(InFile. OutFile) :­
readinlist(InFile, ClauseList) , 
quantify (ClauseList, Quantified), 
simplify (Quantified, [APCClause]). 
optimize (APCClause, BestForm). 
tell (OutF ile) , wr i teout (BestForm) • told, 
writeout(BestForm), I. 

As the main clause or the program shows, the program has 9 goals to accomplish to perform the 
translation (counting "!" as a goal). Some oC these goals are not very significant, while others are 
groupings of a great deal of activity. Let us discard the insignilicant ones immediately. just below 
"optimize", the job is really done. The last five goals: 

tell (OutFile) , 
writeout(BestForm) ,
told, . 
writeout(BestForm), !. 

merely open the output file, write out the structure obtained using a routine called 'writeout', close the 
61e, then print the result also at the terminal, and finally "cut.", to stop the program. The "writeout" 
routine is a straightrorward recursive pretty-printer Cor APC expressions. It comprises only about one 
page oC code, and we will not dwell on it Curther. The heart oC the program is contained in the first four 
steps, which are detailed in the next section. 

4. IMPLEMENTATION: THE SPECIFICS 

4.1. 'readinlist' 

Of the remaining four goals, 'readinlist.' was the simplest. It. uses a built-in procedure 'read' to get 
the next clause, and loads all of the clauses Crom an input file. It should be noted that because the CF 
counterpart of a typical APC expression can typically be very lengthy, an input file is the only 
reasonable way of giving the clauses to the translator. This produced some Curther difficulties that. were 
not present. in the APC .... CF translator. (For example, t.he 'read' input routine t.urns all or the variables 
it. encounters into Iit.eral strings, which proved a slight. inconvenience in the duration of the program.) 

Once the clauses are read in, they are put. into a list structure which represent.s the "and" of all of 
tbe clauses. The head and tail or eacb clause are turned into a disjunction, 50 one sometimes bas a 
conjunctive-normal form at this stage. The details or t.he list. st.ructure used by the program to 
internally represent logic statements are not or interest to us here. The reader who wishes to see the 
aetual form used is referred to Appendix A. What is relevant to note· is that. an input of n CF 
st.atements will produce a list of n disjunctions, which are implicitly meant to be "anded" together when 
it becomes possible to join t.hem. As an example, suppose our input consisted of t.he five clauses shown 
in figure 330, on the following page. These would be converted into the list shown in figure 3b. (The 
numbers at the left are for reference only, and do not appear in either t.he input or the resulting list.) 
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(1) stable(X) :- onground(X), solid(X) . 

(~) solid(brick). 

(3) raculty(A); stafl'(A) :- not(student(A)) . 

(t) faculty(B), stafl'(B) :- dean(B) . 

(5) (terrible(X, Y) ; wonderful(X, alpha, Z)) , beautiCul(Z) :­
more(X, zero) ; (less(X, Creezing(lice, creamJ), cones), 

not(simple(Y, Z)) ). 

(a) an input file with five Prolog clauses 

(1) stable(X) V ( .. onground(X) V .. solid(X) ) , 

(2) solid(brick), 

(3) (Caculty(A) V staff(A) V student(A), 

(4) (raculty(B) & staff(B) V ... dean(B) , 

(5) ({ terrible(X,Y) V wonderful(X,alpha,Z) } & beautitul(Z) ) V 
( ... more(X,zero) &:: {... less(X,freezing(!ice, creamJ),cones) V simple(Y,ZH ) 

(b) the output of the 'readinlist' routine 

Figure 3: An example of the 'readlnn.t' routine In action 

In the event that it is not clear how these are arrived at, let's briefly review the way clauses are 
interpreted logically. (See especially pages 214·215 of reference [21.) Any clause will consist of one or more 
terms, separated by commas, semicolons, or the symbol ":-", and ending with a period. Thus the first 
clause in our input consisted of the three terms: stable(X), onground(X), and solid(X). The separators are 
actually meant as logical connectors: the comma means "logical and", the semicolon means "logical or", and 
the ":-" symbol means "ir', or if you prefer, "is implied by". Thus, the first clause can be read as: .. 
'stable(X), is true ir 'onground(X)' and 'solid(X)' are both true." It is not difficult to rewrite such a clause. 
Instead of making it an implication, we use the logical identity: 

A <3=s Bl &;, B2 &;, ••• &:: Bn I=::j A V ...Bl V ...B2 V ... V ...Bn 

As the exact inverse oC the last step in APC or FOPC - CF translation. We prefer this to other Corms 
since it contains only the connectives "and" and "or", joining simple terms or their negations. This type of 
logical statement is Cairly easy to manipulate through tbe first stages or our translation. 

Thus the first clause produces tbe logical statement: stable(X) V ...(onground(X)) V ...(solid(X)) . 
The second clause was simply one fact, so 'readinlist.' does not need to do anything with it beyond placing it 
iD the list. Tbe third clause has two terms berore tbe U:_" which produce an "or" inside the main 
disjunction. The last two clauses are less commonly seen. Clause rour was 

raculty(B), stall(B) :- dean(B) . 

and prOduces a conjunction within a disjunction: (Caculty(B) &:: stall(B» V ... dean(B) . 
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Finally. clause 5 is a fair mess. Its head is an "and" ot two parts, the first of which is itselt an "or" of two 
simple terms. Its tail is of ~n opposite construction, being an "or" or two parts, the second or which is an 
"and" or two terms: 

(terrible(X, Y) ; wondertul{X, alpha. Z)) , beautitul(Z) : ­

more(X, zero) ; (less(X, treezing([ice. cream]), cones), 


not(simple(Y, Z)) ). 


The result produced shows these structures remaining within the overall disjunct which replaces the ":-" 
symbol. Note that here a bit or logical manipUlation has ta.ken place. The second hair or our output might 
ha.ve had the structure: . 

not 

I 

or 

/~
more(X, zero) and 

less(X, rree.;.,a:.::.:::, ~t 
I 

simple(Y,Z) 

But we do not wish to have any nega.tions high in the tree. Thus we distribute negations down to the 
literals to produce: 

and 

.(~ 
more(X, zero) or 

~~ 
not simple(Y, Z) 

I 
less(X, treezing([ice, creamj), cones) 

Which finally resulted in our form: 

( { terrible(X,Y) V wonderrul(X,alpha,Z) } 8t; beautirul(Z) ) V 

( ~ more(X,zero) 8t; {~less(X,rreezing([ice, creamJ),cones) V simple(Y,Z)} ) . 

Note that the 6rst three clauses in the example all resulted in logical expressions containing only "or" 
and "not" connectors. If only these types or input are present, we get a conjunctive normal form from 
'readinlist'. Although Clocksin and Mellish's algorithm always produces a conjunctive normal form, and 
clauses that are strictly disjunctions, it could not be assumed that our input would always satisry that form. 
As the example illustrates, it is perfectly legal CF to use conjunction in the head and disjunction in the 
body or a clause. The standard input routine 'read' had no special problem with these forms, and they did 
not present a special difficulty down the line, so I allowed these to be handled as well. Thus, one may not 
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always get a conjunctive norlTl8l form at this stage, but 'readinlist' can produce the proper structure Cor 

any set or CF cbuses that are legaL!! 

4.2. 'quantlry 1 

All legal CF expressions are valid through the first step, which is rairly simple, only occupying about 
2% of the program code. Now things begin to get interesting. Once one has the rudimentary logical form, 
one needs to quantiry it. That is, variables need to be given universal quantifiers, while Skolem constants 
and Skolem (unctions need to be replaced with variables that have existential quantifiers. This needs to be 
done before many logical manipulations can be tried, since certain seemingly harmless actions, like 
distributing the negations to more appropriate places, will alter the sense or quantifiers and invalidate the 
result. 

Note that a special predicate needs to be reserved ror Skolem runctions in the translator. I chose to 
reserve the letters "sU" rollowed by an integer as the set or unique identifiers to stand ror Skolem constants 
or functions. Thus, "sUS" might be a Skolem constant, and "skC3(X, Y)" a Skolem runction which 
depended on X and Y. Both Skolem constants and runctions may be treated unirormly by considering 
Skolem constants to be "runctions or zero arguments". We will hencerorth generaUy only mention Skolem 
functions, letting it be understood that constants are included as well. 

When we attempt to quantify our clause list, there are many sets of clauses which, although they are 
legal CF expressions, do not correspond to any well·formed FOPC expressions. For a frivolous example, 
suppose the list consisted of only one clause: 

skfl(X) = sktl(Y) . 

This is not a valid way of naming Skolem functions· a new function Deeds to be used for every Dew object, 
rather than re-using skU. As another requirement, we insist the argument lists always be given in the same 
order. Thus the clause: 

runnyresult(X) :- skC3{X, Y) = 0, skl'3(Y, X) = o. 
is not properly rormed. This may seem an unnecessary requirement, since at 6rst it seems that only the set 
oJ arguments, not their order seems critical to the formation or Skolem runctions. The legitimate need ror 
this requirement should become clear by the end or this subsection. 

In any case, we have seen that there are clauses ror which no legal quantification is possible. Ideally, 
we would like an algorithm that could be sure or producing a correct quantification ror the clause list ir one 
existed, and which could determine that no legal quantification was possible, ir that were the case. As we 
will See shortly, this is not likely to be round. We begin with a couple or definitions and remarks, then we 
will give a rew theorems which discuss the question or quantijiahilitu. 

Definition. In Prolog, the scope or a variable consists or the clause in which it occurs, while the scope or an' 
atom or runctor is the entire set or clauses in which it occurs. 

The meanin& or this is made clear by the following illustration. Suppose that in a large Prolog 
program (or database), We had a thousand clauses. Suppose the 30th and 31st clauses were: 

aJphabet(X, Y) :- ro~aDcelaDg(X). Y == latinalphabet. 


alphabet(A, X) :- grecianlan&(A), X = greekalphabet. 


Also, suppose the 930th clause was: 

romancelang(english) . 

3 	 Note: ill tbe Prolog illterpreter ill use bere {UNSW Prolog}, olle type of lind,t.rd clause wu 1I0t able to M properly read by the 
'rea.d' predicate; those with a. lied: bUi 110 body. nch u" a.lwa.ystrue(Clause) :- ... tllna Ollt to M considered illegal ill UNSW 
Prolog. Thi, is ollly a. millor diference ill style however. sillce tbe UNSW illterpreter ;ou a.ccepi the shortened form, 

.. a.lway,true{Clause). II whicb meaDS exactly the same tbing. 

http:lind,t.rd
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In such clauses, the convention in Prolog is that names beginning with upper case are variables, while 
those beginning with lower case are atoms or the names of Cunctors. (Perplexingly chosen to be the 
opposite oC the usual convention in English.) Thus, 'X', 'Y', and 'A' are variables, 'latin alphabet', 
'greek alphabet', and 'english' are atoms, meant to name objects, and 'alphabet', 'romancelang', and 
'grecianlang' are Cunctor names, meant to designate functions, which are also objects in some sense. 

In the 30th clause, the variable X occurs twice. Both places that it occurs it is meant to refer to the 
same thing. We are using this same convention in our interpretation oC clauses - all occurrences of a given 
variable in one clause must be unified together. they must refer to the same thing.· However, the variable 
X occurs again in the very next clause (the 31st). Although the two clauses are dose together and have the 
same overall structure, we clearly do not require the use of X in clause 31 to be unified with the use of X in 
clause 30. Indeed, the names being used would indicate that we are talking about languages and alphabets, 
so in clause 30, X is probably used to designate a language and in clause 31 an alphabet. 

Thus, if a variable occurs in different clauses, we cannot make any statement as to whether it needs to 
rder to the same thing in one clause as in another. The same variable is free to be used for different things 
in different clauses (and as is virtually always true of variables, different variables are quite free to be used 
for the same thing, either in different clauses or the same clause.) Meanwhile, the lunction 'alphabet' occurs 
in two clauses, and we see the function 'romancelang' occurring in two widely separated clauses. These are 
meant to refer to the same function wherever they occur. Similarly, wherever the constant 'latin alphabet' 
occurs in the database, it is always intended to rerer to the same object. 

Definition. Let C be a clause and let 5 be the set of Skolem functions (and constants) occurring in the 
clause. For example, ir C is the clause: 

sU3(X) = f(X, V) ; skl'4(X, Y) = X f(skf3(X), Xl = g(V), Y < X, sU5(X. Z) == z. 

Then S = { skf3(X), skC4(X, Y), skl'S(X, Z) }. Put the elements of 5 into a directed-graph structure as 
follows: For each Skolem function, consider the set of variables in its argument list. Partition 5 into 
subsets cuntaining Skolem functions with identical argument lists. Let each such set be a node in the 
graph. Thus, each node n has associated with it an argument list, which we shall term the a-list lor n. 
Now add edges to the graph which show the subset ordering on the a-lists. To be specific, edges are added 
according to the following rule: If the a-list for node p is a proper su bset of the a-list for node e, and if no 
node m exists such that the a-list for m is a proper subset of the a-list for c and a proper superset of the a­
list for p. then an edge is drawn from p to c. The structure so obtained is called the skl-Iorest for the 
clause C. 

Remarks: We do not draw an edge Crom a node to itself. Hence the use of the word "proper" in the 
definition. We will use the terms "descendent" and "ancestor" to denote nodes ror which there is a path of 
edges from the ancestor node to the descendent node, reserving the terms "rather" and "child" for the 
special case where the path is a single edge. Note that it is not possible for a node to be its own descendent 
(no cycles), nor is it possible ror a node to be a father to both a node and any of its descendents. It is 
possible for a node to have more than one father, so the term lorest is a bit misleading, as the following 
examples show (technically, the second example is not a rorest) but we will justify our use of the term later. 

4 Prolog b:u a 3pecial variable which need not unify with itself, the 3o-<alled 1I1101lymOIl' IIlIrid/,. Allollymous variables ue not 

uud here since tbey have 110 meanillC ill this cOllte:d. If they ue ,ive.. ill the illput, the trallslator will complaill. 
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, 
Example 1. From the set S mentioned above, the skr-rorest would be: 

skf3(X) 

/~
skr4lX. Y) skr5lX, Z) 

Note that the skr-rorest ror a given clause depends only on the set or Skolem runctions round in the 
clause, not on any other structure inrormation or the clause, nor on any of the variables in the clause which 
do not happen to occur in the argument lists or any or the Skolem functions. 

Example 2. As a more complicated situation, it tor some clause: 

s = { skrl(X), skr2(X, Y}, skf3, skr4(X, Y, Z), skf5(X, Z). skr6(X, z. T), skf7(R) } 

then the skr-rorest ror this clause is: 

skf3 

/~

sktl(X) . skf7(R) 

/~
skt2(X,Y) skr5(X,Z) 

~/~
skr4(X,Y,Z) skr6(X,Z,T) 

We can begin with a simple theorem regarding quantifiability. 

Lemma. Any clause containing no Skolem runctions is quantifiable. 

Proof: Any clause with only universal quantifiers is logically equivalent to the same clause with aU of the 
quantifiers pulled to the outside. Thus we may quantify the clause simply by surrounding it with the 
sequence: 

v XI ( ... V X. ( ... < clause> ... ) ... ) 

Where Xl' ...• X. are the variables found in the clause. This will ensure that every variable in the 
clause is properly quantified. [J 

Theorem 1. Any clause for which all Skolem functions are constants is quantifiable. 

Proof: In the special case that there are no Skolem functions, the lemma shows a valid quantification. If a 
list of Skolem constants is added to the agenda, then our only requirement is that none of the quantifiers 
for the Skolem constants fall inside of the (universal) quantifiers for the variables which occur in the clause. 
Thus, if V == {X I .... ,X. } is the set of variables found, while S == {skU..... sUm}, then by giving these 
functions variable names of Y 1, ... , Y m , respectively, we can quantify the clause with the scheme: 

:I Y 1 ( ... :1 Y m (V Xl ( ... V X. ( ... <clause> ... ) ... )) ... ). 

Again, this is a valid quantification for the clause.• 

Now let's look at some clauses that cannot be quantified. Al!. a simple and stubborn example, consider 
the clause: 
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,. 
X = skfl(X) V runction(skr~(Y), skC3(Z)) . clause 1 

Imagine an attempt to quantify this clause. It would require a logical expression containing somewhere the 
indivisible part: 

function(skf~(Y), skC3(Z)) 

No matter what logic we perform, this cannot be split up, because it is a literal. But this must be a part of 
an expression which has existential quantifiers surrounding it, one for skf2(Y) and one for skC3(Z}. Suppose 
that we replace these two Skolem functions with A and B, respectively, so we have function(A,B}. Somehow 
we must put an existential quantifier in for both. Thus, somewhere surrounding this term, we have the 
quantifier for A: 

3 A ( ... function(A,B) ... } 

Now A came from the runction skt2(Y), so we know that outside of this we have the quantifier for Y. Our 
expression must then look like: 

V Y I ... 3 A ( ... function(A,B) ... ) ... J 

Next, we know that 3 B must surround the term "function(A,B)". Suppose that it occurred somewhere 
within the expression we have built so far. tr that were the ease, then B could not have been given the 
Skolem function skC3(Z), because the variable Y was surrounding it. The absence of Y from the argument 
list of sU3(Z) forces us to conclude that the .quantifier for B lies outside of the scope of the quantifier for 
Y. Thus we now have: 

3 B { ... V Y I ... 3 A ( ... funetion(A,B) ... ) '" J .•. } 

But now we are stuck; the quantifier V Z needs to surround the quantifier ror B, but it may not surround 
the quantifier ror A, once again because it is not listed in the argument list for skf2(Y). The problem is 
that in both FOPC and APC all expressions must be "properly nested", so that no quantifiers can have 
scopes that only partially overlap - one must lie inside of the other. CI 

On the other hand, there are clauses which are not quantifiable without transformation, but are 
quantifiable if one can find the required trick. Consider a second example: 

( I X = skrt(X) I 8r; I Z > skl'2(Z) I ) V ( !X = skrt(X) J 8r; I Z < skt2(Z) I ) . c:lause :I 

As it stands now, all four quantifiers required (one ror X, Z, skrt(X), and skf2(Z) ) need to be placed outside 
the entire original expression, since all four objects occur in both halfs of the clause. But no matter what 
order is chosen for the four quantifiers, either skrt(X) is quantified within the scope of the quantifier for Z, 
or skf2(Z) within the scope of the quantifier for X. All is not lost however, for the above expression is oC the 
form (A 8r; B) V (A 8l; C), which is logically equivalent to A 8l; (B V C). Thus the clause can be 
transformed to: 

I X = skrt(X) I 8l; ! ( Z > skf2(Z)) V ( Z < skf2(Z)) J , which is easily quantified as: 

VX3A!X=AJ 8l; VZ3B[(Z>B)V(Z<B)!. 

Definition. Ir for some clause quantification is possible without rearranging any or its parts, just simply 
inserting quantifiers at strategic locations, then we may call such a. clause quanlijid/e without 
transformation. or course any clause which is quanti6able at all must have some logically equivalent clause 
which is quantifiable without transCormation. If at least this is possible (as it was in e1ause 2) then the 
clause may be termed quantijidle with Iran_formation. 
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Th~f)re m 2. The examples jdt given indicate a theorem that a clause is not quantifiable if it bas an 
indivisible part. one that is not removable or separable by any transformation, and which contains two 
Skolem functions. for which neither one has an argument list that is a subset of the other.• 

To summarize what we have seen thus far, we've seen some clauses which are quantifiable 
immediately. some which are simple enough that we can prove they are not quantifiable, and others, orten 
rather simple in appearance, which are quantifiable after some logical transformation, but for which it may 
be very difficult to find a quantification. (The reader may have felt the last example was "obviously 
quantihble", but examples which are disguised to any degree of difficulty may be contrived.) Indeed, this 
shows the difficulty in finding any criterion that; declares a general clause as non-quantifiable. To prove a 
clause non-quantifiable, one must prove that all of its logically equivalent forms are non-quantifiable.6 

As we consider less trivial situations, the goal is to 6nd a quanti6cation which fits the constraints of 
the argum('nts in the Skolem functions. This is where the sU-Corest will have its utility. The edges in the 
sU-rorest show which quantifiers need to belong inside which others: 

Theorem 3. Ir the clause C is quantiftable without transformation, then it; can be arranged such that for 
every node in the ske-forest. the quantifiers for the Skolem functions in that node contain the quanti6ers for 
all of their descendents within their scope. 

That is to say, if the Skolem function skU(... ) is an ancestor to the 5kolem function skf2( ... ), then we can 
quantify the clause such that Ii 3 skU" will contain" 3 skf2" in its scope. 

Prool: If the Skolem function skfl(... ) is an ancestor to the Skolem function skf2( ... ), then we know that 
the arguments ror sktI(... ) are a proper subset of the arguments for skl'2( ... ) so we may label these as 

skU(V 1""'V Il) and skf2(V lJ''''V Il'V 1l+1'''''V ll+m)' If we give tbese functions variable names or Sand T, 
respectively, clearly the quanti6er 35 cannot faU within the scope or 3T, since 3T is itselr witbin tbe scope 

of tbe quantifiers 'IV 1l+1 tbrougb 'IV Il+m, and 3s is not. Tbus we eitber bave 3T witbin tbe scope of 3S, 
or tbey bave scopes wbicb are disjoint. In tbe 6rst case we bave satis6ed the claim, wbile in tbe second 

case, we would bave ao FOPC expression whicb contained tbe quantifiers 'IV l'''''VV Il' Supposing for 
discussion that 'IV Il were the innermost, tben the relevant part or our expression would look something 
like: 

'IV D( - _. [ part containing 3s 1* (l * { part containing 'IV 1l+1"'VV Il+m and 3T} - - - ) 

Where tbe use of "*" indicates unknown connectors (eitber V or &), wbile tbe use of "•••If indicates some 
irrelevant "stufl''', Tbe above may be a valid quantification ror tbe clause, but it is not tbe only possibility. 

Consider tbe rorm or the "[ part containing 35 I". It is an FOPC expression, which may contain tbe 3s at 
its top, or that may be embedded in any number or &'s, V's, ~'s, or other existential quantifiers. There can 

be no universal quanti6ers outside or the 35, and ir any existential quantifiers are outside or 3S, we know 
they also came from the same node as 35 (it tbey did not, tbere would bave to have been eitber some 
additional (universal) variables in tbeir argument lists or some lacking rrom their lists - wbicb is not 

possible.) Furtber, we know tbat S does not occur in any or tbe parts or tbe expression outside or its 

quantifier, since all variables are consistently named in the clause, thus we may make use of the identities 

6 	 This mayor may 1l0\ be realiuble. Perhaps a cnoDic:al form exists for which a criterioa might be fouad which ch&raderiJes 
thOle form. whicb have qUlltilicatioll1 vern. those which do 1l0'. Thi. is at leu' a ch.a.lleDgillg topic for futher theoretic.a.l 
explor.a.tioll. The problem is perhaps aulogous to topics which have already \)(oell thoro1lghly developed ill the shldy of formal 
lugue.', eire.i' miaimin.tioa, de. Th. author fnely &dmih hi. p .... e;'y of experieace ia 'he.. &leu. 



18 CF to APC Translation 

• 


which hold for FOpe expr~sions: 

3Sla) & 13 F:::l 3S(a & 13), if S does not occur free in ~ , 
3S(a) V 13 F:::l 3SIa V 13), if S" " " """ , and 
3R(3S(a)). F:::l 3S(3R(a)) 

to move 3S higher and higher in its subclause until it was the topmost item. Then we would have: 

'IV lIe - - - 3S[ ~] oil a oil { part containing 'IV II+l"'VVIl+m and 3T } - - - ) 

and fina\ly, we may use these same identities to "stretch the "( )" portion to include a: and the portion in 
the "{ }". Thereby we arrive at the logically equivalent expression: 

'Iv lIe - - - 3S[ ~ ... a: • { part containing 'Iv II+l"'VV II+m and 3T })- - - ) 

This second Corm provides a valid quantification for the cl::\:lse (without transformation) and it has 3T 
within the scope of 3S.• 

Theorem 3 can be s:ightly strengthened. Instead- of merely covering clauses which can be quantified without 
any transformation, the above prooC applies to any clause which may be quantified without any 
transformation which would alter the skl-Iorest. 

De tinition. An skC-Corest is properly branched iC and only it none oC its nodes has more than one Cather 
node. Any skf-Corest which Cails to meet this criterion is said to be improperlll branched. 

Theorem 4. If the skf-forest Cor a clause is improperly branched, then the clause cannot be quantified, 
unless some transformation is possible which eliminates the improper branching in the skC-rorest (this could 
only be done if a part oC the clause were redundant, so that some logical transCormation might eliminate 
that portion of the clause altogether, and thereby eliminate some Skolem Cunctions Crom the clause.) 

Prool: We have at least one node in the skC-Corest which has at least two Cather nodes. We may choose a 
Skolem function Crom each of the three nodes. Let C be the Skolem function Crom the child node, and let F 
and G be the Skolem functions chosen from dill'erent father nodes.. Now neither of the nodes Cor F or G 
may be an ancestor of the other, by construction. This implies that both F and G have nonempty 
argument lists, neither oC which is a subset oC the other. Also, C must have an argument list which has 
both of these as subsets. Thus we may choose a variable X from the argument list Cor F which is not in the 
argument list for G. Likewise, we may choose a variable Y which is not in the argument list for F. Both X 
and Y will appear in the argument list for C. 

Now if it were possible to quantify this clause, we would get an FOPC expression containing 3C, 'IX, 
and VY. The quantifier 3e would need to lie within the scope oC both quantifiers 'IX and VY, so they 
may not have disjoint scopes. But if their scopes overlap, one must contain the other. It is not possible for 
VX to contain VY within its scope, since 3G lies in the scope of VY, but not in the scope of 'IX. But it is 
also not possible for VY to contain 'IX within its scope (consider 3F.) We have a contradiction which is 
becoming familiar: one quantifier must encompass the other, or their scopes must be disjoint.• 

This last theorem justifies our use of the term skf-Corest. If the clause has an skf-forest which is not 
really a forest, then we need not even try to quantify it unless we can simplify it first. 
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Definition. Let C be a clau~ containing a set or Skolem runctions, S, and a set or variables, V. The 
complete skI-forest ror the clause, denoted 1, is the set or tree structures rormed Crom the sld-Corest by the 
Collowing additions and adjustments: 

(1) 	 For each variable X in V that occurs in the argument list or some member or S, we place that variable 
in a new node in the rorest which is a father node to aU Skolem Cunction nodes which have X in the 
argument lists or the Skolem Cunctions, but which have no ancestors which have X in their argument 
lists. All edges which previously ran into these nodes are now directed into the node containing X. 

For example, iC skC1(X) was a Cather to skr2(X,Y.Z) beCore variables are added, then {Y, Z} is 
placed in a node between these two. {X} will become the rather ror skrt(X). If the clause contained a 
Skolem constant node, then skrI(X) would have been its child berore addition or variables, and 
arterward {X} will appear between them. Otherwise {X} will become a ratherless node. 

(2) 	 The above rule defines where each variable in V belongs in 1 except ror those variables which do not 
appear in the argument list or any Skolem runctions. If no Skolem constants occur in S, these 
variables are placed in a node by themselves, which becomes a one-node tree on its own. It Skolem 
constants are present in S, then the variables are placed in a branch immediately below the Skolem 
constants in the complete ske·rorest, as a separate branch to others that spring rrom that node. 

(3) 	 Once this is accomplished, we take one Curther step: There may be separate variable nodes which 
both have sets oC one or more SkoJem-Cunction nodes as their immediate children. It, given two 
variable nodes u and v, one node (say u) bas a nonempty set oC cbild nodes wbicb is a proper subset 
oC the child nodes Cor v, then we move the node u below tbe node v. All edges rrom v into children or 
u are removed. This procedure is done iteratively as long as such situations remain. 

(4) 	 A point that needs to be made clear in this definition is that any variables which have tbe same set or 
successor nodes in the ske·Corest are collected to the same node. The complete ske-Corest Cor any 
clause is unique (up to the ordering oC each node's children, or course.) 

Just as with the skr-Corest. a complete ske-rorest reflects only the sets S and V, and does not 
depend on the structure in the clause. To continue our last example, we bad a bypothetical clause 
containing the set oC Skolem Cunctions: 

S := {skf1(X), ske2(X, Y). ske3, ske4(X, Y, Z), skIS(X, Z), skf6(X, Z, Tl. skf7(R) } . 

Suppose V contained two variables, P and Q, which were not arguments to any or the Skolem runctions. 
Thus V = {P, Q, R. T, X. Y. Z}. Our complete skC·forest now looks like: 

sk13 

~I~ 

X 	 R {P.Q} 
I 	 I 

/n~ skf7(R) 

Y 	 Z 
I 	 I 

skr2(X, Y) skrS(X.Z) 

~~~ 
skr4(X,Y,Z) T 

I 
ske6(X,Z,T) 

It is always possible to form the ske-rorest, altbough in general it is only a directed graph, not properly 
a rarest. Indeed, the situation can become quite a mess after the variables are added. In the last example, 
two separate branches of the tree rejoin at the node ror skC4(X. Y, Z). Here, the skr-rorest bad this feature 
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rrom the set S. berore the ·variables were placed into the structure. There are also examples or sJc.r-rorests 
whicb look fine until we add in the variable nodes. 

A simple example which becomes a mess only arter the variables are added involves a clause with 
V = { x. Y, Z } and S = {sJc.rl(X,Y), skf2(X,Z), skr(Y,Z)}. The partial sJc.r·roresL contains merely the three 
unjoined nodes ("tree stumps") : 

skU(X,Y) skf2(X,Z) skf3(Y,Z) 

but adding in the variable nodes produces: 

x Y Z

1><><1

skrI(X,Y) skr2(X,Z) skf3(Y,Z) 

To show just a simple example oC the use of rule 3 in the definition, let's change the preceding example by 
adding A to V and replacing skf3(Y,Z) with skf3(Y,Z,A). Now the complete sJc.r·forest will be: 

·1><:>1 
sJc.rl(X,Y) 	 sJc.r2(X,Z) ~ 

. skr3(Y,Z,A) 

Theorem 5. If a clause is quantifiable without any transformation which alters the complete skr-Corest, then 
we may find a quantification for which every quantifier Cor a variable or Skolem Cunction at any node n 
contains the quantifiers Cor all oC its descendents within its scope. 

Proof: Most oC our work was done in the prooC oC theorem 3. It established that our claim holds Cor any 
Skolem Cunction node, Cor it already sbowed how to include any lower variable or Skolem-Cunction node 
witbin its scope. (A variable node that appears as a descendent to a Skolem Cunction node n must be a 
variable in the argument list oC a Skolem Cunction in a node d that is a descendent to n, so it is covered in 
the argument given there.) Also, it is clear that any variable node must have its variable quantifiers 
containing all descendent Skolem Cunction nodes in their scope, because the variable appeared in all oC their 
argument lists. 

All that remains is to prove our claim Cor any variable node which is a descendent oC another variable 
node. If there is a Skolem Cunction node between them, the conclusion is clear. So we have only to prove 
our claim Cor variable nodes which are Cather and child. But one variable node u is the Cather oC another 
variable node v only if it was the case that v's descendent nodes were a proper subset of u's. Thus there is 
some node e which is a descendent oC u, which is not a descendent node oC v, and another node m which is 
a common descendent node to both u and v. These nodes may themselves be variable nodes, but ir they 
are, we can find Skolem function nodes below them. Thus we may assume that e and mare Skolem 
function nodes. Select a Skolem function Crom each node e and m, calling tbem E and M. Suppose we are 
considering the quantifiers ror variables U and V Crom u and v, respectively. We can use E to show that 
the VU must not be within the scope oC VV, so it must either contain VV, or be disjoint Crom it in scope. 
But we can also use M to show that the scope oC the quantifiers Cor U and V must overlap.• 
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Theorem 6. If the complete sliC-Corest Cor a clause is improperly branched, no quantification exists Cor the 
clause, unless a logical transCormation can be Cound which eliminates the improper branch Crom the 
complete skC-Corest. 

Proof: We may assume that the structure was properly branched prior to the addition or variables, since 
otherwise theorem 4 establishes our claim. If the structure becomes improperly branched arter addition or 
variables. then either a variable node or a Skolem Cunction' node exists which has more than one Cather. If 
it is a variable node, then it must either have more than one variable node Cather, or more than one Skolem 
Cunction node rather. (By construction, it is not possible Cor a variable node to have a variable node and 
also a Skolem Cunction node as Cathers, since all other incoming edges are removed when a variable node is 
placed under another variable node.) If it is a Skolem runction node, it must have more than one variable 
node Cather. (Any incoming edges it may have had rrom a Skolem function node are removed when a 
variable node is placed over it, so it may not have a rat.her ot both kinds, and since the structure was 
properly branched beCore adding variable nodes, we know it does not have two Skolem tunction node 
Cathers.) So we have three cases to consider. 

Cast: 1 : Suppose we have a Skolem Cunction node having two variable nodes as Cathers. 

Select a represent.ative rrom the three nodes, 3 Skolem runction S and variables U and V. Since 
neither of the variable nodes may be Cathers or the other, we how that neither variable node has a 
set of descendent nodes which is a subset of the other's. This implies that somewhere below are 
Skolem (unctions E and F, such that. U appears in the argument list Cor E, but V does not, while V 
appears in the argument list (or F, while U does not.. We have our usual situation now; U z.nd V are 
Corced to have partially overlapping scopes. C 

Calle 2 : Suppose we have a variable node with two variable nodes as rat.hers. 

Here, we must have a variable M in the .child node which has a nonempty set ot descendent. nodes 
and we must have a representative variable Crom each ot the Cather nodes, say U and V. We know 
that U and V must have all oC M's descendents as their mutual descendents, but they must both 
have some descendents which they do not share with each other, since neither is the other's Cather. 
Somewhere below, there must be a Skolem tunction containing U and not V in its argument list, 
another containing V and not U in its :l.rgument list, and another containing U and V both in its 
argument list (and M). This gives our usual contradiction. C 

Calle 3: Suppose we have a variable node with two Skolem runction nodes as rathers. 

Choose a representative variable X Crom the variable node and a Skolem runction (rom each ot the 
Cather nodes, calling them E and F. Since neither ot the Skolem runction nodes was t.he rather or the 
other, we know that E must have some variable U in its argument list that is not in t.he argument 
list tor F, while F must have some variable V which is in its argument list but which is not in E's 
argument list. We can See that U and V must both appear in the argument list tor any Skolem 
tunctions that are in descendent nodes for X. But there must be at least one Skolem function which 
has X in its argument list, or X would have been in the special separate variable node which never 
has any Cather other than the Skolem constant node. We have once again the contradiction that U 
and V must have improperly nested scopes. C • 

We are finally ready to give an algorithm ror quantification or clausal rorms. A tour-step algorithm is 
given on the next page. Step 1 is perrormed on the entire set ot clauses, then steps 2 and 3 on each ot the 
clauses in the set. It step 2 or 3 rails tor any clause, we try step 4 on the whole set, and return to steps 2 
and 3 to try them again on each clause. If we tail again, we take another solution trom step 4. This 
cont.inues until success, or until step 4 runs out or suggestions. 
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, 
Step 1. Since function names are meant to be consistent throughout a s~t or clauses, we must join those 
clauses which have Skolem functions with matching names before attempting to place quantifiers in them 
separately. All variable names which happened to match in the separate clauses must be given distinct 
names, since we have no information implying that they are the same objects, with the exception or those 
variables which appe:u as arguments to matching Skolem (unctions. These must be made to coincide, even 
though they may have had different names in the different clauses. 

Thus, ir a clause C 1 had S I = { skCl{X,Y,Z) } and VI = { X,Y,Z,T } , while a subsequent clause C 2 

had 92 = { skrI(P,Q,R) } and V 2 = { P,Q,R,X,T,V }, then we must join these before quantification since 
we know that skU in both places is the same entity. We know that X, Y, and Z in the flrst clause denote 
the same things as P, Q. and R, respectively denote in the later clause, since they occupy the same place in 
the arguments.a If we harmonized both or them to skf1(X,Y,Z), then all occurrences of P, Q, and R in the 
later clause must be replaced by X, y, and Z. We may keep references to the variable T from the first 
clause as is, but we must deal with X, T, and V in the later clause as Collows: occurrences of X must be 
replaced because we chose to rename occurrences of P to X. Let's rename it to A. T must be renamed 
because it matches T in the first clause and we have no reason to believe they should rerer to the same 
object. Since step 2 will assume variables of the same name are the same thing. we must rename it. Let's 
rename it to B. Finally, V has managed to stay clear of any of the variables that were in the first clause or 
were renamed in the later clause, so we may keep it. We now have a clause that is the "and" of these two 
clauses, but now 9 == {skU(X,Y,Z) } and V == {X,Y,Z,T,A,B,V } . 

Step 2. Form the complete skr-forest for each clause. Ir it is improperly branched, jump to step 4. 
Otherwise, begin at the top and move down the rorest as follows: If the rorest contains a Skolem constant 
node. we may place an existential quantifier for each such constant around the entire clause (their order is 
unimportant). The node for the variables which do not occur in any of the arguments of any Skolem 
functions is special. We will call these "free variables" and will set their node aside Cor the moment. Then 
we may move down as long as no branching occurs in the rorest and place either universal or existential 
quantifiers in the order we find them (see theorem 5). It we meet a branch, we have multiple trees which 
must be quantified in such a way that their scopes are disjoint. It we can find distinct portions of the 
clause, each or which contains only variables and Skolem runctions of one tree, plus possibly some rree 
variables. and it each of the rree variables occur in at most one of these portions, then we may continue by 
quantirying each portion using its subtree of the complete skt-rorest, together with its portion of the rree 
variables. If this succeeds until we are done. proceed to step 3. Ir it fails at any point, then there is no 
valid quantification possible for this clause, unless it is done after some transformation which either changes 
the complete skr·Corest in some way. or alters the clause so that the splitting process succeeds when we hit a 
branch, 

Step 3. rr there are any Cree variables in the clause, we must see iC we can place quantifiers for them in the 
portion of the clause to which they were assigned, if the clause was split. Generally they can be placed just 
inside of the last quanti6er placed in that portion. This also goes if the clause never needed to be split, 
which occurs if the complete skr·forest did not have any branching in it. If this succeeds, then we have a 
valid quantification for the clause. Ir any of steps 1,2, or 3 (ail, our only hope is step 4. 

Step 4. It the above has failed, the clause is not quantifiable without transformation. It that is the case, 
we have plenty we can try. Indeed, the problem is that there is too much we might try. One could perhaps 
conf'ider all logically equivalent sets oC CF, to see if any oC those are quantifiable via steps 1,2, and 3. Here 
the "perrect quantifier" would have at its disposal aU tautologies ot symbolic logie, or an algorithm to find 
all oC them. It would also have an unlimited amount ot time to perform its work. I was naturally unable to 
provide either ot these in the program, but as a gesture toward that end, have the routines called as a 
group by the routine 'Iogsimpl'. These actually incorporate a rair number ot identities for cleaning up 
expressions, and are made use or by later routines as well. 

e 	 Thi, expl~ills why we cOllsidered it. improper to reorder the ugllmellts or ~ Skolem fllllctioD. We do ~lIow cerhiD renmillgs of 

vui~bles ID clule,. so if reorderiDgs of them were ~\ao ~lIowed. illformatioll wOllld be lost.. 
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4.3. 	 'slmplUy' 
Ir quantification was successful, we now have an expression which is legal FOPC. In a sense our 

goal has been accomplished, ror any legal FOPC expression is also a legal APC expression. However, not 
much can be said ror the usual output or that step - it is generally a large, incomprehensible mass. Also, 
it may have put rar too many variable names in the expression: our priority was to find a legal 
quantification ir at all possible. Giving every variable that occurs in dill'erent clauses dill'erent names was 
the sarest approach toward this end, but may have been a poor choice toward our next goal, making the 
expression palatable. For example, in quantirying: 

alpha(X) :- beta(X). 

alpha(Y) :- gamma(Y). 


the quantification routine does not know whether the uses oC X and Y in the two clauses can be assigned 
the same variable. Thus the clauses give the FOPC expression: 

V X (alpha(X) V ... beta(X) ) & 

V Y ( alpha(Y) V ... gamma(Y) ) 

One or the tasks or 'simpliry' is to recognize when such 'a situation can be simplified by joining 
quantifiers. On this example it will succeed, and produce a slightly better phrase: 

V X ! ( alpha(X) V ... beta(X}} & 

( alpha(X) V ... gamma(X» I 


Then, once it has joined the variables, we can recognize rurther reductions that are possible; here the 
'ractor' routine rrom the previous step might be used to give the Corm: 

V X [ alpha(X) V ( ... beta(X) & .. gamma(X) ) I 
We do not perCorm all or the reductions which might come to mind here. For instance, we would not 
make the last change mentioned, or take the steps that could make it a simple implication. Our aim at 
this stage is only to produce reductions in the quantifiers, as expressed by the Collowing identities: 

(1) Cl &: talse &: JS 1==4 talae 

(2) C 1 &: C 2 1==4 C 1 	 ir C 1 1==4 C 2 

(3) V X r(X) &: V Y g(Y) 1==4 V X { r(X) &; g(X) } 

(4) 	 3 X r(X) V 3 Y g(Y) 1==4 3 X { r(X) V g(X)I 

(5) Cl&:(JS&:..,) 1==4 Cl&;JS&:.., 

(6) ClV(JSV..,) 1==4 ClVJSV.., 
(7) 	 V X V Y { r(X) &: g(Y) } 1==4 V X { r(X) & g(X) } 

(8) 	 :I X :I Y { r(X) V g(Y) } F=4 :I X { r(X) V g(X) } 

The code actually considers a number or generalizations in most or these identities. One reason we 
hold 011' on any others is to avoid any interCerence with what was to have been the other job oC 
'simpliry': recognizing numeri~ quantifiers. It is expected that the situations in which this CF - APC 
translator could be applied would likely include situations where our APC - CF translator is also in use. 
Thus, it is important that the two translators are compatible; as mentioned in the section titled "Recent 
Background", the APC - CF translator attached special significance to a predicate "number". For 
example, a numeric existentially quantified expression, such as: 

3(4) X Ir(X) 1 
would be translated by that program into an expression with the simpler quantifier 3 X : 

3 X I number(X, 4} & r(X} J 

and then would be rurther translated, to produce clauses. 
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During tbe developm~t or the CF - APC translator, it was first determined tbat number 
predicates may Dot be removed until quantification bas taken place, then that barmonizing the 
occurrences or these predicates with the quantifiers rrom wbich they derived must wait until the eight 
identities in this section had attempted to reconstruct a "minimally quantified" expression, but should 
be attempted before rurther manipulations could be tried, and finally, when writing the code itselC, it 
was discovered that there are situations in which the reassignment is ambiguous! 

In view or this, it is not clear what to do with the present program to make it compatible with the 
APC - CF translator. The overall code design or the present program allows ror the "reconstruction" 
or numeric existential quantifiers in its agenda, just arter the IImpllt;y routine. There are a number or 
tests written into the Itmpl1t;y code and there were also a lengthy set or algorithms that were written to 
hunt ror the appropriate patterns in order to perrorm such a reconstruction. Indeed, a rull 13% or the 
code is devoted to this goal. It was then discovered that the "number predicate idea" is inadequate as a 
method ror representing these quantifiers. For example, in FOPC the rollowing two statements are 
equivalent: 

3 X [ 3 Y ( alpha (X, Y) ) I 

3 Y 13 X ( alpha (X, Y) ) I 


It was natural Cor this intuition to be carried over to APC, so it was apparently assumed that in APC, 
the ordering oC adjacent existential quantifiers is interchangeable. However, in APC the rollowing two 
statements are not equivalent: 

3 (5) X !3 Y ( alpha (X, Y)) I 

3 Y [ 3 (5) X ( alpha (X, Y) ) I 


As a counterexample, consider a pair or variables taken Crom U == { 1,2,3,4,5 }. It is quite true in this 
setting that: 

" There are 5 objects X such that there is at least 1 object Y Cor which [ Y < X V Y > X I . " 
However, it is not the case that: 

There is at least 1 object X such that there are 5 objects Y Cor which I Y < X V Y > X J . " 

Given the last sentence, however, the APC - CF translator first would rewrite it to: 

" There is an X such that there is a Y Cor which { number(Y, 5) 6& IY < X V Y > X I } . " 
This will later become: 

{ number(skCl, 5) & [ skCl < skC2 V skU> skC2J } . 

which will result in two simple clauses. We cannot recover the proper order or the quantifiers Crom this. 

Now it is likely that the "number predicate idea" ror representing numerical existential quantifiers 
can be saved, iC the predicate is made to carry rurther inrormation which wiD keep quantifiers in the 
correct order. That is the subject or another project, perhaps. It such corrections are not made, 
however, then in the present program, the code to reconstruct numeric quantifiers Crom "number" 
predicates may as well be removed Crom the translator. (See the routine 'deskoltwo' and those that it 
calls.) Certainly in the APC .... CF translator, the code which creates these predicates should be 
corrected either by enhancing the number predicates or by CaithCuUy executing the expansions described 
earlier in the section titled: "Recent Background". It this latter approach is taken, one can improve the 
code in the present program, first by removal or the 'deskoltwo' routines, and second by removing the 
tests which are currently performed in the stmpllt;y routines (which would become irrelevant). 

At present, it one has no number predicates, or ir one is given a set oC clauses which has the 
number predicates in unambiguous positions, then this third step or our translator will complete its 
work, aDd we will either have a somewhat cleaner FOPC expression than berore, or we will have aD 
expression which is otherwise FOPC, but may also have some numeric existential quantifiers. 
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•••• 'optlmlse' 

Finally, the last set of routines starts with a legal APC expression and tries to produce a better 
expression. It considers a list of reductions which is detailed below. If it can make a sequence of 
simpli6cations, it tries them in every different order it can, to see ir some orderings bypass roadblocks 
that others run up against. In this phase a massive number or expressions, which are minimal with 
respect to a certain sequence of transformations, all get produced and compared. This will result in a 
combinatorial explosion of solutions iC a long sequence or reductions is possible. The various suggested 
improvements are "scored" with a rudimentary complexity measurement function, and the best form 
that can be found is finally divulged. 

The list of identities optimise considers fall into seven groups, separated into routines that are 
called by the 'tryimprove' routine: 

(1) 	 The first set considers any ways that two or more numeric existential quanti6ers can be combined, 
to reduce the total number oC quanti6ers. (See the 'combnum' routine.) 

(2) 	 A second set considers simple quanti6ers, to see ir any of those can be combined into a single 
numeric existential quanti6er. (This is one corrtcf way to recover these quantifiers from a set of 
CF, and does not involve the number predicates mentioned before. See the 'makenum' routine.) 

(3) 	 Another set looks for ways to combine simple quantifiers into the fifth form of numeric existential 
quantifier given in 6gure 1 (page 3). This form is not as concise as the 6rst four forms, iC such forms 
are possible, but is a fair improvement over the corresponding FOPC, iC those reductions are not 
possible. This code also looks at ways to combine simple FOPC quantifiers with these numeric 
quanti6ers, or to combine more than one of these numeric quantifiers to reduce the number oC 
quantifiers further. (See 'combdist'.) 

(4) 	 A Courtb set of identities are from the 'Iogsimpl' routines which occur early in tbe program code. 
These are the same identities wbicb the 'quantiCy' routine tries iC it becomes stuck. (See step 4 of 
the algorithm to quantify a set oC CF.) These involve such identities as: 

(A & B) V (A & C) t=::t A & (B V C) 
(A V B) & (A V C) t=::t A V (B & C) 

These are basic examples: other identities also are used and in addition, the identities given above 
are generalized considerably in the actual code. (See ·onelogsimpl'.) 

(5) 	 This set involves some identities which are similar to those in the tourth set, but do not appear in 
the 'Iogsimpl' routines since they would not have helped the quantification process. These are the 
various identities Cor ractoring negations. For example: 

( .. A) & ( .. B) t=::t ... (A V B) 
( .. A) V ( .. B) t=::t ... (A & B) 
V X [ .. ((X) I t= ::t .. 3 X [r(X) I 

The last identity above does not usually improve the readability of the expression, although it may 
make further simplifications possible. 

In the generalizations ot tbe first two there are some judgement calls made. For example, ir 
one has an "or" with be parts, tbree ot which are negated, should one turn it into a "not-and" in 
which two parts are negated? This would probably not constitute an improvement. On the other 
hand, what if the count is tour to one? Here the result would be shorter, though it is not clear 
whetber or not it has become more readable. Alternatively, it one has an "or" or "and" in which 
more tban one term is negated, but noL all of them, one can leave tbe topmost connector alone, but 
collect the negated terms below. 
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For instance, one could transform: 

v 	 v 

/~al~ 	 I 

into:I I I I 

A 
8t:. 

9 C ° E //~
B 	 C ° E 

This is the move that is often chosen. (See 'f:lctornegs'.) 

(6) 	 Our next set of routines hunts for ways to compound predicates in functions. This requires a 
careful search process, which needs to scan argument positions from left to right to avoid something 
akin to deadlocking, wbicb would cause it to fail to recognize some gains tbat could be made, and it 
must start tbe scan over after a reduction is ma.,j!!. An instructive example is tbe expression: 

f(A, C, E) 8t:. f(A, 0, E) & f(B, C, E) 8t:. f(9, 0, E) 8t:. I'(F, C, E) & I'(F, 0, E) 

wbicb eventually sbould become: f(A k B It; F, C 8t:. 0, E), reg4rdle88 of the order of tbe original 
six terms. (See 'botbcompred'.) 

(7) 	 Finally, a set of identities are concerned witb forming basic implications, forming tbe "bigber" 
implications from tbe basic ones (forming '<)::1>' or 'V, from '¢:I' and '1:(>' components), as 
well as moving implications to more strategic locations. (See 'formimpls'.) 

In the next section, there are a number of examples wbicb sbow tbese 7 setS of routines in action. 

5. PERFORMANCE: RECOMMENDATIONS REGARDING FURTHER WORK 

In the process of debugging the translator, I found tbat tbere are two points at wbicb its 
performance causes concern. First, wben a signifiC3.nt number of clauses are given in tbe input, all of 
whicb share Skolem functions in common, then tbe 'quantify' routines will cause a large spike in the 
stack usage. Secondly, if a significant chain of reductions are possible in the 'optimize' section, then it 
can spend an intolerable amount or time searching for its best answer. 

Consider the following set of four examples, wbich were given to the translator in tbe course of 
testing. Tbe tests were run on a Vax 750 machine7 whicb was serving otber users. Tbe times given in 
examples 2 througb 5 are "CPU" times, as reported by tbe unix command: "pa ux". Alter discussing 
tbese examples, some suggestions are given for improving performance. 

Example 1. To .start olf with an easy one, consider tbe rollowing Prolog clause: 

dist(r(X), f(Y)) < E :- dist(X,Y) < skrt(X,Y,E). 

Tbis is easily read in, quantified, simplified, and optimized. First, 'readinlist' takes t.he input and 
forms: 

dist(f(X), r(Y)) < E V ( .. ( dist(X,Y) < skf1(X,Y,E) ) I 
Next, 'quantiCy' determines tbat tbe skt-Corest for this clause is simple: 

-: "Yu" is & tradema.rk of Digital Eqa.ipmeui Corporatio., MaYDl-rd, ~fJ.!s&cll11S,ettJ. 
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http:signifiC3.nt
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{X,Y,E} 
I 

skrI(X,Y,E) 

This indicates we can simply place down our quantifiers as : 

v X V Y V E 3 A { dist(r(X),r(Y)) < E V .. dist(X.Y) < A } 

where skU(X,Y,E) has been replaced with A. The 'simpliry' routine finds nothing wrong with this 
quantification. and finally 'optimize' finds only one improvement to the overall expression. It changes 
the "or not" into "implies", giving: 

V X V Y V E 3 A { dist(X, Y) < A ~ dist(r(X),r(Y)) < E} . 

The reader versed in calculus may recognize this as the predicate logic rormula for the epsilon-delt3 
definition 0/ continuity, which says that ror any points x and y, and any £, there is a 8 such that ir the 
distance from x to y is less than S, then the distance from r(x) to f(y) is less than t.. 

As a translation problem the above example was quite simple: total CPU time involves only a few 
seconds. It is representative of the performance of the translator for sets of input clauses that are 
unrelated. That is, even with a much larger set of input clauses, if no relations and reductions are 
apparent in the clauses. the translator seems to quantify them easily, and since it does not find any 
simplifications, the later steps are also rather painless. 

Example 2. This next example catches the translator's interest a bit more: 

:- skC7(X) = sU8(X) . 

:- skC7(X) = skf'9(X) . 

:- skr8(X) = skf'9(X) . 


f(skC7(X), X) = (g([XI, !X, skC7(X)I. skC7(X) + 4) - 2 • X) . 

r(skf8(X), X) = (g(lXI, [X, skf8(X)I, skr8(X) + 4) - 2 • X) . 


f(skf'9(X), X) = (g(!XI, [X, skf'9(X)J, skf'9(X) + 4) - 2 • X) . 


The read inlist routine turns these 6 clauses into the list: 

.. skC7(X) = skf8(X) , 


.. skC7(X) = skf'9(X) , 


... skr8(X) = skf'9(X) , 


f(skC7(X), X) = (g(lXI, IX, skC7(X)J, skf7(X) + 4) - 2 • X) , 

f(skf8(X), X) == (g([XI, IX, skr8(X)I, skr8(X) + 4) - 2 .. X) , 

f(skf'9(X), X) = (g(lXj, IX, skf'9{X)I, skf'9(X) + 4) - 2 • X) I 


Next quantify checks for clauses which must be joined. The first and second clauses have the Skolem 
function skf7(X) in common, so they must be joined. This produces a clause containing all three Skolem 
functions, skC7(X), skf8(X), and skf'9(X). Since one or more of these occurs in all of the other clauses, we 
need to join them into one big clause. Fortunately, the variable X is used consistently throughout, so 
that DO renaming needs to be done. Once again, our skt-torest is unbranched, and it looks like: 
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x 
I 

{ skr7(X). skr8(X), skl'9(X) } 

Thus. we can quantiry the clause by renaming skn(X), skr8(X), and skl'9(X) as A. B, and C. respectively, 
and producing: 

VX3A3B3C 
! .. (A == B) &; .. (A = C) &; .. (B = C) &; 

r(B. X) = g«xi. [X, BI, B + 4) - 2 • X &; 

r(c. X) = g([XI. IX. CI. C + 4) • 2 • X &; 

r(A. X) = g([XI.IX. AI. A + 4)·2 • X I 

The simpliry routine finds no changes it can make, and zips right through. but the optimize routine 
chews on this ror some time. Arter about 30 minutes or CPU time, the answer is given: 

v X 3(>=3) C r(C, X) = gUXl, IX. CI. C + 4) - 2 • X 

Without too much trouble, the translator determined first that the quantifiers 3 A and 3 B could 
be joined to give 3(>==2) B, and then that the quantifiers 3(>=2) Band 3 C could be joined to give 
3(>=3) C. The reason 30 minutes or CPU time were expended was partly because the translator also 
determined the other orders in which these could be combined (first combine Band C and then combine 
that with A, or first combine A and C. then combine that with B). Also it Was partly because optimize 
also tried a couple or other ideas that did not pan out as well. like (actoring the negations in the terms 
or the "and" and tben either forming an implication, or considering all or tbe ways to rorm compound 
predicates. 

Thirty minutes might be an acceptable wait. however our third and rourth examples really overtax 
the capacity or the translator ... 

Example 3. The rollowing five clauses were input: 

sU3(X) == r(X,V) ; skl'4(X. Y) = X : ­
r(skC3(X), X) == g(V). Y < X. 


skr5(X) < X :- U == r(X, skt6(X, U)). 

sU5(X) < X; r(u, X) = g(skf'6(X. U)). 

:- Z -= X, U = r(x, skr6(X. U)). 

r(u, X) = g(skr6(X, U)) :- Z = X. 

and the quantification routine notes that it must combine the last Cour, so it pauses visibly to do that. 
The skC·Corests Cor both clauses are simple and we eventually get: 

VX3BVY3CVV 

{ ( B == r(x. V) V C == X) V 


( .. r(B, X) = g(V) V .. Y < X ) }, 


VX3DVu3EVZVA 
{ ( D < X V .. U == C(X. E)) &: 

( D < X V r(U, X) = g(E) ) &; 

( .. Z == X V .. U :::= r(X, E» &; 

( r(U, X) = g(E) V .. A """ X ) } 

http:g([XI.IX
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The simplify routine performs tour transformations on this one. First, we note that the very last 
two quantifiers, V Z and V A may be combined to give a simpler expression. Thus these become simply 
V Z and all occurrences of A are replaced with Z. This remedies the over-cautiousness of the quantify 
routine alluded to earlier. Second, the nesting or the V's in the first or the two clauses is unnecessary, so 
these are flattened. Third, we take the two clause'S and torm rrom them a single "and" expression, 
harmonizing any variables as necessary. Finally. we note that the "and" ot the two expressions which 
begin with V X can be rephrased with only one quantifier. V F, with the "and" moved inside. Replacing 
occurrences at X with F gives us the expression: 

VF 
13 B V Y 3 C V V { B = t(F, V) V C = F V .. (t(B, F) = g(V)) V .. (Y < F)} I 1£ 
13 0 V U 3 E V Z { ( 0 < F V ... U = t(F, E) ) 1£ 

( 0 < F V r(U, F) = g(E) ) 1£ 
( ... (Z = F) V .. U = r(F, E» 1£ 
( f(U, F) = g(E) V .. Z = F ) } I 

This is passed to the oRtimize routine. Although considerably shorter than berore, this expression is rar 
trom minimal, so at this point, an explosion at possible improvements presents itself. These incremental 
improvements can be performed in sequence'S ot up to about 15 in a row, which results in a massive tree 
search. Just listing the distinct fir81 moves gives a sequence or the following routines ('onelogsimpl' 
appears 16 time'S because it was able to find 16 different ways in which to 8lfJrl simplifying the clause!) : 

(1) onelogsimpl 
(2) onelogsimpl 
(3) onelogsimpl 
(4) onelogsimpl 
(5) onelogsimpl 
(6) onelogsimpl 
(7) onelogsimpl 
(8) onelogsimpl 
(9) onelogsimpl 

(10) oneiogsimpl 
(11) onelogsimpl 
(12) onelogsimpl 
(13) onelogsimpl 
(14) onelogsimpl 
(15) onelogsimpl 
(16) onelogsimpl 
(17) tactornegs 
(18) ractornegs 
(19) rormimpls 
(20) tormimpls 
(21) rormimpls 

Arter 3735 minutes or CPU time (that's right, about 62 hours!), the answer is finally given. I was 
impressed by the answer when it finally came, ror it was slightly simpler than the one I had come up 
with. Whereas I had produced the clause'S from the APC expression: 

V F 1V Y 3 C {Y < F ct> C = F } ¢:c> VB:3 V {r(B, F) = g(V) 1£ ... B = t(F, V)} I 
The translator favored: 

V F I V Y 3 C { Y < F ct> C == F} V 3 B V V {f(B. F) === g(V) ct> B = f(F, V) } I 
I had never realized that this latter, logically equivalent form existed, which actually scored slightly 
better than my original (according to the complexity measure in use). 
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As pleased as I was with the result, I took no pleasure in the time it had consumed to arrive at it. 

Surprisingly, after only about 20 minutes of CPU time, the eventual answer had been found! The 
translator did not report any result, however, until all the world had been searched for an improvement. 
This can be checked with the use of the 'ptoaverbose' version of the main routine, which prints the 
upper 3 branches or the tree-search it is engaged in, plus any new "best-answer-so-far" that it finds. 
Using the translator in this mode provides a way to get the answer more quickly, but should not be 
considered a real solution to the performance problems. 

Example 4. The following contrived set of clauses: 

g(X, skU(X, V)) ; g(X, skr2(X, V)) 
g(X, skrt(X, V)) ; g(X, skC2(X, V)) 
g(X. skf1(X, V)) ; g(Y, skC2(X, V)) 
g(X, skrt(X, V)) ; g(Y, skf2(X, V)) 
g(Y. skrt(X. V)) ; g(X. skC2(X, V)) 
g(Y, skrt(X, V)) ; g(X, skC2(X, V)) 
g(Y, skU(X. V)) ; g(Y, skf2(X, V)) 
g(Y, skU (X, V)) ; g(Y, skr2(X, V)) 
f(X. skU(X, V)) ;r(Y, skrt(X, V)) 
r(X, skfl(X, V)) ; r(Y. skrt(X, V)) 
r(X. skrt(X. V)) ; r(Y, skC2(X, V)) 
f(X. skl1(X. V)) ; r(y. skf2(X, V)) 
f(X, skr2(X. V)) ; flY, skfl(X, V)) 
((X, skr2(X, V)) ; r(Y, skU(X. V)) 
f(X, skl2(X, V)) ; flY, skt2(X, V)) 
f(X, skr2(X, V)) ; r(Y, skr2(X, V)) 

:- f(X, skf1(X, V)) , f(X, skC2(X, V)) . 
:- flY, sUl(X, V)) , flY, skC2(X, V)) . 
:- r(x, sHl(X, V)) , r(X, skr2(X, V)) . 
:- r(y, skrl(X, V)) , f(Y, sH2(X. V)) . 

· - r(x, skrt(X, V)) , r(x. skr2(X, V)) . 

.- flY. skf1(X, V)) , r(y. skr2(X, V)) . 
·- r(x, skf1(X, V)) , r(x, skf2(X, V)) . 

· - r(Y, skf1(X, V)) • f(Y, skr2(X, V)) . 

- g(X, skf1(X, V)) , g(Y, skl1(X, V)) . 

- g(X, skC2(X. V)) , g(Y, sU2(X, V)) . 
:- g(X, skrt(X, V)) , g(Y, sktl(X, V)) . 
:- g(X, sU2(X, V)) • g(Y, sU2(X, V)) . 

.- g(X, skrt(X, V)) , g(Y, skl1(X, V)) . 
:- g(X, skf'2(X, V)) , g(Y, skt2(X, V)) . 

- g(X, skU(X, V)) , g(Y. skU(X, V)) . 

· - g(X, skr2(X, V)) , g(Y, skr2(X, V)) . 

cause the quantiry routine to consume a vast amount or stack space, roughly 175,000 stack variables at 
its peak. Once the set has been quantified, which requires joining everyone of the clauses, then simpliry 
hands it immediately over to the optimize routine as the following; 

v X V Y 3 A 3 8 [ 	 { g(X. A) V g(X, 8) V .. r(X, A) V .. r(X, 8)} I;; 


{ g(X. A) V g(X, B) V ... flY. A) V .. flY, B)} I;; 


{ g(X, A) V g(Y, B) V ... r(X, A) V ... f(X, B)} I;; 


{ g(X, A) V g(Y, B) V .. r(Y, A) V ... r(Y, B)} I;; 


{ g(Y, A) V g(X, 8) V ... f(X, A) V ... r(X, B)} I;; 


{ g(Y, A) V g(X, B) V .. r(Y, A) V .. r(Y, B)} I;; 


{g(Y. A) V g(Y. B) V .. r(X, A) V .. f(X, B)} I;; 


{ g(Y, A) V g(Y, B) V .. ((Y, A) V ... r(Y, B)} I;; 


{ C(X, A) V r(Y, A) 
{ f(X, A) V r(Y, A) 
{ f(X, A) V flY, B) 
{ r(X, A) V flY, B) 
{ r(X, B) V r(Y, A) 
{ r(X, B) V flY, A) 
{ r(X, B) V r(Y, B) 
{ f(X, B) V r(Y, B) 

V ... g(X, A) V ... g(Y, A)} I;; 

V ... g(X, B) V .. g(Y, B)} I;; 

V .. g(X, A) V .. g(Y, A}} I;; 

V ... g(X, B) V ... g(Y, 8)} I;; 

V ... g(X, A) V ... g(Y, A)} I;; 

V ... g(X, B) V ... g(Y, B)} I;; 

V ... g(X, A) V .. g(Y, A)} I;; 

V ... g(X, B) V ... g(Y, B)} J 
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As the optimize routine search~d through t.he tree or all possible sequences or simplifications, it. seemed 
to be bitting a maximum depth or about. 30 simplifications. That is, there were cases wbere it could 
simpliry tbe input clause, simplify the simplification, simplify tbat rurther, etc., 30 times. Arter about a 
haIr hour or CPU time bad elapsed, it had already found what I believe is the best form: 

v X V Y 3 A 3 B { r(X V Y , A &: B) <¢:P g(X &: Y , B V A) } 

but I did not bave the temerity to let it continue searching until all possibilities had been considered. 
have noL attempted to estimate bow long that would have required, but suspect it would be quite a bit 
more than the 62 bours tbat example 3 required. 

I have not considered ways to improve the space usage or the 'quantify' routine, since so rar it has 
only proved a minor annoyance in even the last example given. I do see a number of approaches to the 
improvement of the 'optimize' routine, such that it would take considerably less time to do its work. 

First, the routine is tremendously inefficient in the fact that it tries all possible sequences of 
improvements. Originally, I relt tbis would be the safe way to ensure that we had the best possible 
result, given the available moves. However, in the example 3 above, I round the 'logsimpl' routine 
(whicb seems to be the most prolific) essentially retrying dift'erent orders of moves which in the end 
always resulted in the same thing. Ir one can simpliry the left branch of an expression, then the right 
branch, there is certainly nothing new to be found by trying the right branch simplification first, then 
the left branch. 

One way to avoid retracing identical steps is to keep a list of all of the forms so far examined. This 
method would have its own problems, since it could consume vast amounts of storage, and could bog 
down with the time it spends searching for matching forms. In the situations where no improvements 
can be made, tbis would not alfect performance. In the situations where one can make a sequence or up 
to about 10 improvements (e.g, example 3 above), I am betting that this would present a trade oft' one 
would gladly accept. In situations like example 4, where one has a really large set to consider, I am not 
as certain that one gains anything, 

Second, while I have precious little experience with game theory, this search process is quite like 
the kind of searching one does to examine all possible chess moves rrom a given position. This is 
generally not possible, so the experts in game theory have developed methods of pruning tree searches, 
so that only the most promising paths are examined. This is analogous to the way a person would 
perCorm this task - only the "promising" approaches should be considered. I do not have any opinion as 
to what could be the criteria for deciding iC a sequence is promising. 

Third, taking the last idea to an extreme, there may be situations in which we are certain we have 
done the right thing. A number or the simplification procedures which occur in the course of the 
translation are almost certainly the "right thing to do" whenever they can be done. In this particular 
context, when a person is attempting to simplify an expression, he or she may note that some move caD 
cut the size or the clause in haIr (such as combining two simple implications into an "it and only if" 
implication). In such a situation, the person will likely never need to consider what gains might be 
possible ir this chance is passed up. It may be possible to do thiB with the seven sets ot optimization 
routines. That is to say, we may be able to say, "If you can form an 'it aDd only ir, theD do so, and 
never look back." 

Further, ir we are not quite so confident or some moves, say ror example we are concerned that a 
'factornegs' move might mask. a better 'Iogsimpl' move, then we could still avoid the need Cor 
backtracking if we can add 3. clause to the 'Iogsimpl' routine which recognizes overly zealous work on the 
part of 'factornegs'. In a different problem setting, this might merely substitute a combinat<>rial 
explosion of code length (or a combinatorial explosion 01 tree search time, but in this setting or APC­
expression recognition, since virtually all or the moves considered will shorten the expression, I expect 
that this could reasonably be done. It may be possible to eliminate nearly all or the branchings in the 
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search process, using code ttat is not much longer than the routines are now. 

We have now an abundant number or suggestions ror improving and correcting the translators, 
sprinkled throughout this paper. These are summarized in 6gure 4 bdow, ror the sake or anyone who is 
considering rurtber work on the translator. It is significant however, that we do not even know what a 
typical set or inputs might be ror such a translator. It is my reeling that improvements or corrections to 
either an APC ... CF or and CF - APC translator should wait until there is an application out there 
which is begging ror them. Once We have such an application running, We can see what its actual needs 
are. Only then will we be in a position to really see the demands that one might want to place 00 these 
programs. 

Figure .. : Some directions for further work : 
(In the order mentioned In the paper, with no prIoritIes Indicated) 

(1) 

(2) 

(3) 

(4) 

The translator could be augmented to handle APC annotations (see reference 14n. 

The APC ... CF translator should be correc'ted in its treatment ot numeric ezistential 
quantifiers, and the CF'" APC code in the 'simplify' routine modified to 
operate in corresponding rashion. (Especially the 'deskoltwo' routines.) 

One could explore ways to reduce the stack space required by the 'quantity' routine 
ror inputs which require joining a large number of clauses. 

A number ot suggestions have just been given tor improvement ot the time required 
by the 'optimize' routine. One ot these could be pursued, or perhaps still 
another approach could give the best results. 
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.. 
APPENDIX A 


The Internal Representation Used by the Program 


The program uses a data structure described below to represent the logical statements being 
translated, Statements in APC and FOPC are built up ind uctively rrom basic terms using various 
connectives and quanti6ers, so we show the representation for each kind or building block, then give two 
examples or typical statements constructed rrom them. A basic term is represented by itselr. For 
compound structures, we have: 

Logical Statement Internal Representation 

.. Term 
Terml & Term2 
Term3 V Term4 
Terml ct> Term2 
Term3 <3=1 Term4 

TermS <I=t> Term6 
Term7 V TermS 

v X (alpha) 
3 X (beta) 
3.[X,y,ZI (gamma) 
3 (>==n) X (delta) 
3 (n) X (epsilon) 
3 (m..n) X (iota) 

{not. Term] 
[and, Terml, Term2J 
lor, Term3, Term41 
limplies, '===>', Terml, Term2\ 
limplies, '==:>', Term4, Term31 

(in other words, we never internally 
store a backward implicatioo ... ) 

[implies, '<=>', TermS, Term6] 
{implies, '\=\', TermS, Term61' 

[fora1l, X, alphal 
Ithereis, X, betaJ 
[thereis, [X,Y,ZI, gammal 
[therenum, 1'>==', nl, X, deltal 
[therenum, 1'=='. nl, X, epsilon] 
Itherenum, [m, oj, X, iotal 

As a simple example, consider the expression 

(X > 7) V { Y < 2 & ..(Z = 3) } 

this is an "or" or two terms, the second or which is an "and". Internally, we would have the list 
structure: 

10l, (X > 7), land, Y < 2, [not, (Z == 3) III 

As a more complex example, the rollowing was mentioned in the paper: 

3(4)x Vy Vz I (ruo(x & y, z)) ct> ( 3t 10 > temp([x, YI, alpha V z, beta & t) I ) I 

This would have the rollowing internal representation (indented to improve readability) : 

[therenum, 1'=', 41, X, 
[rorall, Y, 

Irorall, z, 
[implies, '===>', 

run(land, X, YI, Z), 
[thereis, T, 0 > temp([X,YJ, lor, alpha, ZJ, land, beta, Tn I 

I I J I 
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APPENDIXB 

An Overview or the Translator Code 

Tbe following sbows tbe code tor the' CF - APC translator dowo to the second level. That is, it 
sbows the body or each or the five routioes called by tbe maio clause: 

l'eadtnllst(fnputFile. ClauseList) :­
see(InputFile), getclauses(FormalList}. seen, 
Iiteralvars(FormalList, ClauseList), !. 

quanttfyOl. ID. 
quantify(ClauseList, Quantified) :­

c1ausesmerge(ClauseList, GrandSkCList. CompactedList), 
quantlist(GrandSkCList, CompactedList, Almost), 
skfstovars(Almost, Quantified). 

etmpltfy(Quantified, APCClause) :­
cbeckallfalse(Quantified, Stepl), 
checkredc1ses(Stepl. Step2), 
aUforone(Step2, Step3), 
Iistsbortquants(Step3, Step4), 
deskoltwo(Step4, APCClause). 

optlmlze(InClause, _) :­
score(fnClause, ToBeat), 
assert((bestsotar :- IToBeat, InClausej)), 
tryimprove(InClause, NewSolution), 
score(NewSolution, Rank), 
cJause(bestsofar, [Standard, .. n, 
Rank < Standard, 
retractall(bestsorar ), 
assert((bestsofar :- [Rank, NewSolutioo])), 
rail. 

opttmlze(_, BestForm) :­
clause(bestsorar, 1_ BestForml), 
retractal1(bestsorar ). 

wl'tteout(Clause) :­
print('------------'), 01, 
writerecurse(Clause), 
01, nI, priot('-------------'), 01. 
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The names ot•all routines, nsted In the modules which contaIn them 

module pmaln: 

findmod(Name) ... finds the module containing a given routine (Name) 
edmodof(Name) ... finds and edits the module containing a given routine (Naine) 

module pO: 

prologtoapc(InFile) ... main clause 

prologtoapc(InFile, OutFile) ... main clause, writes out result to OutFiIe. 

ptoaverbose(InFile, OutFile) ... talkative main clause 


[Below are utility routines, used in more than one placeJ 

maxof, minor, member, nondisjoint, within, list, subset, equalsets, varchk, locate, locatesubor, 
getmember, append, permlist, pickone, chooset, splitnonempty, choosetsor, crossprod, listirnot, 
rorml, rorm2, irmults, complement, c1earandcount, puJlcountor, prepend, changelem, 
findanddrop, intersect, distnots, logsimpl, logsimplmems, maylogsimplmems, p:utsmatch, 
maypartsmatch, logshorten, Batten, may Batten, listBatten, maylistBatten, raisesubswith, 
raiseanywith, remonedup, matchractor" mixractor, oppr:J.ctor, findwithcommon, recombine, 
6ndvars, insidevars, newvars, genunique, decode, nexttry, rmnonl, successor, dropmatches, 
vartran, varargtr:J.n, 6ndskrs 

module p1: 

read inlist, 

getclauses, getsides, makedis, rephrase, djoin, Iiteralvars 


module p2: 

quantify. 
clausesmerge, oneclausemerge, 6rstmatch, samerunetin. runetin. skrjoin. commonruncts, 
correspond, argmerge. paraUelmerge, quantlist. quantclause. getrrees, trybeIow, makeforest, 
plantsU. listargs, findplot. findsubplot, allocate. shovel. digup. assign. crossrefvars, joinirany, 
find and pull, subjoinirany. additnotin, onelevelin. groupargs, gatherup. listgather. renceolf. 
buildrence, parallelplace, quantsublist, addquants, skfstovars, varsrromskts, oneskftovar 

module p3: 

simpliry. 
checkallralse, checkredclses, c1auserepeated, onlyrenamed, rreesub, allrorone, oneforall, listrorall, 
toprorall. pulltogether. nonumrsor, nonumrsinside, varcondense, striponequant, harmonize. 
listshortquants, shortquants, sepvars, distinctgroups, deskoltwo, 6ndnumrs, insidenumrs, 
makebexis, numrgroup, numrmatches, resmatches, pullmult6rst, rednumrs, distnumts, 
moredistns, pullnotall, pullmaybeall, renamenumrs, newnumrvars, replnumfs, makecorres, 
proximtran, divvyup, insidedivvy, oneorless, nonumrsrrom, onenumlfrom, splitproxim, 
numrassign, parallelparcel, pullsubcountor, splitquant, logrednumrs, rorcesubgp, forcesplitor, 
renidentnumrs, 6ndonechange, onenumfof, zaponenumfor, listrochg, formnewrunctsor, 
dropnumrs, listdropnts, pullportion, pullnumrof, easyorhardbex, candropnumr, easybquant, 
collectquants, collectquant, splitvars, listsplitvs, keepwhatsin, requant, rormattosubs, mayneg 
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module p4: 

optimize, 
score, Iistscore, tryimprove, moreimprove, combnum, listcnum, uneqsym, symvars, logeqmemb, 
logequal, listlogeq, permlogeq, permtraneq, symterm, antisymterm, symargs, makenurn, 
Jistmnum, simsnurnand, sirnsand, skipsims, combdiSt, listcdist, mixexisand, anyexisand, listrdene, 
remixquant, oneJogsimpJ, onememJogsimpl, listrnegs, ractornegs, betternums, pullexis, bothneg, 
pullnegquant, Jomnum, rerormexis, dropallnegs, pullmbpson, pulloneneg, pullrestneg, 
bothcornpred, compred, maycompred, Iistcompred, maylistcompred, repcompred, onecompred, 
findrunctsor, morerunctsor, notsublogical, groupruncts, putinbyname, matchbutror, otherbutror, 
onecpat, morecpat, cpatjoin, scanargs, replac:earg, rormat., listrormis, maylistfis, rormimpls, 
symimp\s, justoneneged, anynegs, rorceimpls, stripropquants, distquants, noexisinboth, 
rorceortoimpl, negatelist, negate, converse, lognegation, Jognegmems, onenegmatch 

module p5: 

writeout, 

writerecurse, connwrite 


module pO: 

IBelow are diagnostic routines, that run various chunks or the program.) 

stepl, step2, step3, step4, optdebug, tryimptst, moreimptst, diagout 
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