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T~l.lS thesis describes a method for dis<:overing substructure ;oncepts in uamples. The method 

Involves a computationally constrained best-first search guieed by four heuristics: cognitive 

savings. compactness. connectivity and coverage. Each heuristic :s described in detail along with its 

role In e,:aluat:ng an individual substructure concept. The Sl:BOl:E system that implements the 

method contains a substructure discovery module. a substructure specialization module and an 

mc:'emen:al substructure background knowledge module for applying previously discovered 

substructure concepts. The substructure background knowledge includes both user-defined and 

SL'BDL'E-discovered substructures in a hierarchy that is used to determine 'which substructures art 

present in the input eumples. The system bas performed well on a number of e.:umples from 

dd!erent domains and has discovered many interesting substructure conce;:'U sucb as an aromatic 

r:r.g and a macro-operator for stacking blocks. The ::nethod and implementation of the Sl:BDL'E 

s::stem are described. and an analysis of experimental results is ?resented. 
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Q{.\PTER 1 


L''TRODt:CI10N 

At any ,Iven moment the amount of detailed information available fr~m an envlronme!'l: .s 

overwhelmIng. For elample. dose observation of a brick wall reveals not only t.be rOINS d 

rectang1.:1ar brIckS. but also tbe mortAr between tbe bricks. the pitted surface of the brIcks and 

mortar. small cracks In tbe bricks. etc. Yet. hUmans b,ave the ability to Ignore such detail ar.d 

e:'ttract infermation from the environment at a level of detail that is appropriate for :he purpose cf 

tbe ocservatlon. Even ;n an unfamiliar environment. !lumans ignore intricate det.1.il and .::iscer.t 

more abstract patterns in t!le stimuli of the environment [Witkin83]. This thesis describes a 

com~utat;onal met:tod for discovermg abstract patterns. or substruct~re. in the descriptions 0; a 

struc:ured enV\r::>nment. 

\Vhen obser .....atlons at varying levels of detail are necessary. ~ur.uns are c:a?able of descend:r:g 

:nto :be more minute structure of the environmental stimuli and :centlfymg patterns In arms ::f 

:hese stl'1.:c:ural prim.itlves. From the observations at different levels of detail. humans n:a:; 

construct a !:lle:-archical description of the envir':ln.o.ent. For !nstance. tbe brIck· '.loll! .:an be 

descr:bed as :he rectangular bricks in tbe wall along with tbe interconnec::ons bet·,veen t!le :mci<s. 

Furthermore. each :,rick can be described in terms of the pitS. ;racks and embedded graIns in :.he 

bnck. a.nd each interconnec:ion can be described by the c:l1'!'1pcnel'\ts oi :h~ mortar that .:ombme :~ 

form t!le IntercoMec:ion. Thus. each Ievei in ~he descr!ption ~ierarchy rerresents I different :e':el 

of detail for represen~ing ~he environment. 

Once such a ble:oarchy is constructed. similar pr!mitive struc: .... res in diffe:ent !!·Wl:'Cr'.me!'l:.s 

:nay suggest t!le Uistence of mere abstract feat,,;res higher i.ll' :n :he hlerar::hy T::ls .;.:s~r::l't:::'l 

1 
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;!!'n:ty reFrese!1;;ng t.he s~os::'.Jc~l.:re: ~':"';S slmpLf/r.g t:e:r:g:r:a: .l":?U' <!:t.l::-:;:<~S I:-: lcd::;;:r.. :::'e 

:1ewly ciscove:ed substr-.:c:ure is s~iaiized by ai're~j:ng adcl:i0r.al s~r·J'~ ... re. T.1.S :);:,<!,;a: ..:~;;: 

s~=st:'Jcture desc:':ees .l ~a.:ger. :nore sptc:fic po:'t.on of the -:".If:~r.t set of :l'l?ut <:!um?ies. -:-::e 

suost:'.JctU!! baclqr::unc knowledge ;r.cludes botll user-defined and discovered subs~:',J':"'::! 

definitions. These are used to identify instances of substructures tilat exist In a sIVer. set of ::i;l,.;i. 

e:rampies. Chapter 2 concludes by outlining a substructure discovery algor:t!:lm Incorporat:ng ~he 

aforementlcned ;;cmponents. 

Chapter 3 describes the implementation of the substructure discovery :nethodoiogy ..:ontained 

In the St·BDt·E system, In addition to the substructure discovery module, St'BDL:E also l!'\cludes a 

substructu.re spec:aliZltion module and a substructure background know.1edge module, After a 

substructure is d~ove!'ed. the substructure lS specIalized. and botil tile original and s?ec:aiized 

substructures are stored in t!le background knowlC!dge. Within the background ii.no·.l.ledge the 

substructures are kept in a hierarclly tbat defines ;;omplu substructures in terms of more primlt:ve 

substructures. t:pon receiving a new set of input examples. the background know;~dgt' rnod:J;e 

determines which of the stored suostructures are ?resent in the e:tamples, Th:Js, as :he SLBDL'E 

system runs, a hie:3.rcllical representation of selected structures found in ,he env iron:nent ~s 

constructed within tlle background knowledge mod:Jle. 

Chapter '" presents several experiments witll the St'BDL'E systec. EXFe!"!ments wall tne 

s1;bstructure discovery module indicate that the suost:ucture generation and substructure seiect:on 

processes ?triorm '.vell in guiding the search towards more interestln~ substructures. Other 

experiments incorporating botll the substructure background ke.owledge module lnd spet:all,utlon 

module demonst:a.te tbe performance improvement obta.ned by using ?revlousiy !earned 

sul:::structures In subsequent discovery tASks. The input and output data for each ex;::,e:::r':l.ent are 

:isted in Apper.dl.I A. 

Chapter! st;r'leys ;:-revious work. :-elated to suost:'Jc:ure disc::)',ery T~lS '~orK .:;;. :ilS ::a.:k '.:l 
:be euly 1900's '.I.·!len gestalt psychologists began s:ucying the I.:.nder;YI~g ;ncess.!5 ::'!'.':L·ec !!i 
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CHAPTER 2 


st:BSTRUCTtJRE DISCOVERY 

T!:.e major focus of t!1is work IS to investigate methods for discove:ing substructure concepts 

in examples. Substructure dlScovery is t!:le process of ident:fYlng concepts desc!"lbl:1g ;n~ere~tIni 

and repetitive -.:hunks- of structure within the individual elements of a set of structured examples. 

Once such 3. substructure .:oncept :s discovered. the descrIptions of the examples can be Simplified 

by replacing all occur:ences of ~he substructure ""ith a single form that represents the 

substructure. The simplified descriptions may then be passed to other learning syst~ms. In 

lddition. tbe discovery process :nay be apFlied repetitively to :urther simplify the deserlptions or 

to build a hierarchical interpreuticn of the uamples in terms of ..hell' subparts. 

ThIS .:hapter presents ~he components involved in a c:>mi'l.Itatlonal :nethod for SiJostr'Jcture 

discovery" SKtion 2.1 disc1.:sses the motivations for developing suet! a method anc: :he importance 

of substructure discovery in the 5.eld of artificial intelligence. Set;.;on 2.2 .:1eftnes a st.bn~crW"t 

along with the components comprising a substructure. :\[et!:.ods for gene:atlng alte:-:1ative 

substructures are presented 1ft Section 2.1. and the tK!1niques used for inteHigently selecting among 

these alternatives are discussed in Section 2.4. Once an appropriate substructure 15 discovered. the 

substructure is i.rurantUu,d for ncb occur-ence of the substructure in the input examples. Sect~on 

2." discusses substructure ir.stantiatl0ft. :"ewly discovered sUOst:"uetures ~an be ipecialized to 

describe larger substruc~ures in the input eumples. Section 2.6 disc~sses suos:r'..lct'..lre 

s~:a!ization. Section 2.7 presents methods for using background :':lo~"ledge in the S'..IoStr'..lct'..lre 

dlscovery process. Finllly. Section 2.8 outlines a substl'u;::ure ,:Es.-:o",;ery also:'lthm lncorpcraw'!g 

the previously described t~h.ni~ues. 



the observat:on. By t:'ercelvmg only :he appropriate Informatior.. !lumans U~ bener abie to :el:-:: 

the concepts implied by the environment. 

Thus. the undedyu':~ motivations for investigating substructure ~overy are the :.IblqlJlto~ 

hlenrchical structure in the world and :1':.e ease with 'N'tllch bumans can negotiate the h:enrchy 

With an appropriate representation for substructures and the subst:"Jcture hierarchy, a 

substructure discovery sys,em can perform the ':asks Just presented. 

2.2. 	Substructure R.epresentation 

A substructure is both a portion of a collection of structurally-related ob;ects a.nd a 

cesc:'lption of the concept represented by that portion, For uample. the detai:ed structure 

CJmposlng ttle conce';'t of a brIck is a subst:uc,:ure of a br:ck wall. T!'le collec:ion of atoms ar.d 

bones compnslng :he concept of an aromatic :-ing :5 a substruc:ure of :nany Clrgarllc ~cmpounc..s, 

However. substruc:ure concepts are ~ot always :nteres...ng. L'PO:l encountenng a:Jr1ck wal:. the 

concept of a brick :nay not be as interesting as tohe .;oncept Jf a doorway or Window. T~e task of 

SU:ls-;.ructure discovery is to ~nd i.11lD'urirt.g subsl.:uctu:e ·;oncepts In a. given :5-;:,!c:i:cltlon d 

structurally-related objects. The representation of strl.lc:ured ;oncepts sbould be :onducive to tile 

wk of discovering substructures. This sectior. ?resents a grapblcal repfese~tatlon for s.:uctufee 

conceptS and a language for describing tne concepts. 

A coUl'!Ction of str'Jctured objects C3.n be :epfesentec by .1 sTaph. CSlng il gnp!l 

representation. a subst:"Jct'"lre is a collection of annotated nodes and eages comt=rlslng a ,;onne,~ed 

s<~:'?rlph ::J: a larier jTaph. The nodes :epresenl. single ;,o;ects. "'ai,,"cs. or :ei<lt:o:'ls in the 

S'..lbst:uc~'.l:,e. lnd tlle edges :-epresent the i;on~l'!Cti\:lr.s :::e:·...·een :e!.a~.cns lnd :!le:r arg'.l:r.ents, F;,r 

annctated 'N'!tb !>, and o~e In:''.~t.l~ed 'N'ltll ,:>ft.. T:'e en. :':odt' :s .:;,r.nected :c ~t!l :te a n:>ce J.nd :te 

.. 

/ 



:SFV•..P!' 6 l·'l> l'epresen~s a sq\;a:e ':)n :.;p of sor:.e ..:lbJect :ba~ ~a.s a. iha;oe attr:Cl.lte. bu: .l. :":;St 

:'el'resen:s a squa:e In ~O~ of some object that may oJr may :1ot bave a shc.pe attr:bute. 

Figure 2.1b Illustrates the substructure found ill the eumple shown In Figure 2.11. Bot!l :!:.e 

Input example and the substructW'e ue u:pressed in ~.lle VL% language. Tl:le expression Cor the 

:nput nampie :n Figure 2.1.1 IS 

<	[SH.,PE( Tl J-TRIA!'JG~E][SHA?E(T: ).TRIA~GLEJ[SHAPE(Tll.TRIA:-.tGLE] 
[SHAPE(TJ 1.TRIA!'lGLEJ[SHAPE( Sl l-SQL"ARE][SHA?!(S: ).SQt:ARE] 
[SHAPE( S3 ).SQt:A REJ[SHAPE( 54 )-SQt:AREJ[SHAPE( R 1 J-REC":' ANGLE] 
[SHAPE{ Cl :-C:RCLE][COLOR( Tl )-~ED I[COLOR( T: l-RED][COLOR(T3 )-SU:,E] 
[COLOR( T.: :.3Lt:El£cOLOR(S11-GR.EE!'J;[COLOR{S:;)-SLt:El[COLOR(S3)aSLL"::1 
[COLOR{5-' :-~ED)[ON( 71.S1 ).TI[ONCSl.Rl J.T](ON! Cl.RlJ.T] 
(ON! R l."!":l.TJION! Rl.T3 J.T!rO!ll(Rl.T': 1.T]CONCT:.S:).Tl 
[ON(T3.S3)-T][ONI T ':.SJ ).TJ> 

red-I'\ 
ill 

green-i SI ,~ 	 .,
~!------------~~~<-! 	 / ...:....--- OBJECT-0001 

) ----'\Rl 

1& 	 : ,--- OBJECT-0002 
&-blue 

I!~l 154.- red 
L.I I

I j 

blue blue 

(1) I:1put Example 	 (':)) Subst:':Jc:ure 

Fig1Jre 2.1. Exa~plt Substr'..lc~'.!re 
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[nput Example Subst:'.lcture 

A) 

V 

(b) Object Overlapping Substructure 

(c) Object and Relation Overlapping Substructure 

Figure 2.2. Disjoint and Overlappin! Substructures 

Other substructure evaluation heuristics are a.daptations of tbe cognItive savinis to rei1ec~ 

~ial qualities of 3. substructure. One SUdl heuristic is eOrrtpGctMSS. C.)mpact:'less measures the 

"density· of a substruc:t",re. This is not density in tbe pbysll:al sense. but tte densny based on t!:le 

!lumber ;jf relations per nU!l1ber of objects in a subsuuct:.lre. The c~mpac:r.ess heur:suc 15 ;1 



factors ldentlted in bumJ.:l ferceptJon tl1at may apply :c n.:bst:-'Jct'Jre eV l:-..:aLCl"l :!\.)h:er.l":' 

Werthelmer39]. The Sl"BDCE system descr:bed II': C!la~ter J eisCJ· eros substn:c::..:res cy :";Slng ::.e 

(Jur he'-'rist~cs prese!"lted :n :bis sf'Ction along wab backgrou:'ld k:'lcwledge to suggest pro:n:Sing 

subsu:.Ictures and substructure spe.;;i.alization to attach contextual .nformation to newiy discovered 

substructures. 

2..S. Substructure mst&l1tialioD 

Once an interesting substructure is dis<:overed. the input eumples can be recast by replactng 

the obJects and relations of each occurrence of the substructure with a single entity representing 

tbe abst::act substructure. This replacement is termed substructure ill.stanli.atwl't. After 

p<'!rforming one substructure instantiation. a substrueture discovery system may continue to 

discover more abstract substructures in terms of those already instantiated in the input eumples. 

This section considers two methods of substrueture instantiation. 

One method of substructure instantiation replaees eaeb occurrence by a single object. 

Difficulties in using this method arise from representation ?roblems. Although all the ob]f'Cts and 

relations of the oecurrence .ue replaced by a sing!e object. the r.e:ghbcr:ng relatiOns are not 

replaced. Therefore. some recollection of the objects involved in the neighboring reiatlons must be 

maintained. Also. the possibility of overlappinc occurrences. as described in S«uon 2.4. only 

confounds the in.su.ntia:ion problem. In the case of object overlap. each instar.t:ation of the 

overlapping oc:eurrenees must remember the overlapptnc components. Similarly. in tile case of 

relation overlap. not only must the overlapping objects be retainect. but tbe overlapping relations as 

well. Retaining tbe e.stra object information is inconslStent ~'ith i.he ,dea oi substruct\Jre 

instantiation using a singie new object. Although single object substructure instantiation see:ns 

intuitively promising. tbe accompanying representation problems are difficult to overcome. 

An alternative approach to subsuueture instantiation involves replaCing eact OCC·..;::ence of 

the substructure with a r:ew :'elation. The lr~·.lments to t!lis relitlon are all :be'b]ec:s in the 

s'..lbstructure occur-:-!nce. Our:r:g instantiation. all re1at:ons :r. :!il! xcurrer.ce :are rer::cved from the 
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:.3. SubStructure Generation 

A:I essent:al function :;r ~ny S;Jostructure d:s.::ov!ry sys:e::l ;s :!'le ge~e!"at;on cf .1. :~:-:-:'.1:;'. ~ 

and :el.1t:ons in tile input nal:lples, There are 1'....0 ba.slC approac!le5 to tbe ge:1eratlon prooi~!:l 

bottom-up and top-down. 

The bottom-up approach to substructure generation be~lns with the smallest substr'Jctures ;n 

the input eumples and iteratlyely e.xpands elcb substructure. T:te expansion :nay be accomplished 

by t'.:It'O different methods, The first method. mini.f'ft4i. Up<UULort. adds one nelgbborlng reiatlon :0 

the substructure. For enmple. according to tbe tll:ee neighboring relations (presented in Section 

2 . .2) of'. the occurrence. < [OSITl.St).TJ[SHAPE(Tl ).TRl~~GLEJ[SH...u>E(Sl).SQCAREJ> . the 

substruc~ure in Figure 2.1b would be e:tpanded .0 genente the following tbree substructures 

< [SH.A.?E( OBJECT -0001 ).TRIASGLE)[SH . ..u>E(OBJECT -0002 ).SQC AREl 
:ON( OBJECT -0001 .OBJECT -OOOl). T;[COlOR(OBJECT -0001 ).REDl> 

< .SHAPE( OBJECT -0001;.TRIASGl.EJ[SHA?E(OBJECT-OOO1).SQCAREJ 
[ONe OBJECT -0001 .OBJECT -0OOl1.T][COlOR( OBJECT-0(02)-GREEN] > 

< [SHA.?E(OBJECT-OOOl ).r:UANGLEJ(SHAPE(OBJ£CT-OOO1).SQCAREJ 
[ON! OBJECT-OOOl.OBJECT-0002 1.T![ON( OBJECT-0002.0BJECT-0003 JaT] > 

The second methOd. comhifl.4lLoIt. 'Xpc;ttSLort. is ~ generalization of oinlmal e:tl'ansion in \"\"hich ~\,,\,'O 

S1JCst:''Jctures. !laVIng at least one object In common. are ;:>mbined into one subst:uc:t ure. For 

example. tbe substr-':ctl.lre in Filure 2.10 could be generated by combining the followmg \'.1.'0 

suestr',J';:ures 

<{SH...u>E(OBJEC":'-0001 ,.7RIASGL.Zl0N( OBJECi ..vool.OBJECT-OOOll.T] > 
<[ON( OBJECT ..oool,OBJEC":' -000:2 ).r![SHAPEi OBJECT-000: )-SQCAREJ> 

The top-down l!'rroac.!l to substructure generatlon begIns 'JWith the largest ?Ossioie 

suos:: ....c:',.;res. C-l".e for tach :nput eumple. ~nc iteratively disconnects the s:Jostructure ;n~c :\"\"0 

smalltr 3uostr':Jct'Jres. As \"\"ith t~e npanslon approac.!l. sub$tr'Jctl.lre dlsconnec:lon :nay be 
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:l:at nave a ~3.:ge nu.:nber of re:atlons and objeocts ;n cc~rr.cn E~~.lus~I';! aFP:tcatIO!'l :f :':":,:::=:1: 

j:sccnne<:tion can be avoided by recovLng only t!JOSf relltlons ~!Jat occur t:! :elst ,n ~~.e I::?_: 

ua:cples, :!:elding suost:I.:;::l.:res ~·ltb perhaps an ,ncrusea l'lJm=er of Occur:ences. Lastly;.;:. 

dtsccnne<:tion can be appbed more intelligently by removing :-elatlons thlt Yleld highly cor.ne<::ec 

substructures. Tbe tec:bniq ues of finding artiadiUicn points (Reingold 77J and eta f!O&ItlS ~Z.lbn i 1; 

are applicable here. 

Regardless of how tae metbods are applied. each metbod bas advantages and disadvantages. 

Althougb tbe tOp-<1own approacbes allow quicker ider:~iftcation of isolated substructures. :.hev 

S"Uifer from high computation costs due to· frequent comparisons of larger substructures. Both t!le 

combinatlo.n e~?ansion and cut disconnec:tion m.ethods are apFropriate for quickly arriving at a 

larger substructure. but a smaller. more desirable substructure may be overlooked in the process. 

Also. in tbe contut or" building a substructure hierarchy. beginning with smaller substructures LS 

?referTed. bec:ause tbe larger substructures can then be ex;:'fC!ssed in terms of tbe smaller ones. 

\linimal expansion begins with smaller substructures. expands substructures along one relation 

lnd. thUS. is more likely to discover smaller substruc:ures ·,wlt!'!.in tbe computational resource 

:imlts of tbe system. 

2,~. Substructure Selection 

Ai.er using tbe metbods of the previous sec:tlon to construct l set of a.lternatlve 

substr'Jct'Jres. the substructure di5l:overy algonthm must c!'!.oClse ',wbu::!:1 of tbese substructures :0 

.:onsider the best by?Othetu:.a.l substructure. Th1S LS tbe ta.sk of substructure selec:tion, T!'1e 

?roposed metbod of selec:tlcn employs a heuristic evaluatlon f'..nction ~o order :he set Jf J.lternati\e 

substructures oased on ~he:r heuristic quality. This section presents the major heuristics that 3.re 

J.pplica.ble to substructure evaluation. 

The first he'.lristlc, cogn.itive savings. is the underlyingcea :,ehind seV!!':ll utility lnd cata 

,:cEnFreSS1on heurIstics e:npicyed in machine iearning (\linton6i. WhitehallS':'. WollfS2J. CJgnai'''e 

savu-:gs mnsures tbe a.:nJunt of cau compression JbU.lnea oy l?rlyini :11e suostruc:'J:-e to :::e 
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Jccur:en.:e. Fr:JCl ~be C~!:l:':lon obl~t syClbois within :r.e re:auons. tbe o"e:l.~r~:::g .:::;ec:s a::d 

;eiatlons of ~b.e origmal OCCl.:rre1'lces may be reconstructea. 

T~us, s:.ngle :eiatlon substt".lcture ItIS'...antlatlon :e:c.a:r.s :he !:lore ac.::ura te a~;:-!"oac= :;;: 

replacing substructure occurrences with a stngle, Clore absi.ract entity representmg the :mgl::a: 

obj~ts and relations in the occurrence. Replacing objects and relatlons throl.1gb substr'.:.:tu:e 

ulst.a.ntiation reduces the complexity of the input examples and allows sub5equent d~overy of 

concepts deAned In te:'ClS of the Instantiated substructures. 

2.6. Substructure Specialization 

Specializing substructures is an essential capabtlity of a substructure discovery system. For 

Instance. suppose the system finds six vccuz:ences of an aromatic ring substructure within :1 se~ ~f 

mput examples. Three of the occurrences have an attached chlorine atom. and three OCC:.1rrences 

Ilave an attached bromine atom. The discovery S')'sttm may benefit by retaInIng not only the 

aromatic ring substruc:ure. but also a Clore specific aromatic ring substructure~'i:h an attached 

atom wllose type is described by the dis1unction ·chionne or bromine-. Perf,:mntng this 

specialization step allows the substructure' discovery system to take advantage of additional 

information in the input examples. avoid learning overly general substructure concepts. and Clore 

rapidly discover a specific disjunctive substructure conce?t. T1:15 section ?resents an approach to 

substructure specialization. 

One technique for specializing a substructure is to ~rform inductive Inference on the 

extended occurrences of t.be substructure. An e3tended occurrence of a substructur! IS the 

substructure generated by adding one nelghbonng ~elat,on to :lle oc;urrence. The set of extended 

occurrences consists of the substructures obtained by upanding each occurrence '.l.'lth each 

neighboring relation of the occurrence. Once the set of eltended occurrences is .::onstructed. 

Inductive Inference generalization techniques (:".(ichalsklS3a; ;:an be aFplied to the newly added 

neighboring ::-elations and thel:' .::orresponding values, T!le result:ni generaLzed :'Ie:ghborlr.g 

relations are then appended ~"O :i:le :lrilinal sucs::"..lc:u:e t.;) prcc::u.::e :'Ie\lo', s-;-ecial:zec S'I.:bst:".lc:'.lres. 
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2. -, Back.ground Knowled&e 

A:ttlough .he substructure disccvery tecb.r.l(~,1.:es desc::,:oed ::'1 the ;:-r!\!c:":5 sec~:o:-:.s 

w·:thout prior k.nowledge of the domain. ~he application of back.ground kno·.I. ;ed~e ~a:1 CIW:: :::e 

discovery process along more promising paths through t.be space of alternatlve substruct'Jres. T~lS 

section considers background knowledge in t.be (orm of substructure definitions: that is. c~ncicate 

substructures that are more likely to ':list in tbe current application dOClaln. 

The ~wo major functions of tbe substructure back,round knowledge are to main tain bo:h 

'l.:Str-den.ned and discovered substructures and to dete:-:nme which of tbest substructures e::tlst In a 

gl'ven set of input uamples, In order ti) take muimum advantage of tbe hierarchlC::al nature of 

substructll;res, tbe background knowledge is uranaed. in a hierarcby in whicb compiu 

substructures are defined in terms of more primitive substructures. This arrangement suggests ~n 

archltK:,ure similar to tbat of I trutb maintenance system (1.\15) (Ooy1e 79], Prlmlti','e 

substructures serve as the justifications for more complex substructures at a higher level in t;le 

hierarchy. When a new substructure is ldded to the background knowledge, pr:mitj·.'e 

substructures are justified by the ObjKts and relations In tbe new substructure. These r-r:mlti/e 

substructi.:res provide i'at'tial justi.ficatlon for tbe new substructure. Fur~her::::lore, tb.e nrs 
arcbltKture t:'rovides a simple process (or determining wbicb background knowledge substructures 

el::st :n a gIven set of input eumples. This deter::aination can be accomplisbed oy 5.rst justifying 

tb.e :oeiltlons It tbe leaves of the backaround knowleclge hierarcb.y '.vith tbe relat:ons :n tb.e :nput 

uamples. T!:Ien. initiate tbe normal nf5 propagation o~ration to indicate '.vhich subst:uctiJres are 

ultimately justified by the relations in tbe input eumples. The substructure disco"e:y ?ro,;ess 

may then use these background knowledge substructures as a starting point for ieneratl:lg 

alternative substructures. 

Other f Jrms of background knowledge apply to the task of substr'.lc:ure .;ilscovery. 

\\':mebaU's PL.-\:\O syste:n ~Whiteha1l87] for discovering substructure In sequences or" act!o:'lS ~ses 

~b.ree levels of cacki'!'ound kn.owiedge to guide the discovery process, PL.-\:\D~ JI§h :e\.e: 
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L - limit on coml'utation time 
S - IbaSt' sUbstru~ture51 
O-\l 
wilde (amount.of30mputatlon < L) and (S;IIi 0) do 

BEST-St.:B - bestsubstructu.re selected from S 
S - S - IBEST-Sl"BI 
0-0 U {BEST-St:BI 
E - {alternative substructures generated from BEST-St.:BI 
for each e in E do 

if (not (member e 0» 
S. S U leI 

return D. 

Figure 2.4. SubstrUcture Discovery .~lgorit.b.m 

Tbe nezt step in the algonthm is a loop that continuously generates new substruc~ures f:oom 

the substructures In S until either the computational limlt. L. is exceeded or the set of candidate 

substruc~ures. S. is exhausted. The loop begins by selectlng the best substructure in S. Here. tbe 

heuristics of Section 2A are employed to choose the best substructure from the :llternatives in S. 

The ac:ual computation perfor::.'l.ed to comi'ute tlle heuristic evaluation function depends on ~he 

implementation. Section 3.2.2 desc:,ibes the comrutatlon used in St:BDl"E: although. otbe: 

methods may be used. For instance. the heutlStics could be weighted. selected by lhe user. or 

selected by lhe backcround knowledae. However. u:y substructure selec':ion method should 

involve the four heuristics described in Section 2A. Once seiected. the best substructure IS stored in 

BEST·St.:B and removed from S. :"iext. if BEST-St:B does :"lot already reside in the set 0 of 

discovered substructures. then BEST-SL'B is added to O. The substruct~re generat;on methods oi 

Section 2.3 are then used to construct a set of new substructures that are stored in E. Those 

subsu:..;c:ures in E :hat have not already been conSIdered by the algorithm are 3dded to S. and the 

loo~ repeats. When tbe loop ter:ninates. 0 contains ~!le set of alscovC!red sub:itr'J.:t~res. 
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CHAPTER 3 

'mE SUBDUE SYSTE~I 

An implementation of :he substructure discovery methodology descrIbed in the f'rev;ous 

chapter is contained in the Sl:BDL'E system. Wriaen:n Common LISp on a Teus Inslr'Jm.,ents 

Elplorer. the Sl:BDl:E ?rogram facilitates the we of the discovery aigorithm both as a 

substructure concept discoverer and as a mod .. le in a. more robust :nachlne learning syst,em. In 

addition to the !leurlstic-oased substructure discovery module. SCBDCE also Induoes a 

s\:bstructure specialization module and a substructure background knowledge module for utiiizi:'l'g 

prevlowly disc;)vered substructures in SUbsequent c1isc;)very tas.il:.s. The substruc::ure bJ.ckgrour.d 

kr.owl~ge holes both user-defined and discovered subst:uctures in a hierarchy and de~er:n:r.es 

o.villCh of these substruc:1.:res are ?resent in the lnput examples. 

, 
i 

S\lbs:r'JctureL'ser-Supplied > EE----"31<1 Background Kno""'ledie ~~----Background Knowledge 
of\ 

: Substruct'Jre: 
Speeializer-k of( 

C ser-Supplied 
Input Exampies Substructure Discovery' 

Figure 3.1. Tlle Sl:SDL:E System 
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(a) SUbstruc:ture 

[SHAPE(Tl)-TRIA:-.iOLE][SHAPE(Sl )-5QL'ARE][SHAPE( Cl )-<:IRctE] 
(O~(T1.S1 )-T!IO:"oi(S1.Cl)-T] 

(b) External Representation 

\ /\ : /\ I ./
\ ; /
'\ I // 

~/ 
! Sl: 

i 
'V 

~-T t
\ -

\ 

\ 
\ 
\ I 

~ 
Cl i 

(c) Inte:,~al Represe~tation 

Figure 3,2. Substruc:ture Representation 
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Sl'S • descrlt:'t:on of substructure :0 ~ e.I;:anded 
:,\EWSL'SS • !I 
:'\ • lnelgbboring relaLions of the occurrences of Sl'SI 
f oreach n in :'\ do 

:'\SL"B • new substructure for:ned by adding n to Sl'B 
:-;EWSL'BS • :,\EWSl'BS U I:-;SL"BI 

return :-;EWSl'BS. 

Figure 3,3. Substructure E.lpanslon Algorithm 

Figure 3.3 shows the substructure elpansion algorithm.. The new. e:.tpanded substructu:-e5 a:e 

stored in :\EWSL"SS. initially an empty se~: Fim. the set of neigbboring relations of SL'B are 

stored in:'\. For each neighboring relation. a new substructure is formed by adding the nelghbor:r.g 

:-elatlon to the orIginal substructure description. Sl'E, The newly formed subst:"1.u;~ure IS added to 

the set of e:1panded substructures. :-;EWSl'BS, After all possible neighboring !'eia~lons J.ave :een 

considered. the el:pansion algorithm. returns :'\EWSl'SS as the set of all possible suostruc:t.::es 

~:x;,anded from the original substructure. 

3.2.2. 	Selection 

The heuristic-based substructure discovery module selects for .:or.slderation t.hose 

substruct'.lres that score bighest on the four heurlstics introduced in Section 2..a: .;og!'l.:t;ve savlngs. 

compactness. connectivity and covenge. These four heurlstu;s are used :0 order :he set of 

alternative substructures based on their heuristic value in the contut of the carrent set of ;:1~ut 

ellmples. With the substructures ordered irom best to worst. substr'.lctu:-e selectlon red\,;ces :~ 

selectlng the tim substtuct'.lre from the ordered list. ThlS sectIon descrlbes the computa"lons 

~n ....olved in the calculation of each heuristic. and ho\\.' t!lese resu:ts are com:,med to y:eid :he 

:"eur:stlc value of a substructur!. 
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;url"ent set of Input !xam;:-ll!S. 

defto."\ed as the ratiO of :he number of relations In t-.:le substr·..c:-wre to :he nu.:nber of objects in :.::e 

substructure, L'nlike ccgnltive savings, the compactness of a substructure is :'.''l.dependent of :!le 

Input examples, 

:r rtlations{ Sl 
compac:tnns(S) = ----

., .,For each of the substru.:tures In F:gure ..-. lItrelation.s{S) • 4 and -objec:s(S) • 4: thus. 

co:npactness • "/4 • 1. 

The third heUristic. connectivity. measures the amount of extema.l connection in 1.he 

occurrences of tb.e substructure. C.;)nnec!ivity:S defined as the Inverse of the a.verage number of 

external connections found in all occ~rrences of r.':l.e substr1Jct'.Ore in the Input uao:pies. Thus. :be 

;onne<:tivlty of a substructure S With Jccur1."ences ace In the set of input examples E IS .:omputed 

c:onnectivit}-{S.£) = 
locel 

Agaln. consider Figure 2.2, Each substructure has four occurrences in :he input !:tamp!e. In 

Figure 2.2a. each occur:-ence has one external .:onnection: thus. connect:vlty • (4," ).1 • 1. In F:~ure 

2.2b and Figure 2.2c. the tWO innermost occur:-ences both have 4 ene1."%':ai connec~lons and t:'e tIJ..'O 

outermost occurrences both bave 2 enernal connections. for a total cf 12 u:ernai con!'lectlons. 

Thus, connectivity. (12.' 4;,1 • 1:3. 

T~e final heurist:c . .:ovenge. :neasures the amount c:" sauc:u:e :1'1 :.he :r:;:-'Jt ~X.J.~~:es 
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<SHAPE(TlJ. 7Rl.~:-';CL:::lSHAP::,T:!). TR: .....:-.:G:..::;[SHA.?E(:-3~. :-~:.~.!"GL=:: 
:SHAPE{T4). TRI..... :.;CLE:(SH..... P£(SlJ. SQl" ..... RE:rSH.....PE:S~' • SQC .... .R::: 
[SHAPE{S3) • SQcAREI[SHAPE( 54 \ • SQCAR£J{SHA.?E( i\ 1) • REC':".':"':-;CLE: 
[SHAPE{Cl) • CIRCL':::[ON{TLS:) • T]{O:-HT~.S2; • :-][0!"(":-:.531 • 7: 
[ON{TJ.5.a). :-:(ON(Sl..RIJ. T:[ON'C.Rl). T![0!"ti\:.7:). Tl 
:O~mU.T3) • :-:(ONUU,T-'} • rJ> 

First. tbe algoritbm forms tbe Stt S of base substructures. Inltlal1y. S bas only one eien::.e~~. 

tbe substructure denoted by < 1.1 OBIECT..oool >. This substructure bas as many occur.ences as 

there are objects in the input example. Tbe number before a S'Ubstructure is the w:z.i.14 of t.l:le 

substructure, as denned in Section 3.:U.. The Object names within the substructures l:e aroltrar:: 

symbols generated by the system for eacb :'\ewly constructed substructure. 

S • i < 1.1 OBJECT-0001> f 

~ext. we enter tbe loop, wbere tbe best S'Ubstructure in S is stored in BEST·St'B. reooved from S 

and inserted in the set 0 of discovered substructures. :'\ut. BEST-St."B is minimally expanded by 

addmg OM ne:gbboring relation to BEST-SL'B in all possible ways. The newly created substr'J,::u:e5 

a:e st.:)red In E. 

Input Example Substructure 

& 
i 511 

/ \ 
\ 

~I Rl 
I- ,lSi ~ 

! 52; I S.. I

L.:::J L:.. 

Figure 3.-1. Simple Example 
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1:1 :b;s !lampie t:1e :,\Ut subst:l.:c~ure t;) ':'>e :cr.sldered. <'~.5 [Sp..:..?S C3:EC"':'·')J(~ 

:1U.1,:-<OLEl (O~(OBIECT·OOC",OaJEC":"..vOO~). rj [SH.... PE~OBJ:::L.·,Xc: • sot. ARE'>, .;. ::: ~=:.e~;~ l: 

:;le cest subs't:'Jc~ure. R:!prCless of the amount of acd::lonai '::OC;'l.:LJt;on :b:s S·..lOS~:'.,;;:-";':~ ::~ 

sues::"J.::'.:.!"e ;!': F:gu:"e 3 . .&) WIl: be the best element in the set of dis,;OHred s'Jbs:r""':U:es :-e~'.. ::-.~:: 

by the algorabm. 

3.3. Sllbstructure Specialization 

The substructure specialiution module In SL"BDL'E employs .t simple teChl'llq ue ::r 

s?~la:izi;'1g a substructure, ThIS technique is based on the method c~:"ibed in S«tlon 25. 

SL'BDL"E spec:alizes a substructure by conjoining one 3.:t:ibute relation. The value of ~l'le added 

attribute reiatlon is a disjunction of t.ae values observed in tbe attrlbllte relations .::onnec:ed to !:::e 

;)CC'Jrre!'lces of ~he subst:ucture, To avoid over-spec:alization t!le substructure is :onJolned WI:h 

the disJ1.:nc~ive attr:bute relation r:presentlng the minImal amount of spe1:lalizatton 3.mong ~.:e 

i=0ssloie d:sJunctive .t' ::tbute relations of tbe S'.lbstruc~ure. ~tore spec:fic subst:'Jctures ·..':a 

eventually be considered af:er less specific subs~ructu:es have been st~red in ~!le '::ackgro~;:d 

know:edse. found in subsequent eumples. and :ur~he!' spec:alized. Sect:on 3.3.1 .:iesc:'ibes :::.e 

s... bstructure s,;ec:alizatlon algorithm. and Sec:tion 3,3.2 il1l.1St:ates an e:umple of :he speclallzat:on 

?rocess, 

3.3.1. 	Spec:ia1i:z.ation Algorithm 

T!:le substructure specialization algoritbm used oy St.·BDL"E is snow\'! in F:gure 3.:. T::'e 

algoritnm returns all possible specializations for .l given substr~ct:.tre in the current set of :~:'~: 

elamrles, 

;he a:gorithm proceeds as follows. Given a s;.xbstruc:ure S wit!l ~c:curT!:"Ices oce :n the se~ ;: 

Inpu: euc;-les E the substr'Jcture spec:alizatiort algortt.t:.m .:'1 Figure 3.' ret:.::r.s ~he ~et .51 l;: 

::,osslcie spec:aliut;ons Jf S, T:tese srecialiutlons ''\''ill be collec:ed l:"l SPECSL"BS, :!'!at :5 :r::::l::~ 

e::n;::y. T::-te 3.!gO!'ltba: begms by storing in AITRIBL"TES all :he attr:bute :-el:t;cr:s l:'l :::e 
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~7"-:- ',a. ',"-d. ::o~: ~s~.·· -,' ~ ',~ -,a :S .. 
11',' stor-~.. n . ..... s"o' st-u'" ... "ra loa'" - - d ,;.::c;,;.. ..ecg~• ,"~ -'"' ---' ----" • -vant' 'a. < H... , .......... "xs,o\.:r:.
'"'.. 

Tllerefc:e. ..' ... -, a s~bstructure. ne\,\.ly added attr:butes"*'. 
~RELCOBJ).L·~IQL'E_ \- ALL'ES] and occurrences OCC the following formula is ;;.se... :0 oeasure t!le 

",mount of specializatlon In Srpc: 

A:-r:ount_of_spKlaLization( S,_) = --_______ 
(occl 

The sucst:1.:c:ureJ.'ltb :!le smaliest .lmount vf spec:aliutlon \'\"ill :hen be stored in tbe substr',lcture 

:,acKiround knowledge along w1t.b the originally discovered substruc:ure. 

3.3.2. Example 

As an eIa.:n?ie vf ~!le substructure specialiZ3tion ?rocess. consider Figure 3.6. Fig\lre 3.6a 

:lIus:ntes t':e same Input example of Figure 3--' Wltb the additIon of several !;oio" attl":bute 

:-elat:ons. After runrllng :l::e beuristic-based suOstr'.lc~ure discovery algoritbm on t~IS e,;,a.a:t=le. :he 

sar.:e substruc~ure emerges as in Figure 3.-'. 

S. < (SHAPEIOBJECT..oool 1.n:.:...:IlGLE][SHA?ElOBJECT-000: J.SQt:A~:;; 
(ON( OBJECT ..oool.OBJECT -0001 ).7:> 

:\'ex~. :be !'\ewiy diseovered. substructure is sent to the substructure S?ecii1!ita~ion :nodule, 

F:rst. all tbe att:ibute reLations of tbe occurrences of the substruc~ure ue stored in .~TTRIBL'TES; 

A TTR!Bl'TES • [COLOR( T1 l.RED]. [COLOR! T: ~.REDI. [COLOR! 73l.BL ':....E;. 
(COLOR! T 4 l.SL::EJ. [COLOR! S t )-GRE::~l. {COLOR( s: ;.aLl'E;. 
(COLOR(SJ 1.aLL:E], [COLOR(S41.RE:>1l 

~elt. :.he Iirst It:::bu~e :-e::ltlon in ATTRIBL'TES :s given a ·.·abe ' •. and addec :0 :he .:::g:r..li 

http:ne\,\.ly


s.- • < [COLOi« OBJECT·OOC: :.BLC::.RE:J ISHA?S( OSJEC':" ·.:OC:::.7~:A:\G:..;:1 
(SHAPE, OB1ECT-OOOll.SQL".HE;[C:--;WB:EC7··)CO~.OBjEC:- ·J0C .:-> 

Srpee ba.s J OCC1.:.rrences a.nd 2 unique val1.:.es In the new~y added attribute rela!lor:: :b~. 

SPECSL'BS In thIs example IS 

S:~. - <[COLOiU OB1ECT-0001 )-BLCE.GREE~.REDJ{SHAPE( OBJECT-000: ).T'RL~'iGLEl 
[SHAPElOB1ECT-OOOll-SQl.: AREllON( OB]ECf-OOO:.OB1ECT-0(01).rI> 

T~is specialized substructure also !las J occurrer:ces. but 3 untque values: thus. 

amount_of _sr«:alizatlonCS ) • 3/4. The tirst specialized substructure bas a smaller amount of 
sprtC 

spec:al:zatlon: T!leref.ire" only tbe tirst substructure. scown in Figure 3.6b. is added ~o ~he 

substrucn:re background knowledge along with the oriiinally discovered subst:uc:ur!. 

SpecIalizing the substructures discovered cy Sl"SDl'E adds to the suost:uc:ures ,nrorma::on 

about :he c::mtext in which t!le substructures are :ikely to be found. B::; :::llnlmally spec;alizing :be 

s~bstructure. SL"BDCE avoidS adding contutual Information that is :00 specific. If tbe ceslred 

substructure concept is more speciAc than that \)otamed :hrol.!gcminunal specialiut:on. ~eciaLz:q 

SImilar :)ucstruc~ures In subsequent uampies '.will transiorm the under-cons.rained S'Ubstl''Jctu:'e 

:nto :he desired :oncept. There is the possibilit:; that even tbe :ninimal amoun t of spec.alization 

:nay over-constrain a substructure. Sl.:BDCE can :oecover from tbis j:'roble:n. because both :be 

,mglnal .lnd spec:ialized substructures are retained in the background knowieage, The unspI!Cla:izec 

s~bstr'Jc!ure will al·...ays be available for appiicOltlon to sUbsequent discovery tasks. 

3.". SubstMlcture Background Kllowledge 

T!1e subst:'l.!c:ure background knowledge ::'l.idule in Sl'BDL"E na.s two :na:oi' f1.l.nctlct':s: 
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O:\.. T: ,SHA . .?E.TRL~."GLE:, SHAPE-SQL'ARE , 

Figure 3.7. Substructure Backg:'ol.:nd KnowledgeEumpie 

t:tac~ly :WO Justifications. When both Justifications are supported. tlle sl.:bstr'.lcture node :5 ais.:> 

su~port.ed. 

As an eumple, !'ecall the substructure shown in Figure 3.6a. The backgTOl.:nd ~:1ow;edge 

.lie!"3.Tchy for :llis substructure IS shown in Figure 3, i. The question a:.ark appearing :n tlle 

:ue:oarclly'. represents an object. Thus. the substructure containtng ~he q uestton oark :s 

:SH.o\.PE(X)-TRL"-"'lCiLEl[O!'l(X.¥)-Tl. where the question cuI<. corresponds to the object argume!'\t Y. 

Other objectS in the hierar<:!ly are represented by tb.e ?ictorial equ:vale!'\t cf their sh.a..rNl attrIbute. 

:\e:s:t. suppose eitller ~!le user or St:BOCE wantS to lde tte substruCl.u:,e from F:gure 3.:a t.:> 

:he subsaucture backgT'~und knowledge hier:m:hy :n Figure 3.7. The resulting ::'Ie!'l!'cby is sho'JoIn 

.n Figure 3.8. T~is ~uer3T':~:: :5 Jbtaineci by fi:st :rtlti1'~g ~b.e ne'w su!::str'.JctiJ:e as l~ ~u:nFie and 

~1 
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SH.-\PE-cIRCtE: 0:\-T I iSHAPE-TRIA:\GtE SH. .\.PE-SQt" ARE COLOR-RED,atL'E 

F:gure 3.9. Three Background Kno",,'ledge $ucstroJc::..J.res 

:he user or by Sl:BDLoE, ,he substructure back5:,ound kno",,'lecge 5::"0\\.'S incrementally ~o oenne :':'e 

new substructu:-es In terms of the substructures already known. 

3 • .4.2. Identifyi.D.1 Substructures in E.u.mples 

As des::::-:bed i~ Se~::un .2.S. tbe substruc~:.m~ ciscuvery J.ls·:r:t:l::l ;::d~..:es. ;r. :.t:e set .)i :r-.:::.!: 



~ 0:\, 71.S 1\.T~ :SH.~PE': 71 )-TRIA:,\GLEj :SHAPE(SU-SQCARE; 
[0,\( T~ ,S2;-il:SHAPE( T2 ) .. TRIA:'\GlE; iSHAPE(S2)-SQt: AREJ '\ 
[O:\~ T3.S3)-"n [SHAPE(T3)-TRlA:,\GLE] [SHAPECS3)-sQt:ARE1 P 
[O:\(T~,S4)-T] (SHAFE(T 4)-TRIA:,\GLE] [SHAFECS4)-SQt: ARE] ___ 

~1[0:'\(T1.S1)-T] ~SHAPE(Tl )-TRIA:,\GlE] 
[O:,\(T2 .S2 )-T] [SHAPE(T2).TRIA:'\GlEJ 
[0:\( T3 .S3)-T] [SHAFE(T3).TRI.o\.,\GLE] 6 
(O~(T"'.S4)-TJ (SK.-\FE(T4)-TRIA:,\GLEl ?. I 

i SH.~PE..TRIA,'\GlE i 
..t.. 

I 
I 

I 
I 
I SHAPE·SQl'ARE 

! 
[O:'-i(Tl.Sl)-Tj :SHAPECTl )-TRI.-\.,\;GLE] ~SHAPE(Sl '-SQL" ARE] 

[0:'-i(T2 .52)-TJ ~SH.~FE(n)-TRIA:-;GLE] [SHAPE(S2)-SQCAREl 

[0:\(T3,S3)-T] :SHAPECT3 )-TRI.-\. ,\;GLE] [SHAPE(S3 )-SQC AREJ 

[O~{T~,S"')-TJ [SHAFE(T~;-TRL-\.;'iGLE] [SH.-\PE{ S4 )-SQCARE] 

[O:\(S 1.R 1)-T] 

[O~(C1.R1)-TJ 

[O:\CRl.T2)-T] 


Base :\ode Support[O='l(R 1.T3)-TJ 

[OX(Rl.T4)-T] 


Fig-ure 3.10. Substructure IdentiAcation Eumple 

subs't:uc~\.:re backgnund knowiedge. but both specialized and "..l:'1spec:alized subs,ruc!:l:es 

disc:;lvered by SL'BDeE .:an be !"e~ained ;or use in subsequent sub$truct:.1re diScove:-y tasks. 
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r:gure 4.1. First E:tample of EXi'I!ri:nent 1 

:elat:on. Thus. :!le sec::mc! iuostrUtture in the 5.:st rO\l," vi Figure ·U !s <SE.':'.?S X laSOr.:,."i\S: 
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EI}:eriment 1 indicate t!lat t!le limit need not be set much hIgher ~.!lan the cesi:ed size. :f ~he ':e$. 

overall substructure is indeed of that size. The !:leur:stics approprIately COl".$::,a~n the searcb :0 

consider subs't.:,uc:,.;res alor:g a path of :n.:reasing heuristIc value towards ~.be best subs.:uc:tt;r! :r. 

:.be Input examples. 

".2. Ex.~riment 2: Specialization and Back.ground Knowledge 

The ability to re~aln newly ..:iiscovered knowledge is beneficia! to any learmng sys<:em, 

Applying this knowledge to slmilar :asks can greatly ..educe the amount of proc!ssing :-equired .0 

~rfcrm tb.e :ask. SL'BDCE tlkes advantage of thIS idea by spei:ializlng discovered substruct:;:,'!'S 

l!'ld retaining both specialized and '.inspec:a:,ized s,.;bstruc:ures In the backgf;) und ~now leege. 

During subsequent dis.;:cvery :asks, SL'BDL'E applies :,he K:lOWn s1.lcstr'.lctures to the c-..;rrent task. 

As more e:umples from Similar domains are ;:r;)cessed. ;nc:-easingiy compln subst:-'Jctures Ut 

discovered In terms of :nore primItIve S'.lbst:'Jc:ures 3.lready known. EVeTIt'Jally. SL'BDL"E's 

:'ac:.<ground i;.no""·ledge becoQes a hierarchical :-e;::resentatlon ;;;f '.he Si.:-..;;:~,.;re in :::e .:!oI:a:::. 

El}:e!'lment 2 demonstrates SL'BOCE's abmty :0 s~:lllze lnc re!a:n roe'.v:y dls.;ove:-ed 

subs~:uc:'.lres a...,d illustrates bow ~hese substrJc:ures ::'l:~nt be 3.iipiied to a simlllr dlsc:l.ery t3.Sk. 

The examples for thlS experiment are drawn from ~he domain of organiC chemist:;: F:gure 

-*.3, shows ~.be dnt example for E:tptr:ment 2. The <!u:nr-!e d\!s;;r:ces a .:ierivlt:ve ;;;i :::e 

.:cmround Henber.zobenzene. The best substr'.lc~'.lre discove:ed ey SL'BDL"E fer this ~xJ.m?ie :s 

sho""n in F:gu:e J.3b. and the specializatlcn 0: t!l:s S'.l:'stru;;:'.lre :s in Figure .L3c. Both of :::ese 



discovered s~bst:uc:ure of Figure .!3b evaluates to a higher value t!lan t!le ?revlo:.lsiy sl'ec:llized 

subst::.Icture; tbus. tbe a!gortthm ~gu~s by considerIng e:ttenslons f:om ::le uns~ec:ait:zed 

rubSt!"l.:cture. After runn:ng t!le algor:th.C1 wltb a comj:'ut.ltional limit of 10. SL-BOL'E prcd:lces 

the substructure in Figure "'.$0 lS ~be best d:scovered substructure, Tbe res'..:;:.ng s;ec:a!:zed 

substructure is sbown In F:gu:e -,,5c, Again. botb of these substr'.lc:t'.lres are added to tbe 

background k~owlecge, He' .eve:-. Sl'BOCE takes advantage of the substr'.lc:t:lres already stored to 

deftne ,be '~ew S'J.bsuuc:t:lres :n ,e::z:s of the substructures alrea.dy known. As a result, tbe 

background kno'N'ledge IS extended blerarchic.lll:.v' upward to incorporate :he r.e'N' subsi.:,uct'..:res. 

Ii 
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.1.3. Experime:lt .3: Disco\'ering Classifying Attributes In \11.11 tiple Examples 
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of tile given attr~butes, A recent a.pproach to c;,ncept"ul c!1,;s:e:-:ng. c:llied goal'1:mented ;on.::epn.:a: 

clustering [Stepp86). uses a Goal-Dependency :'\etwork. (GD:\) to suggest relevant attnoutes::>n 

whIch to focus :ile attentIon of the conceptual cluster:!'I~ ?rocess. 

A GO:\' direc~ the .::onceptual duster:ng tetbn:que i.:npie::nented in the CLl'STER CA 

Frogram [~logensen8 7], [n CLLSTER/CA the GO:\ IS ?tovi.:!eC: oy the user. However, the 'JSer 

!':lay not ib.·ays know 'JtCllcb. J.ttrtbutes or c;,mOtnJ.tlcn of at:rlbutes are relevant to a specific 

Froblem, In this case. :be best substructure discovered ::ry SeBOCE in ;he gIVen C!um;:: i.es can :,e 

added to the GO:\'. T~e suost:-'..Icture attnbutes added :0 t!le GO:\" suggest problem-spec:!lc features 

t" ::elp foc':J.s the conceptual .::lustermg process, Exper~:::lent .3 demonstrates how SLBDl'E and 

CLl'STER:CA work ~ogether ~o discover concept;.)al .::L.:ster:r:.ss based on r.ewiy d:scovered 

Thus far. the operation oi Sl'BDL'E has been e:ta'::lned in :!:e c:)nte:tt of vne inpu: e:ta~p:e, 

Sl'BDl'E operates on :Dult:ple input examples in enct:y :be S:l::::le Clanner, Sl'BDl'E J.IIJ.'a/s 

r~Fresents :be input uamples as a gn.ph ',with sin~le !r:.F'..I~ enrnpies represented as a single 

.::.;)nnec~ed ~!':1?h. and :!:ult:ple Input e:tampies re;:-rese!'l!.ed 15 J. J!sconnec~ed gnpa ·... nhl connect~d 

subgraph component for eacll example. Beca'..lse ~ucs:r'..I':~'..I~es are connected ;raphs, t!le 

substructures discovered ~n tlle contut of :'Il'..I1t:p:e ~la;nples cannot .;on:al!'l struc:ure 

spann:ng :ncre ,han one ua!:l.ple. 

T':le eum?ies :or ::::::s elperll:ner:.t COnsist ci :er:. :ro.;!'Is irs: ;!'I::oduced '~y LJ.;,son :La;'s"ni:: 

and later used :'or ps::c:lological test~ng ~'\fedina 71. 7tese S3:ne ::-:1In5 lre used :c .:e:nons:.:ate t!le 
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nu::::':el" ::f ~!a=~les !~C. =:us~er1ngs havIng tte su:?1est descri?tlons. L'sing this lEF J.:lC :te GD:'-

descrlOed i:'l [:'10gense:'l87J. the two best d uster:ngs discovered are 

Color of engine \A.'heels IS "Black· ·White· 

W~en the eUQ;:-les ue given to St'BOCE. t~e :,est substr'Jcture found by the !leur:stic-baS!d 

subs::-~c~~re discovery =odule is 

<~CAR-I.E~GTH( OBJECT-OOOl '.SHORT~(LOAD-Nt.::'-18ER( OBJECT-0001 :..ONE1 
~\\.·HEEL-COLOR! OBJECT·,;)001 ).\\,·HITE}> 

In .:lL::'er \A.'orcs. t~e :est substructure found .s Q jlUJrr car wult while I¥MeLs Q.l'I.d )~ :0<1.d. By 

addmg t!l:s subst:uc~ure to the original GO:": and :"unnmg CL LSTER, CA agam on the saQI! 

exa~Fles. :.!Je ~:wo best ;luster:ngs discovered lre 

:":umber of short C:lrs witJ:l w!'llte 'wheels and or.e load 
!S ·Zero· i "One·' "Two to Four" 

T!le best dusterlng discovered by ctt'STER, CA :s t!ie same as tJ:le best c!ustermg ,jiscoverec 

',J.,ltJ:lOut Sl·BOCE. However. the sec:ond best c:t.:S.e:'ing '.J.SeS ~he SL'BOL"E-diseo'.'!:-ed sUOstruc:ure 

attribute to c!uster :,be Input n.amples. Thus. according :0 the LE::-, t!1!S ne'w ,::!usi.er:ng is oen!!' 

:har. ~h! ;;'.J,sterir.g ':-ased on the color of '!ohe engine wheels. Without the suggesti"n from SCBDCE. 

T:-:.at CL'_'STER; C.~ 'was '-lnable to discover t~e .:l usttr;r.g ba.sed )1'\ the suost:'·.!c: l.:l"! J.tt:il:n.:~ 

suggesi.ed :ly SL"3DL"~ ;5 :ncs,.:: due to CLLSTERCA's bias :c'Joarc.s :!:l~ a:t:-:o:.J:es :ll·.'e~ ,n the 
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S'tr"Jct'.lre oi the ::rooi t:ee. Another system t~at works with :.be i:1u:-nal structure Jf 1 -proof :ne 

IS t!le B.~GGER system (Shav lik8a]. BAGGER g~M'f'ali.;tS to N by 5.nding !oops In the pr;)of :ree 

that can be collapsed into one :nacro-operator representing an i~e!"ative instance of ~be operators 

within the 1001" T!le PLA~D syste:n [Whlteha1l31] 'J.SC!S a method si.alllar to SCBDL.'E's to discover 

macro-ope:-ators InvolVing loops and conditionals In observed slG,i.Oences I,)f plan steps. Sett:on 5.~ 

Cisc:Jsses simi!.lrlties and differences between SL'BDL'E and PL.,o\SD 

E.l.;:eri.ment J shows bo",", SCBDCE .::a:n be used to find a mac::o-operator witbin .he s~ruc:ture 

of a ;:,rooi :ree. Tl':e uam.p1e for thIS experim.ent 1S drawn from :,be -blocks world- domaIn. The 

Jperators for,th:s co:naln are ta.ken from [:\"i:sson80] and a.re repeated :,e10w: 

PICKCP(:c) 
P:'econditions: O:\TABLE(:c). ctEAR(.r). HA.,\DE~IPTY 
Add: HOLDI:\G(:c) 
Delete: O:\TABLE(:c). CLEA.R(:c). HA.\'DE:\IPTY 

Pl'TDOW~(:c) 
Preconditions: HOLOI:\G(:c) 

Add: O:,\TABLE(:c). ctEAR(:c;. HA.\'DE:\lPTY 

Delete: HOLOI~G{:c) 


STACK(:c.y) 
Preconditions: HOLOI:"G(:c). ctEAR(y) 
Add: HA='iDE)(PT'r', O:'\(,~.y). CLEARt:c) 
Delete: HOLDI:-';G(:c). CLEAR(y) 

L:"STACK(:c.y) 
Preconditions: HA.\'DE~IPTY. CLEAR(:cl. O.\'(:c.v) 
Add: HOLO[.\'G(:c). CLEAR(y) . 
Deiete: HA.\'DE~IPTY. ClEAR(:c;. O':\(:c.y) 

For ~his examp:e. s\:;:,?Cse ~he lnIt:al '.world state :s .1S shewn In Figure ~Sa. anc :::~ :iesl!"ec 

.... 
, ."'.e 
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STACK(X.Z) 

~ 

C:"STACKCY.Z) PICKL'POi.) 

PCTDOW:"(Y) 

Figure 4.9. Di.seovered :\(a<::'o-operato.r 

system. be..:ause the macro-operators may o<:cur in s-..bsequent u:amples. If t!le di~:J" e:ed ma<::-o

vpe,ators are a.cded ~o SCBDt'E's ba<:kground Ic.nowlec!e. a ::uerarch:-( of ma<:rO-(lpera~ors can be 

~cnstru'tec, T~:s hierarchy cI~llt serve as an initial joma!!'! :heory fvr an EBL systex.. 

4..5. E."<.periment 5: Data Abstraction and Feature Formation 

EI?er:ment , combines SCBDL'E with the I~OL:CE system [HoaS3] to demonstrate :he 

;cprovt!:nent sained in both proc:essing time a.nd quality .')( results ..a.·hen the eumpies ;:ontaln 3. 

!arge amoun: vf s.r'.l<:t'.1rt, A Common Lisp version of I:'-."Ot'CE was used for :l:lis eUr.1?le :-unn!ng 

on the same Tu3.S Instruments E%plorer as the SL'BDCE system, 

Figure ",lOa shows a pictorial representation of the ~hree ?Ositive and three negat;ve e13:.t1t='les 

given to I~Dt'CE, E1<:h of the sy:nbohc benzene rin~s in the ua.:nples of F:gu:e ·"lOa correspor.es 

to the .::Ietalled des<::"iption of the uomi<: structure oi the ~nzene r:~g. similar to ~he one 5::0..a. n in 

the ieft side of Figure ".10c, The actual input specinc3ticn :or :te SlX !umples ~ont.l;ns J. :ctal of 

1'78 relatiOns of :he form [Se"G:'E-aOND(C1.C~:-T! or [::;OL'oLE-aO:-lDICl.C:,.,'!. Af:~:- 16J 
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5;:'~C""'r cf 3 c'·e: !:\DLCE l:Jlie, T:';5 e!;~::=e:\, ':e::t!cr.st:a~t's !:;;':" ::'l! ~""::S:~''';';:,::~s -:::5C:. !:!C 

:; Sl'EDl'E ~.:1n :r:::lFrove :,be resul:.s ~i :>t!:le-:- ~ear!",ll".g s:;s:e:::::.s ::. l::s::a.::.:-g \\!~ -:e:.:l,:~c 
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~.;. Discovering Groups of Objects i.n Wi.nston's ARCH P"rOV3Jll 

Winnen's ARCH program [Winstcn 75] dIScovers subst:'Jcture In ord!! .0 deeFe~ ::;! 

hlerarc:;c3.1 descripucn of a s.:ene and desc::be groups of oo;eets as IndiVidual concepts, The ..~RCH 

program searC!:les for t'W'o t::pes of substruc:ure In tbe blocks world domain, The first type 

involves a seque~ce of objec:s ccnneeted :,y a cham of similar relations. The seeon.d :ype Invo;~.es a 

set of objeets !aC!:l bavl!:, a s.mtlar r!la~lcnsbip to soce ·~rouptng" oOJeet. The approach used by 

the ARCB program 'oeglr.s wi.ll a con;eeture proc!ss :hat searc!les for occur~ences of the t'J.O tH'es 

of subst:'...lcture, :'.'ext. :!:.e re\islon ?rccess ncludes ~;'::'ll .!:.e group those OCC'...lr'l'e!!ces that fall 

1:::eiow a given threshold of tb.e ~::,oup's average. Tb.:s section discusses tile me!hod by whKh ~he 

ARCH program discovers 1:::otll :YFes ·)f substructure and how ~he method compares :0 that of 

Sl'BDLE. 

'.,l.·hen searching :or sequences of .:>b:ects. tte .'~RCH progr:lm considers chainS 0i ob;et~S 

c:.:mnected oy Sl'PPORTED·BY or l~-FRO~T-OF reiations. All s'...l.:h ;h3.lns 'J. ith :h:ee or t:1c:e 

OOjet!S qualify as a secp.:.ence. However, as illustrated :n Figure 5.1. not all oo;ects In 1 sequence 

~ /,~ 'B 
/

I' 
~ (. 

E . G:,- c \c=7 :0 ,IA B C
D /

i " ..Lr 

(a) ( :,) 
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A. 	B. C. 
1 Sl'PPORTED-BY .ela:.cr. :.) F 
2 ~1.-\.RRrES relat.on tJ F 
3 .-\.-KI:\1)-0F re:atlon :.: E:: :CJ\: 
~ HAS-?ROPERTY-OF ~e:.i:,or. :~ \tEDIt:\1 

0: 
1 SCPPORTED-BY rela~lon to F 
2 :'.[ARRIES relat:on to F 
3 A-KL','n-0F relation to BRICK 
4 HAS-PROPERTi' -OF relat.on to S:\[ALL 

E: 
1 St:PPORTEO-BY relation to F 
2 :\[ARRIES rela tlon ~o F 
3 A-Kr\"D-0F relation to WEDGE 
4 HAS-PROPERTY -OF reiatlon :.:) S:\lALL 

The tomm.cm.-re!aliot".ships-list contair.s the four relations ?Ossessed by more than h.alf the 

candidates: 

Common-Relationshlps-Lst: 
1 St:PPORTED-BY relation ~o F 
2 :\-tARRIES relation to F 
3 A-KI:-;D-OF relation to BRICK 
4 HAS-PROPERTY -OF relation :c ~[ED[t::.t 

~eIt. the ¥rocedure :::.euuns how typical each candidate :5 :n .:o:r.pan50n to :te rell~ior.s in :!le 

S'umber of propU:iH In Intlt!'wt::o!'! 

Number of propenlH ;n I.lnlon 

.vbere the intersection and union are of t!:le candidate's re!atl0:'15 !ist and :he comm.ort-re£c.:~oruhi?s-

:ist. The .!SUits of usin~ :!U5 measl.lre to I:ompare each ':3.ndidate lre: 

A compared :0 cOI"lV"fWn.·,.e!al:on.sr.tps-'ir:: .J J • 1 
B comparee! .0 c::mt."'tW11.-relali.on.sh,ps-iuc: 4 ~ • 1 
C compared ~c comrNm-re!(lnoft.Jhi.ps-lisr: -l. J • 1 
D cora~tred ~o comnJ.()1\,"elc:.::ot".shi.:s,!;s:: 3 J,. ":'5 
E .:omp~:ed ~o commcn.-"'eian..Y'tSh'ps-:!sl: ! J -5 
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::~ted as a.n:. ott:!:, ,e:1::Or. dur:ng t.be disco';e::: ~r:::cess. SCBDL'E JOtS :':0'. : :::S::l.:\ ::'e 

ARCH program to =.ore easily dIscover s\.;bstructures Wltb different object :y;:es dces :\ot see~ 

difficult. Running both tbe sequence and common relation discovery processes :nore tb.an once 

mlgllt encoura~e the ARCH program to bulld substructure -:oncepts containing oCJe:ts 'AI!t!:l 

di.frerent types. However. tbe new process would st.;I remain de~endent ,,?On :1::e t-loc~s ·N·odd 

domain. 

T~e final comFarlson of :11e two sys;;e!%:.S Involves ~he representation used to store t.he 

discovered'substruc:\.Ires. T~e ARCH ?rogTl.m \.Iti!izes the semantic: network foroalisrn.. Here. the 

subSU'\.Ic:ure node has a TYPICAL·:\lEYlBER link to a general destript:on of ,be prototYFe 

s"bstruc:ure, 1nd each OCC1.:r!'ence IS linked '.0 :11e same substructure node .."" I~h a. GROL·P· 

\lE\rBER. Also. it FOR.\l link notes ~.be substructure type of tbe node: sequence or commO:1 

?roperty In SL'BDL'E, only the substr1.:c:ure description is :etalned in d:.e backgroi.lr:c :,~o'N:edse. 

Fur:he::nore, tb.e background ;';:'lowled~e caintalns ;~e substruc:ures in a ~ie!'a:chy t:lat cefines 

comple:!: subs~:uctures in i.er::::1S of previously :ear!'led. :nore l'rimit!ve substructures. Although tbe 

semantu: r.etwork fjrmalism of the ARCH j:lrog!'am can r!present nle:arc:bicJ.l s:n;t;J;-es. \V;.:'\Sto;,\ 

,;!oes not :nent:on tbis a.bility uplicitly [Winstoni5J. T!le subst:uct',;:e reFreser.t.1.tion :.:sed 0:: 

SCBDLTs cacii.grcund knowledge is overly :i~id, Event~ally, St'BDL'E ::nust ~e ao:e to :ep:eser.t 

background kno'Alledge other than substructures. For tl:llS reason. St'BDt'E .....'ou;.:! ,eneft~ frem l. 

more general :epresentaticn such as the semantic network used :,y ~he ARCH pro~ran::.. 

.5..3. COfDitive Optimization in \\'olrs S~"R. Program 

R~seu::' ~oward a comprebensive theory of '::0inlt:ve d~veloFment bas ;ed \Vol:! to ;:,cs::.:b.te 

~hat optlm!utton ;$ :l :najor underl)'lng goal in b\.lildin~ and :e:l:,::r,~ a kno.l,;edse 5t;"'Jc::.:rt 

[Wol::$!]. T~e res1.:lting kncwiedge struc:t:.lres are cptu::ully t!tfk:er:~ fur ~,~e ~e~..l;rec :15;';'S. 

Fur:he:!llore. W·,U! ;-:eser:ts Sl~ ,j.l~a con::.~:esslcn ~r:nc:~ies :-'j: ::l;-:e:-::.er:t;::,s :.:It )~t.::-.I:;:':.,;;:-, 
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slze of ::.e ;:-em:er '.!sed :0 repiace. or ll':stantl.lte, the eie:::.e:'\t .n :te ::'lPl.;t :e.:ct. T::~. j"'S-s 

represents the reduc:.C'n in size of the Input tel:t a.fter replacmg each ~C;U:7ence of ~he elemen: .,y 1 

polr:ter to the element, Dl'.. lding this term by t.be cost S of storing the eieme:u /leids a "l:'...:e :!:.a: 

in.:reases as the amount of data compression provided by t.be elel:lent ~:,:;;:,e8ses. Tberefore. S~PR 

seeks a grammar whose eiementS m8l:l!nize eVe' 

S~PR's compression vahle IS Similar to SCBDL'E's cogm:lve savmgs. Recall f'rom Secti5)n 

3.2.2 that SL'BDL'E computes tbe co~r.ltl\.e savings of' a substruct~re .lS a function of the number 

of occ-:..t::-ences (f:equency) of tbe SUOSU'.lcture and the size of ~he substruct-:..tre. If the :'l.-:..tmoer I)f 

OC;1,;,r:en.:es of t.be substructure lS f. and tbe size of :be substructure !s S. ~hen :be :ognit;\.'e savings 

of :he substruc:\,;re can be upressed as 

T:'e:-e are t·,I,'O diiferences oet'.,l,·een r.b!.S upression for .:o~niti',le savings and :!le expression :0:

cOrrl?reSS10n value, First. tbe size of the ?Ointe!' replacing :be s'.;bs":-:..t;tu:e ·o,:c:Jrrences :s not 

conSlde:-ed in the cognitive savmgs value. Second. the size of ~~e $Uost:\,;c:1.:::-e ~s subtrac<;ed ::o:n 

:he recu.:tlon ter::n In tbe cognitive savings value: '.vhereas. :':e size of :be e:t:nent is div:ded into 

~be :eduction ,erm In tbe compression value. Tbese du:erences sug5e5t pOSSible :-:..t:ure 

lmprovement.s to tbe cognltive savings measure. 

~."'. Substructure Oi..sc;overy ill Ui"hitehall's PLA..'''D System 

Toe PLA::\D systel:l ~Whltella.~:~"l discovers substructure :n 1n obse!'ved sequence ;)f ac::ons. 

These s~oSt:-:..tC:Utes are :ermed mac:o-ope:ators i)r :nacZ'ops. PL..l,.~D ;r:.:~r?o;"J.:es gel".e:'3iizatlcn 
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The .:~g:'llt:·.·e savIngs :..;.sed by PL.A~"D is .:omputed as 

T:'e oniy dl.ference oet'J;een t!lis de.dnition iU'ld St"BOt.:E·s is tile mOdlnc.1tion .n Sl"BDlEs 

":efini:ion to allow for ove!"la~Fing substrt:c:ur':S. P!..AXD does not allow macrops In an agenda :.;: 

overlap. l"slng tile .;:ognlt:ve savIngs heuristic allows PLA.\"D to select a.mong competIng ?aIt:a: 

mac:-ol' ageondas and :0 select complete m,,:"ops for instantiatlon :.n tile input stq\.:ence. 

Observed .~ctjon Sequence: 
A3YXXXYXXZYXXYXXXXZ 

COXTEXT 1 
.:ogsav macro 'OS 

10.0 \{l.1 • (x.). 
11.2.5 ~t1..2. CY :\l!l·;· 

8 . .5 ~u - (~{t:· z)· 

Instantiated Action Sequl!nce: 
.<\ B :\11.2 Z ~11J Z 

CO:\lEXT 2 
.:ogsav macro~s 

2.0 ~.l • (~lu· Z)

Instantiated Action ~uence; 
A B :\1:.1 

A!l interesting macrops discovered. 
End. 

Figure 5.3. PLAXD E:'tam~le 
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OL\PTER 6 

COSC1.USION 

Complu. lllerlr::hies of substruc:tW'e are ubiquitous in :be real 'Jrcrld and. J.S :!::e u;,er:::::le~:S 

of Chapter .l demonstrate. in less rea1.istic: domains as welL L"1 order :'or an ::HeJige~! t!'ltlty :: 

;Ur.l about such an environ:nent. the entity :nust abstract over unInuresting .jetJil and discover 

substr'Jc~u:e concepts ~hat allow an efficient and '.1Seful representation of t:se !rlVlron:'!:.e!'lt. T~:s 

:teslS Fresents J .;:ompu:atlonal method for discovering substructure in exam::,les :rom s::uc::..;:ed 

domains. Sect:on 6.1 sum:narizes the substructure discovery theory and met'!::odclogy CIS':::";SSeC :!"l 

this :!:Iesis. and Sec~lon 6.2 ctisC:.lSSes directlons for future work :n substructure cls';:)Ve!":, 

6.1. 	Summary 

The ?uf70se of substructure discovery is to ide!'\tify interes:ing and :-e~~;t:,.e st:1,;c~'.,;:J.l 

.;:onceFts wnh:n a structural rel'rese!'\tatlo~ of '!:le enVlrcnme!'\t. SUC!l a d:sccvery syste::l: :s 

::aotivated oy ~he needs to abstract over detaJ. :0 r:uintaIn ~ lllenrchical desc:!ptlon of :':::e 

environment and :0 take advantage of substtuc:ure within otter knOWledge-oases to ~educe st,;;):lge 

:equlrements lnd retrieval tlmes. This tbeslS Frese~ts ~he i.!U;x>r'lnt ?1'c.::esses Jnd ~e~~oac;,;;)g:'::J.l 

al'e.r::at:ves ;nvoi':ec In 3. computational method :01' discovering su:,struc:ure. 

A substructure discovery system must g'!!"Ierate alternative sucstruc':'Jres :0 I::e c::lnsicered :y 

:.he discovery i'TOCess. F<=~:- ::aetbods of substructure generat:on 1fe dis;:.;ssec; :n:r:l:::'J; t:t~ans;.:::. 

;omblnatlon e:t~a~sior., :t:!mimai disconnection. and cut disconnection. T:tes~ :ne~:'.:cs '::ff~r a!cr.g 

t .."..o Ci!:'l!nSlons. T~e e:tpanslon oethods ge!'lerate luger s~cstr'Jc:'Jres ":: .lJ"':::1g S~!"..:;t:.;re :.:: 

.imal~!~ 0nes. 'l.hiie :he ':;s.::onnec:lvn :nethvds ~e!'ler3.te s::nilile~ S'''; :s:r·..:.:~-..::e:; ::: 7~:nO'. :::5 
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T~e SL'BDLE syste:::. :s 1:1 .=;:ie:::.e!"ltat;,:,:'l Cif :;;e ;:,:,~,;esses ::I'.O:',ed :;'1 s~~s::-'.:;:_:~ 

,i;sco'.er:; SL'BDL'E l:ot'lta.:1s :hree :nocules: :he Jel.ir:s:l;---=asec :i".:tst:'·Jc:;.;.r~ d:s;c\,e:-:. ::::;;..::_,~. 

he-.;:::s,:;-':;ased ,;!:sc~very modu!e ut:lizes tile substruet...:re gener;)"lon and select:o:-l p'ocesses .:...~,: 

optior:al background knowledge to Identify interesting substructiJres In tile 51ven ,nput eumj:':~, 

The ~ialization module modina tile substructure to apply in a more constrained e:wironme:::. 

T!le backiround kno""'ledge modul.e :e~a.ins both the discove:ed lnd specIaliZed substr....ctures ::: .i 

nierarchy and suggests t~ the heurlSt.:.c-based discovery mocu:f \\.llith of tne known substruc.i.1:!'S 

aJ:ply to :ile current set of inj:'ut eU.::l?ies, E:tr-eriments with SL'BDL'E demonstrate tbe utility :f 

.be guidance provided by the beuristu::s :0 direct tile search towards :Dore interesting subsi.ructU;'es 

and the possible applications of the SLBDL'E substructure discovery system in a vanety :f 

domalt'ls. 

T!le ab:lity to discover S".Jbstr'.lct'.Jre in a structiJred environmen~ :s important :0 the task Jf 

~eaz;'l.i:1g about the environ::lent, For this :eason. s..:bstructiJ:e disco'.ery :e?rese:ns a:: i=port;:..-:.: 

;lass vf problems in the area of :nachine learning. OJ:erat:on In real-world domains demands :f 

:ea!'ning ?rograms tile ability to abstract Jver ',l~necessary .:ietail oy iden::fying in~erestl!'lg ;at:e!'!".s 

.n the e:wironment. Empirical ev(dence I:-om the Sl'BDl'E syste:n der::onst:ates. the applicabll.:::' 

of :he conc~?ts ?resented in t!lis thesis to the task cf dlscove:,,!ng ;ubstt'Jct"Jre in ua.mp:es. 

E:tpanding upon these underlying concepts may ?fOV lde :nore :nsigbt into :he development v: 1 

S\1=struct',.1re discove:-y syr.em capable of Interacl.1ng '~itb a real-wor:c environmen~. 

6.2. 	Future Research 

$everal extensions and a!:,plic:ttlons of the substructure CISCO very method and the SCBDCE 

system :~ ".lire fur:.b.er :nvtSti5ation. Interesting e:ttensions :0 the sUoSt:'''Jcture discovery me':.:::.:i 

include t:'e :ncorporation of new ~eur,stics and b3.cKsrotond i;,nc·J.,':edg! int:) t!:le discovery FfOC:SS 
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S• loe"··st,·S.... ... .... l:;!"'l··• r •.· j :.-lng · J.i -:''''''.-\.' ..s'';'sge - - ... e ,';·.S.. _. 'W 

;:reVIOUS su.:.:ess of sil!I.lLu r'.J:e appii.:au.:ns. 

:esear;:;: :s !'leecec! tJ l::c:ease the scope of Ule Frocess. Cl.:.r:ently. tb.ere are seve:al :~:~es of 

substruc:ures ~hat .:annot Of c1.isc:overed. For :nStance. the .:ur:ent d:.scovery algor::.::r. can:!,,: 

t
discover recursive substru.ctures. substructures Wtt!l negation uI.g .. <[0;-';, X.Y)-T] 

lCOLORiX);I\REDJ». or s\.:bstr~ctures \with constramts on the type of structure to lJ,,'hIC:-: :b.ey can 

be c::mnected. The abilitY' to discover these types of n:bsuuctures will require aUlor mociin':3.~ions 

in both the background knowledge architecture 3.nd the ope:ations pe:for:ned by the discovery 

algorlthm.. 

Improvements in botb the scope and the r:erforr:lance of :he substructure disco'ie::, t'l'ocess 

may arise from a better method of substr'.lct\"i:e instantiation. C .. rrent ::l.etb.ocs do not 

satisfactorily re~resent the full amount of abstractio:1 prov:ded by a substruc:ure. !::si.antiation 

by a Single object retains no :nformation about ,he '.\Ily In '.\I:"lch the substruct',JZ'e ·.>was .:on:1~:!C 

'.\lith the rest of the input n:ample. Contta5tlngly. Instantiation by a single re:3tlC'n ;reser\,es 

ex;ernal connection information (or each obl~~ :r. :1:.e s.... bs;:'.lc~ul"e. An inst.ln't:atlon :r.et!lvd ~b.a: 

C.:::l:nomes both approaches :rIay be more appropr!ate. 8et~er SUOSi.l'·uc~ ....:e instantlatlon ::'l.o!thods 

would allow abstraction to ta.k.e place aut~matically w:thm :he di.sc~ver:: ?rocess. T::..e d:scovery 

process couid work at sevenl levels of abstraction :;,y instantlat;ng Inter:r.e<ii.1t! s .... bst:-uc:ures Ita::> 

the ;urrent set of input exa.:np;es. In this way several :aerar:!l.I;al!y denr.ed s ....bstr...." ... :-es :nay be 

discovered with a single application of the discovery algcnthr.1. 

\Iany of :.lle sugges~ed improvements ::> the ~ubst''.lc::lre discovery ;rocess ~e?resen~ 

u:ensive :rIodificatlons to t.lle current :nethodology. However. :nOst of "he impro\emel"lts ~r.volve 

the '.lS! o( alternati';e forms of backgrol.:nd knowledge. The ~r::l;,':sed ex:ensior.s :0 :he ,;;sco\ery 

:;rocess :nay be simplioec .,y It:'propnate extensions ~c :::e S'.lbS~l"u;t'.l:-e ~ackgrcunc ~;N'.:.;ecge. 
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.. . 

: ... z:~;",.ess l.: :.:~ 

One:;{ the major limiting flctors :n SL'BDL'E's pt:,fo:'can.:e :s ~he sFarse amount ,:' 

knowledge applicable d\.lr1ng t!le discovery pt'::>cess, Tbe pr::>posed e:ltensions to the backg:"ou:-:a 

knowledge wIll sign,ncantly improve SlBDL'E's ability to learn substructure ;;::ncepts, 

6.2.3. 	 Applications 

Several applications appear prOClLStng for :.he Sl'SOt:E s~bstr:JctiJre discovery syste::::.. 

SlBDL'E '!nlgh: be used to detect :e.x~'..!re ;m::Oltl'"es and subimages in a .risual image, organl2e and 

compress :arge databases. or dISCover lI"Iterest:ng features In the input :0 other machine learrung 

systems. 

One of tbe goals Jf Visual process1ng is to construct a :ugb-level :nar~reta~lon Jf 3.n ll:r.age 

composed only of pluis, b t!lis .:ontelt. SL'BDlE could be \.:Sed ~J detet:. :epetiw. e rati.erns :n :.:e 

:"eglons of a visual Image, Insu,ntiat:ng :he Fatter~ to 3.bstract over :beir c.etailec re?resenta,lon 

slmplines the image ana allows other '1:s:on processmg systems to 'J,ork. at a hlgber i.e.. e: of 

abstraction. 

The n~ to access information f:om larse databases has betoo.e ':oonlon}:,lac: In :ncs, 

.:omputi!'lg environmentS. t:nfortunately, as ~he amount of ;';'::.owleege In :1 .:iatlbase !nCrelses. so 

do the storage requirements and access times. L'sing tbe database 15 :n?ut. St:BDl'E :r.ay cisccver 

repet1tive substructure in the data. Tbe substn.lctures can be '~d :0 compress .he database ar.d 

Impose a. hierarchical .eFr!sentatlon. Tbs reorgamzation r!!dl.:':es ;:le $t;):':lge :eq"l1remen~s of t:te 

database and decreases :-etr:eval time for4uer:es referenCing data 'J,'i:,t sl::l.:lar s:Jostr .. cture. 

s::stems. \lost current sys~tQS .He unable t~ Fr:cess the :a:ge ~~:noer cf f!:::~:es l'.a::lt:le .:': .1 
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T. \1. :\li::!:lell. R. Ktile:- and S. :';:~C:1:-C.lceIE. "E:t::-:.::.r.a::c:":-3.::.st..: 
Ge:'leraltZ.ltlC:'l..-\ Cnuying \':e",: .\/.::.d:;r:e ':~.:%r~ir.f !. 1 Jar.·...;.l:::: aS.., .. 
-'7-50. 

http:E:t::-:.::.r.a::c:":-3.::.st
http:Sear;.il
http:Artiftd.41
http:L4a.Tn.ng
http:niversl.ty
http:In.leWgert.ee
http:If'l.lel.1i.gert.ee
http:I.fc.cr.i.fl


J G. W:<= 'Cognm"e Deye:c;,~e:'\t As Ot:'::~;=a::~:1.' ,:-: c.::- ::-":':'::":'":';;" ,'-Lde:s
0; Lcarran.g, L. Bole 'ed,), Sfr:nge~ \'!!'lag. H!:c~lbeq, 19s&. 

'~, "11 .. ~=nl ~ C T Z.lt~. ·Grapb ... T)eort!.lcl~ \te~b~cs fo: De:ec:lr:g a~d Jese: :-::"':~ .. -l.: 
c:!..:s:ers: IEZE ';rc.n.sc.c:i.on.s on. Cam puv- J C·:::O ; hr: '.,;.1::. : 9·: .. '=' ~., '; 

83 




.-\ ':oo:ean,ai'.le indic3.:;ng ·"'·b.e~!le!' or not Sl"BOV2: stoi.l.d ,;:.)r.sw.: :;;e :a~:"'g:,,:i.;.~': 
;;,::cw:ecge :::lodule for substruc:~res ap?ly:ng ~J :!:le .::~::!::, s~t :;;' ::i=~: e:'tJ.=:.;~es. 

De:J.;':.: IS :\11. 

:dls.;ove: 	 .-\ boolean value indicatmg '''''!lether or not Sl"BOl"E stlould peric:-::::l ,!e 
substructure discovery a.lgorlthm on the cur-ent set of Input u.l:::lple'S. Oefauit:.s 
T. 

s~ec;alize A booiea.n value indicating whe!her or not SL"BOl"E should specialize ~he bes: 
substructure round by t!:le substructure discovery module. Defauit:.s :\11. 

::nc-bk .-\ boolean value :::cicating whether or not St."BDL'E should inc:ementally add the 
best discovered substructure and t!le sF«ialized substructure. if requested via tbe 
prevlol.lS keyword. to the backgroi.lnd knowledge, Default is :\,11. 

. ::race .-\ boolean !lag for to~gling the output of ~race informat:on du::ng SL'BDLTs 
eucut:on. Default:.s T. 

T::te :esuitof 3. c:d to ~he r.r.bd'1.16 runc~ion is a list of the substructures discovered :n order 

::'=·0 best to 'lierSt. Ea.c!! s-:.;:s~r·.Jcture is accomFanied by the occur:ences of the sl;bstruc:ure In :J:::e 

~r.?ut e:um;:,.:es. T:'e substructures ,n tbe subsequent output traces appear in the f;)l1owlng form: 

(Substructure_~ :value v ''eZtU:01\s) 
WITH OCCL'RRE:\,CES: 
Ire/.4:io1\s } 
{reZtUw1\s I 

The S':.!oS::;.t'::::.lre ~'.Jmber 1\ xndicates that this substructure 'was ~he "!.Ih. substn:ctu:e disc:vereC:. 

The ·.alue v is the result of the lIa.lue<S) computation from Section 3,:.2 for this subst:uc:ure. 

.'<ela:01\s :s the list ~f ~e!atlons de.ining :!le substruc:ure "r occur:enc!, 

In J.il tile e.I.?1!:'lme:ns. the deflult lIal 'Jes are used for the ":~1\1\ec:ivt:y. ccrr.;xzc:n..es.r. coverage. 

di:c:;ve-r J.r.c. :'!"cce keY·.1words. Also. to conserve space. oniy ~be ~!::~ ~est substrl;ct:.lr!S d:sco've:-ec 
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http:r.r.bd'1.16
http:prevlol.lS
http:oo:ean,ai'.le


., .. ' >.. ..... • ~ 

:.)~',c1.:! t.t I 

:0:' c5,:" ~ -, 

..\.1.3. Output for First Exa.mple of Experiment 1: Limit - 6 

3ql:l :rile•••• 

?an,!Iltten: lim;t .6 C:)Mec~I~·!t':' • t CC:::. ?IC ~:'tHJ • t cove:'II' • ~ 

Wle·ll," • ntl diScover • t s pee:a .iZI • :lli .ne·,lI; • rll; 

S..:,' ::'1.:e~,.u1.6 :\·&I:.e J1.':19 '13 :~Shil~ OO!ec~..oooII.t::anl!e: [:)n\ ,Jb:ec:~·()OOS ,o.,'eet-OOOU.tj 

:1i':1pe' o';ect-0001,'.sqv.ue; lSn&?fI. ob:ec1·0(01)ooC;rc~el [ol:l\ob:ec~-JOO1.~b!ec~-JOO2;.tDi 


-;I.·IT:i OCCt"itR!NCES: 
(srI pe' !l ).trllncle] ~)n( tU 1 ;et) !si'lilpe(Sl ;.sq:.are: ;snil~e1 ;-c;:c!e J :0:'1.(1 Lc I ·.. t:; I 

'(Sr.I?fI\ !'::.t!'liinlieJ lone tZ.JZ;-t: [slIl;MIisZ:.sq-..are j :snil!'f' c2~ooC:rc!el ::)!'l(I.z,CZJ-tDf 
Csr,l?C' tJ).t;o:ilnclei lOIl( :J.sJ).tl :lnil;MlisJ;esc;:.arej :snape(cJ)ee:rtlej :O:1tsJ,.:_lJ-t)f
CInl?fI\ :4 :-maniud [o~( t4.~4 J-t: :snil?fl.s4 1.sqaue1:sr.ape( (4).c::Cltj : 0:1\54e41-t j)l 

Sl.l!::st:".;c~!'e.' :value 9 . .5609":'6 (ron!~b:ec:~-OOOI,object.OOOl'.tl :s:'IIpe\ob;ec~··)()()1 )-sq'.lue] [s~II'C\Jb.ec~-0002 -ci:,:le; 
:J~'. ~ 0 :e,~·OOOl.:)b!«:.OOOZ)etD! 

-NiTH OCCt:RRESCES: 
(:;):,( ~U \Jet] :Sl'lil?f\ sLOOiq,.,:e: :ShllM\Cl)ooCl:,clt] :~n( s1.c!:. t) f 
(:~!:, :Z.sZ)et!lSl"Iap.uZ;.sq\Ouei [Sl'Iilpe(eZ)ooCl:clt] :011\s2.:':;.t)1 
r: ~!", :J,s.3 )et: [Sl"IlpeUJ )-squue: :sr.,~c:.3 ;-em:le! ~on(sJ,'~; et:)) 

(:Jr.~ ~4,s")et: :sl'lilpt\s4:.S«;.....re; ~snilpt\c4).c:tc!el :.:l!'l(s4.C:4 :-!)i 


S... os ~::.;c~:.r••4 ;vahu 3. :"!l0488 ~:S::ilpt\COle(!"OOO1 j.sqla.re: :Si':Ipe\.;)Olec::.OOO2, ac;rc!ej :on( :)b:ec:~-OOOI.; b1ec~·C002 .;:: 
-;I.'iTH OCCt"lRlNCES: 
::11',1!lC' S: ).squ..a:e) ;Sl'Iape(cl )-c:rcle i (OQ(sl.c:l ~.tDI 
~:H:I;!fI\ S~)-sq1,larej :sl'Iilpe(e.:!;-cm:le) [01l(s2.c.:!).1 DI 
':'r.iI~~ sJ;-squ..areJ :SI'l&pe(c:.3)-C::C!'] lOIl(sJ.c:.3)atDl 
:: ~r.1?'" S4; -sq"'iI~e: lSnil,*e4JooCuc:e! [OIl.(S4.C4)-:j)? 

::::11 ::a.CC. 

A.1.4. Output for First Example of E.."(periment 1: Limit. 10 

:> :sv.':Idue :liait 10) 

;;:n:~ e 10 CQnnec~lv~~1 • t ,omp.a(~!'ltSs • t coye:'ilI' • : 
l.at·bc. • ~ll C:$cove: • t SpeC:iI,:ze • :1: ::\e· ,lI; - :t;! 

S'.::s~:'.;c:~:.~e.6 :\-all.lc J1.!19~1J :~;-,Ipc\.:lb:ec~.OOO8:.t::iln~l. :~:: ;,:ec:~-')()()~ C':Ci'c~.)OOL.t: 
:H"iI;lC' oo;ec~·OOOl .~c.l.Ure; :s::,apt, :!o'ec::·OOO: I-c::c:e: :)'/tl :i)et: ·)()Ol . .!~.ec:~ .. >co: .:' 

';\,':T?-! OCC!.:lR~C!s: 
·::S:"' l~e- ~: .'.!~~&:li!e; :J~l ~ l.s 1 ;.~: : ~:":a;te' S1,.1~ 'JI:e: :s:-.,~ c! .C~:t~t:.~!': s ~.;: .• ~ 

http:j.sqla.re
http:ron!~b:ec:~-OOOI,object.OOOl'.tl
http:snil?fl.s4
http:J.sJ).tl
http:slIl;MIisZ:.sq
http:o';ect-0001,'.sqv.ue
http:o.,'eet-OOOU.tj


S';'3S~:·;c~',;~e.' :\· •. .;e <;.$009-0 ::,-ec: ..JOCg ;)~·tc~'OOO! 


.~r:. ~~:«~,)C01.oo:«~'~:i. ': ..' 

':1,'77:; OCCt:~~E~C::S; 

:.:~\ ~l ,S 1 .:: ~S~l;>e', st " .s~ ·~':'t. : ~~a?~ ,1 '.c::c.:, ;::,' 1 LeI '.~: 
:-=f:'. ~:,s.: .< ~S~i~S': .\'r~1:e :):'".I~~C': .•t;~r,.e: ,.J!! s~:2 .~~ ~ 
. _. ~J.5.3 .,' :s~.,?e-.sJ .l(;',;~~e· :1~l~elc.3,.c::,;,e :;):: sJ :.3 .,' 
:::. ~J.sJ s· :S.-.l;>e'.SJ -i,,_<1:e .'."':.1;1t1c4.00(;1'c,t, :,,1I'54;J .' .. 

A. 1.6. Input for Second Example ot Experiment 1 

.Dtf!u!:'ll'ie 
'(. r.Ol ~O:! ::0.3 ~04 nO$ ~06 :10':' ::03 :109 n,10J 


,con,r.ec~ed nU. 

:(CO:::I«~ed . :101 n06) :) (cor.z:«:ed : nOI nOZ; ~; ! conntc:ed n02 ::071 :' (car.n«:ed; :102 ::O.3i t' ~or.::tc:ed ::OJ ::03: ': 
\Coneec:ed ,n03 n04):) ~cor.nec:ed ln04 n09):i \callnec~ed n04 nO$):. cOl1n«:eO' nO.! nl0):; (cor.r.tc:ed :100 :10·,:, 
~c:r.n«:ed ':nO':' nOI):) o,C;)lInec:ed ;:101 ::09' t) ,collllec:ed 1109 nlOi :)1); 

A.l.7. Output for Second Example ot E.'tperitnent 1: Limit - 4 

?l~a::'le:e:s: (on.nCC':;\"i~Y • t ~Ol:\ "&C~:ltSS • ': . covr.llt • ': 
elSC::lve~ • ': S1'«;a~;zr • 1111 inc·:, • :'I.:: 

5:,:o':~'.lC::'.l:e .. 2. :"\i~r :.9~J5"!.5 :co::tnec~ed( c:nc:.OO01;),'eC~'OOOZ;.~:)) 
"":1:1 OCCt:RR~C!s; 

:c;:)l':::tc:~( !:.OI.:106;.tJ';! 

::cor.::«~~\ n01;\02;.t;; I 

:: ::::::«~ed( :102.:10; ,.::~)} 

::o::::ec~ee( n02.:103 :.t;) I 

:co::.::ec :e:::.' n03 .:101;. t:)I 


· : :O:-:.:,:«:~I :103::04 ;.:)) 

:col'::-:.ec:td\ ::0.1 n09:.t;:} 

: c::::::ec:ed\ ::04nO".t;;} 


· :co:::-:.ec:cci ~O'::!O:.!;·:} 

:con:lec:~{ n06.:I.)':'·.t)1 

·:~or.r.«:ed( ::07.:101 .t;)) 

,:eon!l«:~{:"IOI ,:l091.t 1)) 

:::onnect~( :109.n 1 OJ_t)) I 


So.; ':>str'.lct'.lre.3 :VIl\le 2.803$: C3 :c;)!\n«:eC\ oil!«~·OOO:: ..;)o~t1::.000:! '.t: :cor.::ec:ecl .:Io,ec:·0001 . .)0:«:·0002.:: 
,,';:!i OCCt:U.DlC!S; 

:co:::,.ec:ed\ :-:01.:102 '.,J :cor.::.ec:ec( ::01.:l06;.:j;1 
':;c;::::tec:ed\ ::.06.:10; '.t i ; cor.nec:ed( :\01 .:106 ,at pI 
: ,COl'::',t1: :ed( ::0:.:1.01 ~ _t; , cor.nec~ec(::O l.:tOZ :.t ,j, 

<c:c:,:::ec:eel ::0:.:103). t] :cor.::ec::ed{ :101 ,::02).!~; I 
:.;co:::o:ec:ecl :,:0.:1..:03 :.t: :cor.nt1::ec( n02.:,\01:. t ;;)
r: connec:edl :,:06 :101~.t i l cor.::lc~eel :'10: .::0':' ~.t;): 

:co:u:«:e:::.' :'1.0':' ::01 !.t: :cor.:'Iec:ec{ n02.:"I07 :.t:> 

:co:,.::ec:eo.{ ::0.3 .::OS. at j : cor.::ec:ecl ::02.:103 ).~:-:

[cO:'l::ec::edl :-:.0J ,:,\0.: a:;:c:r.:::c:ec( ::02,:10.3 ,.\;': 


':~::-.::ec:ed.t :103:104.:; :co!'.::ec:eC(::O.3,;:.O!.a::'i 

· rCon::ec:ed' :101 :lOS .• :: :c::::::(c:edl ::03.::08 .::: 

::::::'!t(";t-:\ ~uS.~V9 '.~. :~:~!':"~te' :.OJ.:1\)& .~. 
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http:0:.:1.01
http:OI.:106;.tJ
http:S.-.l;>e'.SJ
http:s~.,?e-.sJ


S';'1~~·";C~·.~~.S :"I!'~e $.0 :c~::::ec:te' Q,'ee~,OOOl.:,'ec:..)oo.:.:: ::.::::::!.'e·ee.:~ e~:·:)tJ(J :~ e:"'JoeJ a' 

:::,,:::ec~e::; ~":«~,OCC:.; "«~'vOOJ .< :ecr.~ec~edA~b:ec;·JOO1.~b:ec: •.)CO,! .:;. 

~-:::-! ,)(C'~'inE~C::S 
., --,,' -' '0" - ,- ," --- .... -06 "0"" .1' onr.ee'l!'c:!l-Ol -0" ,:' .,.... ' -01 -,~ .,'~,~eQ ..... "".e",,~_ ..... v .. : :c .....~.e('.!..... ..• _,!;C •.. '••.• _I.'~ ;ccn... e ... e .... ••_:,.;0 __H 

<cor.:.ec:eel ::.C3.:108 •... ~:::'I::.ec;ed, ::0- .:08 ,.t; lcor.:-,ee:ecl ::0~.:l03.:: ,ccn::ec~te; ::0::.0· .:,) 
,:: cQ:'Ir.ec~ee\.::C4.;:.09 .: j : c::r..'l.ectedl:lOI.I109J-t] :ccr.:lec~ec( ::03,:104:-~1:ccn::.ec:ec·, ::0.1.:08-:) 
':[c:o~,::ec:eebO.s . .:.10 .:] [connec:edU109.::10)-I] [cOCec1CGl:Ool.AO.s i-t] ~con::ecttd, a04.r.09 .. :" 

lS\,l~st~J.c~'.::e.6 :vll~e 3.1! r:c"r.:1ec:ed(ob:ec~·OOO!.ob~·OOOJ).tJ [cor.::ec:ed(c~·ec!·OOOl Jb:ec:·OOO4,." 
:eO:1.r.ec~ed( .;)b:ec~·OOOJ.''b!ect,0004,-1 j lC0llJ1ec~ec(oolec~·OOO!.obJftt·OOO3 .•:; ~co::::ectec:!: .:lO!ec:..,)Q() 1.~o;e-c:·I)()(): :.::,: 

~'1TH occt:unrc!S: 
i','[ ,,,r.nectec( ::.02.:103 -~j lc::nl'1ec~tdl ~02,!l0" '.1 i :conr.ec~ec ::06,~O':".~; ~cor.:'.ec,:ec( ~O1.::.0: ;.t: :con::ected(:1.0 1.::.06 ,.:' , 
. : C;):1r.ec:eat:\O~ ::.08 '-d : con:1.e-c:tdt :10~,:10"l ;.1] [conl'1ectecl ::.06.::0':" -:: :con::.rC~tci\ 001.::.0::. -t; [CO:1..:Iec~ed( ::()1 ::06 .• :: 

':[ CO!'Lr.ec~ec:.l ::v1 . .:0: :-:; :CCn:le-c~eC\ :lO.1 ,.:\01 ).t] :con:lec~td( :1.0":' .:108 ._t] :con:lected: r.0:.::03 -:;:conr.ec:edl :1.()2,::,0· 1.t:. " 
<rC0:1nec:eel.::06 ,:'107 '.: ~ :cQIlJ1e-ctedl::03 .::.05 ,.tj lCO::':lec~ed( ~O':' .!'lC,j .t i ;c~n:lectedt :lv2.::0.1 i-I. :::n::ec~e:1: :1.0:.:'10" ;.: I 
'([cO:1nec:ee( :10.3.:'104 :.:j ~COIUle-c~edl ::.OJ.:\OI).:! lccnnecttdl::O'i' .:101 ,-tj [ccn:1ectedl nO:.tlOJ i-t, ;con:lected: :102.:1.0" :.: ~ I 

l~lC;):1.ncc:eci( ::.05 ,~09 :.tl :con.:ec!ed:.r:.0.3.!l08 ).IJ :conn~ec:.\ :\0"1.::01 .•t: :con::.ecttdl nv2.::0J)-t: :conftec:ed( :lu:!.nO':' 1.:: i 
:: co::.r.ec:eel ::02,::03 i.tl ~ c::n:It~~ec~ ::04.::09'.t! [c:::r.:-:.e-cted( ::01.:109 i.tl ~ CC:l:le-ctec( :lOJ.:l04 :.t; LCQn::ectedl nOJ.::.08 )-t;, i 

;:[ co::.::.ec:ec: :\0':' ,::.08 :-:1 : conl'lec':eci( ::.04,::.091.1 i ~con:ltc:te( ::.08,.:09 '.t] [ccn!'lectee( !l03,::.04:.t; [connected( l'IO.1 :lu8).:· ,', 
:CQn::.ec:ed ::04 :lO".-t ~ :connec:td( n04.!l091.tl ~COn!lec,:ee'. ~08 .::09 '-I] ~c:r.nec,,:ed( ::OJ.::().a ·.t ~ :Co.n:1ec:edl :,:u3 :l08: -t ~ , 

:, : C;):::'Iec:eel::'09 .!l10)-:) : ccr.nec:ed(::04 .:109'.1 I[connec:tcil ::08.:'109 1.11:con::ec~edl nOJ,~04 .t! (conr,eC~ed( :1.uJ.:'108 l .. < ~, 
-':co:u:ec :ell( ~03 .::04;-:] :COn:1ec~ed( ::.OJ ,:'IIo)-I] lCO:1:'1ec~eal ::.09 .:'11 O:.tj :CO:'l:'tec',edl n04.::0j ;.t: (eon::ec~ee\ :1v4 :'Iv9 '.:: ; 
, ,lco:'lnee:ec1l :\oa .::.09 l.d ~conne-c~edl r.0.s ,:'11 Ol-t j ~con::ec~ea(::.1J9 .:'110. _t] : eon:'lec~ed\ ;:.04.::0j i-< ~con::ec~ed' ::04.::.09). t;, i 

SU~S~~·..c~·;:e.! :,'Il'",e !.9j4j4$j C:C;)n:1ee:ed(oo:eCl.OOO1''''ject.OOO2·.:j), 
\\."ITH OCCt:RRENC!S: 
.::c;:)~~ec~ec( ~vl ~!'!06 ·.t D: 
': co::..::ec:ec(::.Ol.::O:: .:]::! 
: :":Q:\::e-c:ee( :'I01,~0':' :.:J); 
:cor.:'tec~ee{ :'10: .::CJ '.1])1 

:: co~,r.ee~edl:'lOJ.!'I.08 ;.~D' 
·':c:o::.:,.ec~ecl ::.03 .::04 ;.t]) I 
';cOl'.::ec:e=.( :104.:'109 '_:Pi 
,.;o::::ec:ec( ::04 .::.0$ )-1 DI 
: co::.::ec:ee{ ::0$ .:10 :_t i;\ 

·::::'1r.ec:ee(::.06,::o':' '-tl» 
: c,,::r.ee:ee( :\0:' ,:'108 i.tJ), 
'~cQ::::ec:ee( ::.e8 .:\09 I_:P> 
~ c:::::ee:ee( ::C9:'l1 aJ_!)), 

E::c :~lce. 

A.• 1.9. OUtput Cor Second Example of Experiment 1: Limit. 10 

Betti:. ~:Ice... 

:::'!.i: • 10 c;)nnec~;v:ty • : "C'lj:llc:ness • ' :::".t~lte • ~ 

.u·,lI. • ~.;i d;scQ\'e~ - : s~iAL:e • :u1 .IlC"" • ::1; 

SI.;:'~ ::-"C"; ~e • ~ ... ,:;e S.C) >:::::: rc:ecl;: i)-ee: ·0001.:,:ec:.()C()4 ;.:: :e::~.::ec::e::'. ~; 'e:: ,JllO 3 ; ~ 'e:: ·occ-a .:, 
:CQ::.::ee:e::.\.) "e-c: .jOC:.JI):ec:·OOOJ .• :: :c:::::ec:ee, ~o·eo:"l·OOO1.lo:ec: ·;')oO:! -:;:, ' 

':.,':1':;: ·)cC".:~.RE~c::S; 
:::7'::.ec:e~( ~C'!.~O"':' .:~ ~c=~~ee:te' :-:.0'; ~O'" at: :c:!::~~edt ~Ol.~02 •• : .:;:~~"":tc!' :o:~J~ :-;J,. • 
:':::"'.:.:c:ec\ ~t.,;l :=.C8 .-: :\:.:~:;.e-::ec~:lO-.~Oj,.~: :c:;::.:ec-:ec\:-:O':~:CJ ." .,~::~ec~ea:!'!u:_~G" .:" 
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http:co~,r.ee~edl:'lOJ.!'I.08
http:co::..::ec:ec(::.Ol
http:04.::.09
http:n04.!l091.tl
http:nOJ.::.08
http:r:c"r.:1ec:ed(ob:ec~�OOO!.ob~�OOOJ).tJ
http:a04.r.09
http:cQ:'Ir.ec~ee\.::C4.;:.09


s.,~:~·~,,·.:e.<S\"1~·..;e 3.':.5 ·c::'.::te:e:::'::l·ee:·)OO!;: e~:·OOCJ .': 'c=:::lce'~e :,·ec:·.)CO!.~!) cc:·,)«C-l •. 

3::::.ec::t:.~,;ec~·OOOJ.;o:e::·OCC4 .:l·::::::C'(:eC:":',ec:.,)(·):.:':I,et:,·)OO.Le', ,:::,:::ee:ec. ,;,.,;e1::·;;C0:;, C'C'. no: .' 


";\TrH OCCt:UENC£!: 
::~::ec,e\l;...( -C" -,' l " ~:,o.~ ..e,. .. "",.~....... ," -'~-e~ec:' -06 -0· e" .04_·ec·CC:.......... ")1.. , .. -0'_I.\,:.'04._ ".- -" I. 0",,0- . 

"~~~rc:ee(!'lO· ::08 .~~.c:~:.~'":·!e,:".O:.::O":' .: .. ('Qn:':.c,~ec:'~06.~O ·:_.;:!'::,:c:~ec:-:":v1.:.0=,'.t ,\:::1::ee:t~ :"'.";O.~ 


........ ", ..... ~4 -'.~. -('\~ -0· ~:."'''''''~' ',.' .... ~~ ~ ....... ~ .• t ...... 
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,. ca:·:enl'!."! . earJ) ionl) ,:.:llc\·,r.lpe lc.ar.3) :ee:ar"'e) ,:olci-r:ut!l;)ft (car J) :wc' ( ... nee:-color ("rJ) ..-l'Ilte J 

:i:l::of1t :c.a:l ear:!) tJ ·,lI.!:OIl! (clrl c.ar.3) t))))) 

A.3.2. Output for Experiment 3 

:> . lubc:lue ::i:n:l~ JO) 

Seli:: t:lce••_ 

:;m;~. 30 COIiDectlvi ry- • t compan lias • : eove:al' • t 
-..se-olt • !IIi c\iscover • : Sp«llliz.e • 1111 IIIC· 0" • nil 

: SU'»U1.IC!'::.:,.4 ;"-lila l1-Z9'7011 ({c:ar·ltft.t.'l(ob~ect..oool ;.,no:t; (iold-llUl::. bet" oi:JJCC~-OOOl ;.oo..! 
: ... neei-coior oo~ect-OOOI ;....I\i~,i» 

'a,'ITH OCCt"11tDiC!S: 
·:c.a:.I~r.I:~\ car'::' :.'I'\on! [:oad-A1.I=bft( c:arl)-on.) : ... heel-coio" ud}.willtc;)· 

.' :ear-;el'-I~r:\ urJ i-snort; l:oJd.III.l:ftbft(c:arl)-on.! [""neel-coior\ i;.Ir.3)...·nlt.),
;:lc.ar·;'lIltl':l c.ar Z).,nonj [:o.lc-ftl.lmbft( c.arl)-on,j [..-heel-colot'l c.arZ;...·h:t.;)' 
'r[car·;e-nI~h(c:arJ )aihonj [:old-nl.lmbft(c.ar.3)-oDt] [ ... hetl-colort c:ar.3).'lfI'lI~';): 
ll[c~r- i'nr~t!l.c:arZ)~honl r:o"c\-nlunOenur.!)-on,! ["l'Ieel-colo1" c.arZJ."~1te:): 
,( (i;.Ir.j':1ftli c.ar.3)-snon; [:old.ftllombeT(i;.Ir.3 )-one! i"heel-colot'l c.ar.3:. Wnlt':~ 
, :c.ar.;e!'-I:!'I(c:ar.).'hortj (;OIC-IIIl:nben c:aN)-oftej ("-l:cel-C:llOt'l c:a:4J...·n:te): 
:[c.ar-;'r.I~h\ur~ ;-snon! (:Olc-r.:.J.lIlbenc.ar-,j-one! (wheei-coloti i;.I:5J ...·I\.t':~: 

l\ic.ar.:e::IUic.arJJ-snOf!: (:olc\-nllombe:'.i;.Ir.3 :-on,; ["-l'Ieel-cOiOt'l ur.3I.""lt,): 
/':elr-:e:1lth(c.arJ }-snort; [:Oid.llambet(carl)-onci ~ ..-l'Icel-colo1'\c.ar.3)...·"'~.:)1 
:1 ~clr-.er.I~l':1 carJ J-snon; (:Olc\·nl.lmbet( c:a:.3)-on,j i"hee!-colol'\car3:....n:tf)· 
':: C.l~· .C:1I~1'!1 :,a::!;-snor.; r:Olc\·!lIlo:nbcT\ clr:! ;-on,i ["hee!-colOI\ car:!). "':'\;~e:;; 
i:: c.a:-:e:\i~n\c.a:~ ).Sl'IOr.; (:olc\·lIa:nbr.i.c.ar4;-on,! ("-hcel·colol\ea:41."'"I~';); 
((; ur-:e::rll:( c:a:oS )-,nor.; (:olc\.n~:nOe:(ca:-'J.one j ; ""heel-coiof', cadI. 9.I:::~.D I 
'Z;ca:.;eni:i:lc.ar'::).,nort: [:o.lc\.nacOe1\ car:!~..,ft.ci ~"'heel-colof'\ c.a::!;. "'n:te): 

S..:'str'.lct·..re.6 :val:.J.e 5.'::103.3 ;~''hetl-cOloI\0i:JJect-0008}-'''hlteJ [llt:·::)l:~(-lO!t'::·OOO8-l?,ee:-OOOl .:' 
: clr- :e::I:/':\ .:lo,'ee:·OOOl. -i,~~r~: ::old-numbel\.:l,!ec:·OOOl -..Jr.c;, 'I.'net;-coiol" o:)!ee:-OOOL·.~·:'\;tc:.

wr::i OCCt.:ilJt,OiC!S; 
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4~i·~·.t::"l.e .t~il " :1:i·~I.:r.e I.:,';' ;u"~I.:ne'I.~'C)C 4~"ume 1.:20 d ":i·!u~e ':ie e Hi'~,4:-:~ 1:,: 
Ui'~·.t!:\C '.t:U) i, 
5.... '0? ,00 ,oL; :. (S1J,)()!) ,00 ~ZJ~: ~~;)fe ~1 ~Z;:; 
:?-:y?t'COL;It.tCC.: stlC~'Uil '01 ':C1,t'·,:lCM:":i.!'COI I.:il:):;.s·..!:lCj) ,01 COJ):; S~'O? ,01 ~O,J . 
,e:'::e COJ ~4, :' 

'~?-:YPf ~J)~::S:acll:,; ..l~s~acll:·Ull 'COl ':ib) :, I ur.sac'·,:,:: jOJ Uie) :. 
,:?-t'7?t li04 =cll::.;:" ?1(£"..:?·I:1 i04 ':C", :,5ubOp ,&04 ,oj,~) 
:~?-::?t, CO,) ?l.\t(W~"~ilu:do'l{n'lfl (lOS Irib) :) 
. ~?-~Yj)f '~2) sac.. , (s~lC...a~l (cO% aria) 1) (stieS-Ira! (iO~ It'll) t) (su!)oP (I'll rQ6) :) (SUXl? \ ,0: 10- i :' 

(be:'ore 106 1°7; t; 
(oj:l-ryjlt (,06) ·.Ir.stack; ('Jns:.J.ck-Ull (~ItIO!) (unstack-ull (,06 ltll):) (suOop 1,06 i08;:J (subOp '.,06.09' :' 
C':>c!ore ,o8 109) :) 
(op-tyjlt' 101) ',lIutlck) (uftstlck'lrtll,108 a~) t) (ucstaclr.-l rtl (,0' Iftf) t) 
(op-ry~e I i09) jlutoo'l{n) (f!utdOWth\rt (109 Itlt) t) 
',op-t~pe \,07) ?Iceup) (PIC'-UP-UI '107 Il'ld) tl (subop (a07 110) t) 
(op-type ,,10) jllaoo"ll) (f!I.I:dowll-ul (110 arcf) t»))) 

:\..4.2. Output for Experiment 4 

PUlme:e-:-s: !lm:t -:J con.nec~lviry • t compactncu • t covr.qe - t 
'.1St· bit - :1.11 OISCOVtr e t spec:llae e nil iAc-bk - nil 

S\.lb$tr'.,;c~~n.19Y&lu, 4.46:! 1396 ([op-tyPC(Ob:ecl.OOO6 )epICkUp) [pickll.p"a!'l<object-0006.object-0084 -~1 
:s\,;Oo? OOI«:-0001.::01ect-00(4)et! [:J.lIJ~IC"-lri2(ob)tC~·009'.oblec1-OllZ)eIJ :btfore(oblCtl-OO94.obltCt -0006 .• :) 
: S >..: 'O?°biec~ -0 156 ,ob:ec:-OOO 1).t i [I ~,ce·.t112\ o'Jec~·OOO1.oblect.ol1l)et! [Op-IYjlel. 0 blec~..()()94 ;e~z:.S :ICC.; 
: '.:.:,.s~uk 'lfi I( :lblec~-0094,;lb,ect·0064 )_r! :s!aci;'"fli (objte:.OOO1.object..oo14Ietj 
:;l>..: ~cic\1o':-: ·arC\ob:ec~-OOZ 1,;lbiec~-0064;_r: :op-:Y!M\ob!tc~-OOZ I )epll. tdown] [op-:ypc(ob;ec~...()()()1 )e1tac&; 
: su bo?, Q biec~ -OOO6,cbltc:·OOZ1)-tl {s\l.bop( 0 b)ect-0001.o biec~-OOO6JeiD) 

""ITH OCCL'iRENCES: 
::op-~~pel.i04 ;a!'ICk\.l!'i : jllCk1.i!'-Ir&\,o.,lfla)et; [subOpCcOl.jOJ)etj [Unsuct-lrc'::(COJ.lrtC;-tj (betOI'e{ ,oJ.j04 )etl 

:u';';)Q? ,00,iOnet; ~5tlC,--arI2( 10l.artC)et] (op-typtl iOJ)eU:1.Sacel ['JlIJack.lfIHaOJ.&TtlJ)-tj ($~lCk-UII' c01.l=i&~et; 
:?u~cio..,..n.UJl.IO.5,&ri':3)-t; [cp.typt'-,iOj)e!,u~cowltl (op-typtl aOl )-sac&-] [SloIbopC ,o..,o$)et; (subop. iOl.i04 ;at])1 

':O!'-:Y?II 107 l_jllckupi :i'HC'~lhlfC\,o7,lrtcl)etj [lubop(,ol.c06 jet j [u!IJtact'lrt.!(~.Uii e~J :,.Core-·I06.•01 -d 
:s ... ':)o? iOO.aOZ;-t: :stld-1112~ aOZ.lrtljetj [op-~yPC(&06~euns:'Ckll'_u:sack-"I'I\tC06.lrt!')etj ~S-:,ck.Ull·, rlZ.&:i'= .:: 
:1'>": :cown-uC\l10.a:cf)_t; [op-tYPC(110).p"~dowlll [op-t'Yl*aOl).sackJ (subop.,o1.,lO)etj (SUbOP.COl.4101' .~j; ~ 

s","~~·~c~\!re.Z.:! :vli:Jc .3.19':!18':" :[op-t!pe(ob!IC~'OOO6 :.!lickl.lpj [pickup-ut! :Jbject...()006.»bj«t..oo84l.!j 

:'..l~s:lck'Ui::~ ~o;tc~ .~4ooJect.ol%.:!)etJ [bitOf" Ob!Kl..()()94.obj«t..()()06ie t! (SUbOP(Ob!tct.olj6.oo:ect-OOO1 ' at: 

:s tic.. ·&~2' 0 b!ec~ '()()()1.~bjttt.olll}.tj top-type OO,ect.()()9' )-ulIJtack) [u:uac&--1fI Hobiec'.0094.ob!tc~-0064 '.!] 

',I~&ck-lrc1\obltc':-OOOl.~b!Kl·0084 )etl [putclowll-arz( object..oo%l.::1 bjec':-00$4.l. t1fop-type( :Jb!ect·OOll : .pll ~co ~'n I 

:~,.tY?ll objtc~-OOO1 ).'':.I(k: [subop(object.OOO6.object..ooZl Jet] [subopCobJecl-0001.objttt·0006 .•tDI 


W1TH OCCt.:lR . .r.ICES: 
[~p-tyi'C\ c04le pickupl [piCkUP-&I"l\i04.&rtl ).t! [U!lJtlck-"rtll aO.3.1.fIC}et; [blf,,,.:tCOJ.a0-4 )-,] :suboP(iOO.•Ol \. t] 
:S~&CI. 'lI11t!Ol.l1'F)et] [o!>-tY?IIIOlJ.unsUCkl [utlsace-arcl! iOJ.&rlb)etl [S':.ICk-afll(,ol.Ifll .ti 
:;)\.;~d~W!'.,"tT ,oS.lrlb).~; [op-tY1ClcOji-putdow t:l [op-tYi*iOl )estac~j lsubop.&04.•(W a t! lsuooP'101,,<l4 ;.:;-} 

, :~p- ~Yj)e'. i07 ·.!llce· .. p] :f!IC':.lp-.a:r c07.It'ld)-t] [;':':lStac~'lft2(c06.a~i)et; r'>e;orll C06.1I>7 1et: ~Sl.l:,cll'rOO.iOZ ••t;

:!~lC" -l:,.1'. ,0:.UUJe tj l~i'-tYj)t', c06;.\lllJucltl [u:ulack-ll1Hc06.lrtf ).tl [StiCil'. 'UI ItcOl.lrld-t1 

:;1\';:'::'0 "'·!'.·&rl' , 10,l:l!)-t; [op--tYpt'-,iIO)-putdowni [op.tY~CO:)as:acltl (IUbep 107.alO)-tj [SI.l:.lOlI'jO~.iO-:" a:;:' 


S .. ~s:r·..c:~;.;rt.:O :\·a1..., J.:9:1!1' ((Op-::rj)t\Ob!<<t-0006~ajlic&1.lpl [subop.Ob~~-OOOI.:b:tC~-OO9').t] 

: ·~~S~lCl. -a~i!{OO!ec:~.0094 oo:ec1·01 %%;at1[btfore(ob!ect..()()94.:bjecl.0006 .at] :Si.1:x,~ob:ect.Olj6.Qi:lJec~,OOOI .', 

:S~ICI.-UI2r.'::1'ec~-OOOI.Jo:e~t.Ol,:l;atj [~p-t~i'I\ OO!tct.OO9,I_",,:\sticki : ...ftS~lck-&:ll( .,\):ec~·009400)ec~·OOo.a .':

:! :lCit'''~il( ':'.:I:ec:.OOO1.JO:c=:.J084 I.:] ~?:;:ao'l{II'I.fr-:)b!te:-OO':: l,ooJtc~·OOo,J'.t] :,;.,.:-?rt .)'.)·ec:·OO: 1 ,.~ _:=011.':".;

::"-:7-',,... oo~ec:-OOOI ;.S:I(it: : S:..lXliMbject.OOO6,ooJCCt..oolL-rj :s~Ooil'~b:tct.OOOl,o o/ect-0006 .: ;)1 


':',;:TH OCCt:RR!!'lC!S: 
';"?':::?e' iv4 :-;>ICit'.;?: :S~'x~ ,01.,OJ ;-:: : ~::'S':ilC&:·L-;':tiOJ.I:ic a:j r'>e:ore-c0.3.,,)4 ).t; :S:..l bO? jOO.,VI a' 
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.... ~ .. ,.~ ••...••.•• ~'I' "6 •...•... ~~;'(\9"O' '.- ·.~"' .•rQ.,.<:=:.;.:~e·'t: .....\' • ... .J .:~._ ..... ,-;o ..c,c ....... ~: .. e ...... ':).e.')C'hl..o' .... '" ....~. ~·,.i,e·~ .............. ~ .. 


:Slqie.'c~.c:,c~O.cl ~:at ..~:;!'.~.e.'''~e'.c~O.d! a: ..I.:."t'·:c:,:e <::0.::1: .: .1.~·i·!·'C::C:: ,1.:;.-":5 .' 

:l!ec.~~~.c:! .ca:,~r.j ,.it.:tc .. ·y~~cl .. ~.Cl:-~~, .~t~:-:.~~:·?~ ,16 .Ci:""C~ •. i~C~.,.~:-·'?e\;:.: • ...:l:'C;-;, 


.••~- 'V~e<C'O .car:X)l':"·~- ·,·":)~coq'.c.a·!K'.. :·!··-··v":)~ ... l' .·ve··..•• 
............. :' . 4. l;., . _." ~. . .. ....\~ ......... -.. .... '.. "' •.•. ,/ 

:ec.~'::lle·!xlr.d(:l~ :15,a;;. do\,;~:e·'c::d·.clS:16 ~:: .=o·.;.·~.e·x;nci.v9 cl0~: s:::, e·jcr:c.·:09 ::3 .~: 
:s:r.i.e· )O::c:; : l 0 .• 1·' a:. ~$ ..~,.e-'l<:::c:. : IO.:U. at, ,s::;.r:e· bolle· c 16:-:1: .: .. I.::i:e ·1C::C·. d': ::C 5 .: 

l'_::,,:~~":-:e' ~:! .':ir~~:' l~~:l·:""~~ :l-~.(:l~l)cn.: [i~:=.-:-"Y~ c!, .c~:'~:'t~ :i:.:~-:v,e'. ::5 ·'&:':0::, 

,"- ·';":'e··' 0 aca'x·· '1"- .",- •. ·v9'.ca·:)QII! ;.';'C,·V':lCl "05 a-ve·~rer.·)


<c;·~~;:·e:~n~( ;1.3.: i4~:': d;~·;le~~::-.~\Cl !.ciZ)a~! :do~;l~'.~c~~ cO-;odos·:.:; ~~:r.ile. Ocnd( COS e14 at. 

: s :r.s ie-'Jo:!c C12..(13)a:, : su:c ;e-i)onc1l cO~ .C 11.t j :Slftl ,e- ::ond· c 14.:: 10 )at: rI:r.i!e. !xlnc1t:1J .;'09 .~: 

;.~Olr.- :ypeo. c14:-,a:bolll :atot': '':'Y?e\.c1J ).c.ar':len) [a~.,m· ~,.?t' ('1 Z)acarbon: :itoat .tyj)t< cII ;a'a:::,o::! 

:.loaHYpeo. c08Jaca:!Ionj [uo:n-:yj:)C'. c07 )-carbon; (. tom-:y?C\ hi 0 )a~ydroler. i), 

I (:cloable-!xlnd(clJ .c14Jat: :double-bo:\d( el1.cl Z;a:1 ; douoie'boud(cO-;O .(08)a< :sir.c:e . ':!ondl c08 .:14.:al j 
:slnrle.bonc( c! :.clJ)al: [slnl :e-I)OIIC(cO".c 11 ;at j :ur.C1e. bondl el4.n 10).1; lS!r.,le- ·')Ond.( c 1 J.I':09 ;at; 
:.IOIr..tYl* :14,-carbo::j :.lO:n.:y": I: lJ ;ac.arbon; I' tCII:! '~Yi'e\ 1:1 :;acarbonJ :it01:HYpe( C11 ~-carl}on: 
:it.:::n-ryl* c08 ;.car!lotl; f.tOIr.· :Yj:ItI cO';' ).c:arbon; [uo:n.:y,..h09 :ar.YCroten))

r: CO I.:.:He··')Ondl C1.3c14 ,a: j ~ dou:l!e-!xllld( c Ll.cl :).:] ;doub;e-i:loftd( CO~';()S ;at: [si::lle. boftd( COS .:14.:: 
:s:::.cie-I)OIIC(c12.cU)at; [Slnrie.bond(cO'7.cll ~.tj :sIl1Cle·bor.c1\ clZ.~05 .at; [Slnlle-oondtcll.'::lr at] 
:,:0:::·:y,*cI4 :acuboft] :. toc-tyPI\ I: lJ )-c.ar':lenj ;a:"C-ty?C\cl Z;-cu':lenj:. ::;r..,ype( elL -car~::.; 
:' to;r.·type\. COS ;aearbol1] :. t"C-7,.;N\cO':' l-carbon; [atoc-:Y~l':08 ).t'lydrol·~)l 

! (~ci"'.;!)le·bol1c1( cOj.:06 ;atl :dou :'le-~!\d( cOJ.<:04ja: I :douo:e·bond(cOl.:O':; a:: :Sl:\Cl.- bond( C04.CO..S ;.:1 
:s.:lile.bonc:( c02.cOl)at; (Sltlrle- )O:,u:H cOl.c06;.tl iSlnrle·')Or.d, cQ4.;,04Jat: LSltlr1e-!xlnd( cOJ.hO.3 )_tj 
: .:o:n-ty?e\.;V6 .acarl}onj (, too.- tY?e\ cO..s ,aca:boft; (. :':~':Y?t' c04 ;.car'!!on] ~,:oc.ty~ cOJ ,acarbon} 
:. to:r.· type!. cO2 ;-carbon] (ato:n-:y?" cOL )-car'!!onj (ltoc-ry~ h04 ;ah-:-'Cl':ten;) 

(:co ... ~le··:;)Qr.dt ,0..s:06.a:1[dol,;:lle-:lCnd( cOl.:04 :at j :double-!K'nd( cOl.cO': .. ad ~sir.Cle.bond(c04.cO..s)al] 
:S::li leo !xl~e{ cO:.cOJ;-tj [11r..le- ')O:l.C~ cOl.c06 'a( :sllIl:e. bondt c·.,)4.:-:04 )at; [Slniie-bo:l.d( cOl.hO.3 . a:' 
:. tolr.· :YiJe'\ c06 ,aearbon) r, :tll::':Y?" c05 lacarboll: ~UOIr.-:Y?t' c04 :.car'::lonj : ,:"m·rype(cOJ.1.carbo:] 
:. to:n-ry'?eI COZ. aCl:bo III [. t:l:: .ty?f'. C'J 1 iaca::>on: :. t:lm-:"?f'.l':Ol :.:'Iydro.er.); 

:: :couble·bond, cOj.cOO ,at] :c1ouole··,ond( cOl.<:04 )-: j idouo~e··')Oftd( cOl.:OZ;.t: : Slr.lie-bond( c04 cO..s:.::] 
:s:::r!e-~llc(cO:.cO.3)at} :S1nlie. bond( cOl.c06: atl :Stn,le·l}ollc1\ cOZ.::OZ;.tj [slnile-')OlId( cOl.et' at; 
:, to::n-typeo. c06, aca:l}oftj :.tot::-:y~ cO..sl-c.arbonj (uom-:'Y?C\ cOoS :.carboni :. tom·ty,el cOl ,acarbonj 
:.:c::n-typeo. c02;-cul}oni :'tOC-7:~ cOl ;aca:~n i (uom-,y?c\ hOZ)a:-:yd.r:)len;)} 

'Su:,st:uct-;u_O "I'l~e a . ..ss06",~ ([.&tom- :y,* ob)ec~·OOOl .•orot'::::e.::ollor::U.loc:iinej 
: s:nlie-bonc(0:';ect-0004.0:l,ec:-OOOI ).t1:.:OC.·ypi\ ob!"t.JOOJ :-car:>Oll; rdouble·~nc1( o"jec~..ooo=.: b :ec! .. )002 1• I: 
~'!C::\-~Y?C! oblec~·OOOZ;-car:':::~: :si~lle.')Ond\ "bl~·0005::':ec~.OOO2.'.t: : l.::i!e· bond( ;)O!ect·OOOJ.~ :'1ec:·0004 a: i 
:ltC;r.-IY;>t\ ')O)ec~·OOO6 :.r:-:-·>'!~:ie::; :uom. !:.,~ OOlec;·OO<~'" -ear':lon: :eo\:o,e· '')Ond{;) 0!ec1.{)()().4.,)"NC~·OOO':" .t) 
:,:"aHYjJC\ oojec~.ooo's 'aea~,on; ~do\Oble·boTld( ob,ec:.ooo5 J ~lec~·OOOI· _:J ·sil'li!e.bonc1( OO)ec:..ooo· ~ ':):ec:··)()()6Ja:; 
:. to:n- tV;le\..:lOject.OOO' .-carbon; :Sl!!.iie.bond( O:,)ect-ooo'7 . .)o;ect-OOOI i.:: :.:0:::- :Y?C'. oOlec~-OOOI -eu:)Qn;) i 

'(lTrH OCCt."UESCES: 
. r:Couble·bond( cOj.cOS;a!l [do~ole·bond(cO.3.c04 )atl tdoubie ·')Ono(cOl.cO!;.:; :,i::r:e·i:lond( cO" cC..s· at; 

:S:tlil•• ·')Onc:ilc02.c(m.t; (slnlle-')Onei(cOl . .:06 ).:j :SinCle-bond' cu!.;,O.!)-t; [s:r.iie.')Onc:,( cOl.:; ••d 
:alc::n-:yjJC\ c06~aeubon i [&t"c--:-Y;NI.cO$).carboft; (atot'l'l-:y:?f!'.' co).. I.,u:x,n; :":olr.·:Y?".:O.3 .ca~'.Xl::: 
:ilt.:l::n-:y;le\cO::.a(ar!)on] (.ltOC-t-y,e\cOllal:ul.lon; :.tOUHY;:M< l':02;a~~'e!:len: :.lJ::',:y?" e! aC:-::;:: ~e; 

:(:C:oaoie·:')Oncl{ e lJ.c14Jatj [douoi,-;,onei( cl1.c12iatj [eiOIl bie·bond( cO· c08 ;a:; :s:::I:e.bondl c08.1: 1J .a:, 
:$;!'.iie.~n.c:i( c! :.c 1.3)wt: (SlAlle-')Oncllc04 .ell :at; ~JlnCle.oond\ cl:.::05:.:: :s;::rie-')Oftct ell. 'Jl a: j 
:l::::n.:~.. ~ :!" aC.lr!xlnj r.toc-:YiMI cU)-c.ar!)on1 : at.:lm- :y,.. c!': aca::x,n; :. :e::':Yl*c! 1 • .;.;'-)0::: 
:.:~::,.:y~ cOS a';U":lCfti (atom-:y~' cO':")ac.arboft 1[atoc-:-:-'~ br ·.'~:l:::ltlr: :" :Q:r. -:y;:e-, ~08 ar:YC:~:ie::.J 

. ~ : co;.;o;e·')Onc{ d •. : 15 ;.tl Ldouble-'30nd(cl..s.c16 '.ti (dOU!M·')cl'lC( CIJ9 : 10 ;al: :sl~.i:e. ,,,rodl c09.c I' .< 
:L:'i ;e·l)Ond(c16.cl ':' 'at: (Slnile-')Ond(clO.cl..s iatl [slnr1•. bond' cl-.:: l':::a~: :s:ncle-?'-:I<:" (1 U;.~; 
:'IOIT.-tYl* eiSJ-carbon I(ltom·:y~ cl ':' :.aQrl.lon; (atom- :y~'cl 0)acar':Jon: : I~O:r.·~Y?el cl's' • .;ar':leni 
:a:om.ryl*clO iaearboni ~&tom-:y"": c09 :-c.ar':lelll (uom·:y,eI hI 2 1_::yttr:Cf!'!: :uOt'l'l':;,'?CI' Lalodj~fj;: 

OlSCO\'ere<l :h. ~;)i:cw;nl [0 SI.::)st:·.;c~·.;,~1'.'S ~n !41.!166~ s"oncs: 

I Su:'s::·.:c:'.;~e.~ :V'llue 34..36344 ':s:nll'-~lIc( .;):';ect.OOlJ.;)oject.OOJOla" ·1·.~.::'1':~·~ ,;,o'ec:t·oooq .~yd:;)ie~: 
:1IC~. 7vpe' ooiec:·001' ·.t:-:--d:ocen i : s;ni:e- 'lOnd( obteet·0016.;)o:ect.0013 a:,. ~:ni:f·bonc!("O:ec:·OOI !,oo:et: .0009 1.1. 
:, :.:-::,:.' ::?tI.)O.·ec~·OO! 1aca::>on: :delO'ole-!xl:\d( ;)o)ect-OOlO.,'I 'o:ec~ ·001! .-;:. ~c::-_· :y,.. :0.'":·0010 '.ca:·:lJ::: 
: SI:".i:e. ')0 lie' o~:ec: ·OOl.J.oo:ee:·O()1 0 la~: (sine .e· '')Onei( ,)o.ec:-OOll.JO :eel'O(): = .7]:, tom· :·tpt'. ;):"ec:·0014 --: :.c: :;:i~::: 
:':::r:.. 'Y?e< ;)o:"t ·001:! aca:xn: :d,,>,; !)je- '')O::di .)O)ec~·::XH ~.~b)":·OOI! .:; 1 :~~. :y;:e-. ~o:«:·OOl! a~a:':lO:"': 
;ciO·.!;)je. 'x:-.C· ~., '«:-001 J .;)i):"t.0016.~1:s ;~t;e'!xlnci\ oOlect·(lOl '.,'1"": ~;)ol.l a': :!:.. :::-:y~ ~O:«: ..)Ql$ aC.l :')c:: 
. S::':i:e· '-,ene::: :, ~.: .iJ()I!.: :>:tc:.001 0 ;a: .HC:::-:~·J)e' 0 :l;ec: .;)() II) . aC'; ':>en. ;, 

'~:mi OCC-:il.RfSC!S; 
~S'~i .e· ')O:\(! ::; .•• ~ ~ ~l ~:le. ~ ~~:~' .,,:05 .,~ye: :ie~; ~at~=.:~·?e: ~ l:l ·~yC::i~~.:" '::'i ,eo. ·"~~ct.; 1 • .,"*: ~: • 
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http:o.ec:-OOll.JO
http:Slnile-')Ond(clO.cl
http:cOZ.::OZ;.tj
http:Iydro.er
http:sir.Cle.bond(c04.cO
http:le��:;)Qr.dt
http:cOl.c06;.tl
http:sIl1Cle�bor.c1
http:Slqie.'c~.c:,c~O.cl


S''':lS ::·';'C~'~~t.~ :n.'.;,e 3J . .36.3JJ :'i::.e.e-')()nd(~b:«~·OO IJ ~ ,:ec~·OOJO'.:: : aloCi-:y~ .) ,!tt:·OOO9 '. '": ~c~::se::: 

:. ::::":::,1:1. :lO,tt: ·0013 .::;.-e~oie:t: ;sl:,i;e. '<1nCl( ~ b:ec~·OI)! 6 ,~b·ti:~·OO I! .:;:u"lle ·i'Jor.c ~o:tc: ·XI: ,O~(~ ..)009,.:

:1:0::'- :V:>e\ 0' 'ect-OOII -c.a:~r. j :do1,;bie.'x.:dl;) b)ti:t·ool O.:l':l?tc:·ooll .:; i. :OIT.· ::'?I:I. ~':liti::·ool 0 :.ca~XI:: J 

~s'l'Iile.bOn.Q( OO;ti:~·ool J,ob:ti:t.ool0)-t; ;slnl.e. bond! ;)"]ec~.JOll ,;)O;fC:-OOtZ l.t; (atoa:-:Yl*0b:ec:-:;014 './'lve~::ie::: 

:'" :om.tYj)I:\ 0 o!ti:t-OOl %.•c.a:~n; :c:!o~bif.bolld(oo:ti::·COl:!,~':I!ec~ ·0015:.1; ~a:otn·t:~ ".,Jti:~·OOl J -'I=bon I 

:dol.i b,e·bonc1( 0 ;))ect.OOIJ,;)0)ec:.OOI6 ;.d :s;.r.r1e':)():lClt ~b:eC':.·ooU .ob)ec~·OOI4;.tl :&:orn· ~ype( ~ b;tt~·OOl.S .ca:~r'I 

:Sir-I it·boad{o oJect-0015 .oo!ect-0016,. tj lltorn-rype( 0 0Ject.0016)-Cl:~II)1 


I Su':lst~~c:'l::re.O :vIlu.t 1 I[ atom· :y"e(co!ec:·OOJO).'rolr.:ne.c:o:.loTlr.e.:oc:!inci ;sl:lc!e' 'oor.d.1 o,:«:·OOIJ Q,Jec ~.OO30).:;
:&tom.type! ~'Jti::.OOO9 :.hyd:oien: :uom·~rpeo.oo)ect-001S '.h'!'c:oceni LSlAile' bonc1~ooJec:·0016," 'jtt:·OO18;.:; 
:sil1lie.')o:!dloo:ec:-OOll.ob:ec~.OOO9 '''~! :.1to:rH')·peo. ob~ec:-OOll)-c.a:~n; ;do-u';~·bonc(oo:«t.0010,Q0:ect·0011.-:: 
:, tom-r-r?l:l. o!:llec:.ool0)-car~n 1:s.nt;e-;,on<l( oo!ec:-OOI J.oblect-0010)-t~ :SUl.llt.bor.ci(;:,bjec:-ooll oojtt:·ool:. -: j 
:lltor::..:~·P" Qojec:.001 4 :.,"lyd:oaen; :IltOCl·:Y',;)e! o:lJec:-oot:;-ca:bor.] [double·bocci! oo)ec:·OOl :!.OOjCC:-OOU ,.t1 
:"'lCllT.-typ,to o!ec:·OOt J; -ca:')o:! 1 : do'.; ole· bol'1(~\ 00lec:.ooU.:lo!ect·0016 ,al! (SlIllie. bonc( 00 !ect·OO15.0 o ,'ti:t ·001J; -t: 
:,:om.~y?eo,ob;ect.0015 ~ -c&:Oon; :s'~ile·bon<l( oOJect.oo15.oo;ec:.oo1 0)-'; rltom·:y?e-. co!ect-0016 ;-c~r':lc:n)1 

Addina su.bstructures :0 SK••• 

O:$covered: :S-uOst'!"'Jc:u:e.5 ;vll";,, J4.J6J.a4 l[S::'il,·:.ondl OO!ect.ooll,oblect.ooJOI_t} :~tom-~y~ ;:"jec:.COO9' .. ~yd:ofe!:; 
:,:o:n- type( "o;ect.OOU';ei"l'!'<i::len; (unlle-bonl'i(.3o!IC:.OO16.ob1lCt-OOU.:alj :slncle.bondl oo;ec:·,)()l: ,oo:ec:.OOO9 Je:: 
: atolT.· :'!'?I:\ oO;tt~-OO1 t)-c.ar')on: :c:!ouole·':)Ond( ob!ec~·OOlO,~ojec!-OOll a:] (Ito:r.-::/i*oojec:·ool 0 -(~~!:Ior. j 
:1.1:.,;C. :)Ond( ob;ti::·oolJ. .:Io:ec:·OOl 0 :.t; [slnl:e.Oond{ oo;ec:.ooll.oo!ec:";)()l :;.t; [uorr.·:Y?I:I. o';ec:·OO: J : "nvc:!:eie:l: 
: a :::n.ty?l:l. "0)«:-001 :!;eea::IOn] :dOu.b't.:)oI\c1(00Iect.ool:t~oilC:.0015 i.t: (I tOIT..type4 oo;ect·oo: J e(a~~o:: j 
:c:o'~oie- Oo'QcU O:l!IC':·COI J,o!:liec:.OO16~.t; : si.l1l!e-Xlne(ol 0:«:-001':.~o,ec:t-0014:.:} :& :o::·!'!'pe( ~ o:ec:·Q015 .,,::>on: 
: I ;ni le· ')ond( 0 b:ec~..ooI".~blec~· )016 ).t: :"tom·rypeo. 0 b!ect-OO 16)"c&rOcnj)1 

5gec:,,"::eO.: :SuOs~rJc-:-.:re.O :\-I.'..e 1 ~[uom-'Y?I\ oo!ec:-:.>C30 l.oro:r.:ne.c!'\iorir.e.:odi:lei 
:s'::'i:e.bond(oOjec~.OOI3.~i))ec,:.OOJO;-tj :at;)Ir.-~~·'" cb·ec~·;)()09 .nyd.~Ie:tl :&~.:::\- ~7'pt1.~ \):ec~-OO! 3 .-, ;:::~oie!'.i 
:s:ncle-bo:1I:i(cb!IC~-OO16.~o;ec~-001! lati (unlie-bonc1(.:Iojti:t-OO 1 :.;,blec:.Q009 ~.~: ~'" t~Ir.·~Y?t' oo!ec:'OO: 1 '-cubo!'\; 
:c.Ou.oie-bondl ob)ec:t·0Q10 . .3o;IC!-OOt 1)-t} [Itom.t'yp" O,!ec~·0010 :-.;arboll; ~Slr.lle-':Io:lc{ eo!«t·OO 1 J.~ ~ect-OO1 OJ- ':: 
:sinc1e-:;,o:ld.too:ect.OOl1.oo!ect.00t:;.t] :1 tom-:ype CO!ec~"()o14;.hyc1r~cci :&to:n·type{ :lO!ec~·OO I: -c.a::IOn j 
:eo·.:ole.bollc1{ob)ec'!·oo12.~olec:.OOl ,,) .. tj [&tom-:Y?l:l.Oolec~·0013 'eC&r:lO:l: [cio\,;o;c. boncSt: :l;ec~·vO:J .J' :tt:-OO t 6 .. : 
:'lniie-bol'1~/lb!ec::-OO15 ,co~t-OOU,atJ [aUlm.:yp" olO!ec:-OOt.5 ;.C&1:101\; :Slni.'· bend; .)o;tt~·OO:" ~')!ec>OO t 6 • < 
:'"tom--rypeo. 0 oJect-0016 ;-ca!'')oll j) I 

A.3. Experimeut 3 

Experiment 3 de:nonst:-:ltes Sl'BDCE's abiiity to ..:iis:over , .... ost:'.1ct'.1res ::'at .:;an oe usee! 15 

hlgb-le'.'ei attributes for dassifYlng mUlti]:le uamples. Tile input examples :cr.5ist ::If :!le 

desC::'iptions of ten t.:'lms. The DefExample calls ~or eac:h eumple .ue shC·lw'n. ai.;r:g ""':~h ::'1e 
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s.r.i:~ el c2.~' c!~;,;:).C cl c,J': '!Q:;.O:e c; ,4 ~) S.~i.f :de;: ::·l:'.i~ ,J:o ~ do;,;,:t c~ ~6 ~ 


5,.l:ile c·cS)t ldo:;.);e ,·c9 ~ 'dol.lo:e ('eIOH:S'::l;f c9cl:.: ;.~i.f ~IO~!':::: C:O·"').I :1: c:: 

5;r.i:e'cl,leI4 :) ~":;.l:Iil'c:.!eU)~) do:;.o;e.'eI4clO,:'$il':if (;5::-' S::':l:e c16d' • 

c!,:r.;.~le \cl- ciS): 'siecie c(H20;:) ~si:'le;e c!2 c..2l} ::s;:';i:e ::5 e:: • s.:':I.1 :;9 c:'O. 

Strtl!c· c':O c':l ~ ~ s.::,.e ,c':: c::; ~) (SJ~i:e cO:: c~J) ~.\ sU~i.r c;O ~;J .. s:~i.c ;:1 e2,S, ~ 


1~I:e' c'::2 <:'::6/ ~u) 


Q.ef!XI.:,:ple ::O:':;lOI.I::d 6 ::e'i1tIV,) 

'((el c2 c.3 e4 <:5 co c: c! :9 clO ell c12 e13 c14 cl$ cl6 cl1 ciS cl9 c,::O c'::l ,':2 c':J c.:.t. c'::.5 c'::e :27 c'::! c'::9 dO :31 :32 


c.3J eJ41 

(( mll:e :lil) (doub;, lUI)) 

(( SIlllie \ ct e2) t) (douole (cl eJ) t )(dol.lble (e2 c4) t) (S;'''lle (cJ c~) tHsinele (e4 <:6) :) (double' d c6 1) 


<: sUlI;e (e7 (8) t) (double': c" c9) t) (doullie (c8 cl0) t)( sille:' :d cll) t)(su:.,le \cl 0 c:l2) t) . dolO bie (ell c12) :) 

(sInile (elJ (14) ~) i.dolOble (clJ cl.5) t) (double (c:l4 (16) t) (slnrie' el.5 (11) t) (SllIlie \e16 (15) tl 

(dou bie (c17 cI!) t: (IInlle i cl9 (20) t) (double (el9 c2l) !) (doubl. (c20 el:!) t)( $In,le (ell c2J) t) 

. s;.!Ille lC'::: (24):) ~01.lbi. \c.:J e'::41 tJ (11.1111. \(6 (26) t} (sInlle Icl1 c1,1 ~) (Sl:1.II. ·.ct! c2S) t! 

, Sl:llie le;:4 e29':J sl:tl:e \ c2.5 c26 ~ :) (sinll•.c26 eZ':') (; (sinil•. c:o!7 c':S; :; 'slIllie . c2! c29 \ ~J 


SUllie u:29 c.lO; !) \ S1:1.1 Ie (c26 eJI) :) (siftei. ,c21 cJ2) t)( unlie l c':S c':J I :) . sanlle : c29 cJ4) ~);) 

A.5.2. Output for Experiment S 

> (sulxh •• :l:mu :') 

Pl:a:.uers: ~imit • 1 cOl1!lec~i.,.j~y • t eo:n pac:r.ess • : =:Ive'!'..,e. t 
:.!.Se·be. a :'Ill di.scoVft a t si*=:1 l.ze • n:l ll2C-bk e :lll 

RUMinl sulnt!ucture discove:y ... 

DiscoveTee ~he (ollowl:'11 7 sullstrl.lctures m l.5.UJJJJ secon<!..l: 

Su:'st:l.lct:lre-':' ;Talut 1':'5.40":'07 .'('illlle(ob!K:-0O11.:'jec~·OOI $).:) ~co1.:bil\ OO!ec!·OOl.L:b!ec:.OOO9 ).( 
:d.ouole(ob!ect·OOII.:b;ec~-OOOl).!] :SIneiei'oblec~-OOOj,obJect.OOO9 Jet: (cioul:llr.OClJec':.OOO$."oject.OOOl j.t; 
:SU:I;eI. 0 bjec':.OOOl ,0 l:Ijec~·OOO2 iatD~ 

WITH OCCt:RRENC!:S: 

([sillilel. e4.eo)at] [d01.loiei.c.5.c6;-t] (dOl.lble(c!.e4J.t; (,u\,ic( cJ.d).t i [dc:u,le(cl.:J).:; lSI~ljel. d.e! '.t I): 

,([SU:iie(c1 4.e! .s;.tJ :dol.lo'elclJ.clJ).t) (double(c11.:14:.t] :SII111ei.cl ;.c1 ~ :at; [doubil\cl O.ell '.~! [sinl:1\ (1 O.e I': _t])1 

:([Silllle(c4.c6;at] [doubiel cJ.(6).t] (double(c2.c4Jatj (sine!e( eJ.cJ;ati [~u'lelc1.cJ ).t! :SII:'III\ e l.e21at j): 

I (S;II,ie(clO.CI1).t] :dCl.lble\.cll.c12Jat] {double(c!.elO).t; [sielie! c9.cll ).:j [dO\lt?il\ci'.:9 I.tj ~sn·";ll\c:' .cSl.t :'11 


,( [Sillilel c';l.c2:)a~] : double! c20.(21).t) (dO,"ble(el9 ,c';l; at] [smi lei' cl S .c20).t; ~~oubil\ (1 ~.e I!:. t! (Sleeil\ c 1 - : IlJ.:~;: 

\:"1':1,1\ c21.c:S)-t) :d01.:ble(c26.c21)atl (double(clJ,e21'.t] ~Sillrle(e:4.c26)a( :lioulI:e\c':J.e2': ;.t; [slel(1\ c':J .:;:j' .:!> 

,l(m,i.1\ c4.e6;·t j (doublel cJ.c1'i}.t} [double(e!.C4J.t] [Siftti ....eJ.cJ:.t; :dou:l11\ c1.cJ).t} rSlnrl1\ cl.e2:.t], I 

,(! sir.iil\cI0.e12;.tj ~lioublel. el1.ell)atj [doubl«cS.el0).tj [SlAI!1\ d.cll :a~i ~doublei.c':'.:' l_tj :s:nl!1\ c:.;8 l.( I 


(:SIl'!lil\ c16.c:18 'at! [doubie(c17.eU).ti [doUblttc14.c16,.t1 (S::llle\ (U.d -:.t; !dcuOie\cIJ.c 1.5Jat: :$1£11:1\ C1.3: I': a:))1 

'~;SlCI;e\c':hl9\.t) [doublelc21.clt)-tJ[doubltCcJ6.cJS ~atHsanlle(cl$.cl· let; ;c:>uble\cl4.clj)e! ~ !SIr.,lel c2..l :';6 .\ iIi 

: «(SIr.Cie\eJ4.eJ.5)at) :dol:bl ... cJ3.eJ.5).1/ [cloubl ... cJZ.eJ4l.tj [s;ftt1e(eJl.eJ.3).t: [dou~il\ cJO.cJ I ;.:j [sinli.. cJO,c.ll at j)) 

,C(SilIlie(c4().e4U.tJ tdoubleleJ9.(41).t] [douol«cJl.C40J.tJ [sanlie' eJ- .eJ9).t; [coubiM.l6 .eJ~:.:; ~S:::iit' c.J6;JS .•: j; I 

\([si:lrle(e4.c6).:} (doullle(c.5.e6 ).tJ [double(el.c:4 )at] [SiAliC( eJ.c.Siat; [dou,le(cl.cJ :.tj :Uftlle(C l.el;.I])' 

'«(SU\lltCcl0.el!~-t! [doubl....cll.ell).!) (douole(c'.c10).tj [su1t1e(d.ell;.tj :do;:bie\e~.:9)atJ (siellel c".c! 1.::;1 

GsU\,I ... c4.c6)at! (doullle(c.5.c6).tj (dc'~ ':I1e(eJ.;4'.t] !Sil1lie(eJ.c5; at; idcuble\c l.cJ J.~: :S:nllel cl,C.!).t;;; 
(~SU~lie(cl0.ellj.tJ [d:>ubil\ cll.e12;.t. :doUole\c:'.eIO).t] [Slnli~c9.CII ,:.t] tc,C:':Oil\c" :91e r; :S'::ilel c:~.cS J. t;' I 

. :[SI:lI,e(cI6.c18 '.tJ [double'.C I ~ ,c IS ).t! [dOlOlIle( c14.e16 ;.tJ IS'I1IIe\c1 !.c1" l.t; (<:::.1" .. c l.3.e! j ,.~: [S(:tlle! c 1.l.~ 1J .'J> 

.~:sir.ljl\ c4.~ I.:: [douolei.c:j.~6~. tl (doublc(cJ.C4).t! (Slnlle( cJ.c.5 ;.t: [doUOIe(c1.cJ ).~: :s\nrle\el.c2;.~:1 
'CSlnl;c( c:l0,el.::.t! ;dcuoll\ c:l1.c1%;.t; [doubie(c:'.clO).tj (Sie,ie(d .cIUat; rc,o::~Ie\c".1:9 I.tj [SI::ilt'.e~d ;.::; i 
(([SIl~I!c( cl6.cl 5;.t) :doubil\ el ~.e1 S:.tl [dol.lllle(e14.c16).t} ~s;nlle\c15.cl- l.t: ~doubjei c:l J .cl.5).:; :SIAC;1\ eU: I .sa:])' 
i~: Sl!1,ic(c:o!2.::4).:! ;d.:!.:bil\ c::J.el4;atj [doublelcZO.cl~:.tJ lSll1l!eI. ell.c'::J ;.t: ;:!o:.loil\ cl9,cll J-tl lSi.ni.t'· ~! 9.:':0.;;' 

Suon~l.Iclu:e-6 :vlluc • ".6"'602 r.:cl.ou':>le(ob!ec't-OOU.obj~.()()O<IJ la:: :d..)~':l:1!' .)b:ec!..()()II.ob!ec~.OOO2'.t: 
:m:i.eI oOJect·OOO.5,.)o!",,~-OOO9 'atJ :eoUOlelcbJfC~-OOO~.ob:tC:-:)()()1 ).t. (SJr:i.CI..)b!ec~.vool.oo!ec:.OOO: .• :: J 

"'''ITH OCCt'RRESC!:S: 
~:d')U'lt' d.c6 ,.t; :eou:)it': e';.:.t..: :S-:ilel. c:Jd '-~ [e.ou blr. Cl.:J-:; ;s:n,!eI el ,c': l .:;· 

~~c::.I:'iCl.d.eo l.d : d.o·~ ':r. c:1.eJ.: : s.:.,;e\ cJ . .:6'.t l-:O\6 :'i,.. c'::.:4 \.: ..s.ni!CI. cL:;:.•::: 
i(~CO;.l ')1.. c':.:4 .•( :e!·.:.;~et .:: .:3 .~ :S;~i~~ (4.(6 J.t :COt"l :11\ eJ .:o;_t: :s~:\i.e{ eJ~;: I.'!:; 
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