
Reports of Machine Learning and Inference Laboratory
June23, 2001

Attributional Calculus
A RepresentationSystemandLogic for

Deriving HumanKnowledgefrom ComputerData

RyszardMichalski*
MachineLearningandInferenceLaboratory

Schoolof ComputationalSciences
GeorgeMasonUniversity

Fairfax,VA

*Also with the Instituteof ComputerScience,PolishAcademyof Sciences,Warsaw.

Abstract

Attributional calculus is a typed logic systemthat combineselementsof propositionallogic, predicate
logic, andmultiple� valuedlogic. It wasdevelopedwith themain intentionto supportnatural induction,
by which we meanan inductive inferencethat generatesknowledgein the forms “natural” to people,
suchas natural language� style descriptionsor graphicalvisualizations,and by that simple to interpret
and easyto relate to humanknowledge.To this end, attributional calculusemploysnew descriptive
constructsand operatorsthat can significantly simplify descriptionsthat, if representedusing standard
logic operators,would be complexandopaque.Sentencesin attributionalcalculuscanbe interpretedas
binary logic expressions(crisp interpretation), or as multiple� valued or continuously� valued logic
expressions(flexible interpretation). Attributional calculusstemsfrom variable� valuedlogic (VL 1), and
its varioussubsetshavebeenbe implementedin theAQ � type learningprograms.Conventionaldecision
rules and associationrules employedin data mining can be viewed as specialcasesof attributional
rules.

Keywords: Inductive inference,machinelearning, data mining, knowledgediscovery,natural
induction,propositionalcalculus,predicatelogic, many� valuedlogic, attributionalcalculus.

1 Motivation
The explosivegrowth of databasesand information systemscreatesa strongneedfor methods
that can derive from them useful knowledge.In many application areas,such as economy,
medicine,agriculture,management,sciences,andothers,computer� createdknowledgehasto be
not only accuratebut alsoeasyto interpretandunderstandby humans.The latter conditionstems
from the fact that humanexpertsin theseareasarehighly reluctantto employ in their decision�
making any such knowledge blindly, without understandingit and relating it to their other
knowledge.

To emphasizethis issue,we haveintroducedtheconceptof natural induction, by which is meant
a processof creatinginductivehypothesesin the forms that are “natural” to people,andby that
easyto interpretandrelateto otherhumanknowledge.

What is naturalto peopleis, of course,subjectiveand context� dependent.Therefore,the above
goal is approximated by requiring that induced formal hypothesesbe syntactically and
semanticallysimilar to logically equivalentnatural languagedescriptions,and/or representedin
easyto interpretvisual forms. The former requirementreflectsthe fact that natural languageis



the basisfor humancommunicationand knowledgeexchange.Various areasof scienceadded
specialconceptsandnotationsto naturallanguage(e.g.,mathematicalsymbolsandexpressions,
specialnotation for logic operatorsand inferencerules,etc.), but natural languageremainsthe
foundationfor humanknowledgerepresentation.Becausesomepictorial forms of representing
knowledgeare also natural to people(graphs,diagrams,maps,flow � charts,schemas,graphical
representationsof chemical compounds,etc.), we have developedmethods for visualizing
attributional calculus expressionsgeneratedby inductive learning programs.Such methods
includediagrammatic visualization (Michalski, 1978; Zhang,1997) and attributional graphs or
association graphs (Michalski andKaufman,2000).

To develop a natural induction system, one needs an adequateknowledge representation
language. Motivated by this goal, we have beenworking on various formal languagesthat
would supportnatural induction and at the sametime would be relatively easyto implement.
This paperdescribesa recentresult of theseefforts, attributional calculus, which is a typedlogic
system combining elements of propositional logic, predicate logic, and multiple� valued logic.
Expressionsin attributionalcalculusaredescriptionsthat characterizeentitiesof interestin termsof
discreteor continuousattributes.Attributional calculuscan thus be viewed as a representation
systemfor building attribute� baseddescriptionsof any entitiesor groupsof entities,anda logic
formalizing reasoningin a subsetof naturallanguageaboutsuchentities.

As mentionedabove,the main motivation for natural induction is to assurethat descriptions
inducedfrom databe easyto understandand interpretby people.Sucha requirementhasbeen
known as the postulate of comprehensibility (Michalski, 1983),and is importantor evencrucial
for a wide rangeof applicationsof machinelearning,datamining andknowledgediscovery.

Onemaybe temptedto proposean approachto naturalinductionin which inductive inferenceis
conductedin a languagealien to humancognition,but convenientcomputationally,and require
that only resultsof inferencebe translatedto “natural”, human� orientedforms. Unfortunately,
such an approachis doomedto failure. This so becausethe representationlanguagein which
systemconductsinductiveinference(alsocalleda representationalbias)hasa direct influenceon
the kind of generalizationsit will createandselectamonga plethoraof possiblehypothesesthat
usuallycanbe inducedfrom a given dataset.Inductiveinferenceis, by its very nature,an under�
constrainedproblem,andthe samedatamay begetmanydifferent generalizationsthat are (fully
or approximately)consistentandcompletewith regardto thegivendata.

Although the aboveargumentappearssimilar to the Sapir� Whorf hypothesis(that the language
we speakstrongly influencesour thinking; Whorf 1956), it hashere a different meaning.The
processof generatinginductive hypothesestypically involves many stepsat which intermediate
hypotheses(generalizations)are createdand evaluated.At each of thesesteps,an inductive
reasonermustmadea decisionasto which of the alternativegeneralizationsshouldbe explored
furtherandwhich shouldbe discarded.Generalizationsexpressedin onerepresentationlanguage
may scorehigh on a given criterion of hypothesisquality (e.g., someform of simplicity), but
scorelow whenexpressedin anotherlanguage.Therefore,thesystemhasno way to know which
currentlyevaluatedhypothesesmay eventuallyleadto cognitively simple representations,unless
thelanguagein which hypothesesaregeneratedis similar to theultimatetargetlanguage,that is,
in this case,natural language.This argumenthas beensupportedby experimentsreportedin
(Michalski andWnek,1992),which showthat methodsusingopaqueknowledgerepresentations,
such as artificial neural nets or classifiersusing a geneticalgorithm were unableto correctly
learntargetconcepts(representableby very simplenaturallanguagedescriptions),evenwhenthe
trainingsetcontainedall possiblepositiveexamples.

Consequently,an approachbasedon a post factum translation of generatedhypothesesto
logically equivalentnatural forms cannotaccomplishaims of natural induction. To accomplish
them, the processof inductive inferencemust impose cognitive constraintson the inference
processitself, that is, must be carriedout from the outsetin a cognitively� orienteddescription



language.

2 Attributional Calculus vs. Other Logic Systems
Attributional calculushasthreeforms: core form, extended form, and annotated form. The core
form can be characterizedas a propositionallogic in which propositionalletters(standingfor a
sentenceor its negation)are replacedby attributional conditions (also called unit sentences or
selectors). Attributional conditionscorrespondto simplenaturallanguagesentencesthat describe
groupsof entitiesin termsof one,or at mostfew attributes.

The extendedform addsto the core form additionalconstructs,suchas meta � attributes (which
allow one to representa wide classof quantifiedexpressions),and the exception operator. The
annotatedform annotatescore attributional expressionswith merit parameters that provide a
numericalcharacterization.

Therearetwo interpretation schemas for attributionalcalculussentences:crisp and flexible. The
crisp schematreatsattributional sentencesas binary logic expressions,they evaluateeither to
truth or falsity. The flexible interpretationschematreatsattributionalsentencesas multi � valued
logic expressions;they evaluateto a degreeof truth that canbe eitherdiscreteor continuous.In
the following, we will assumethe crisp interpretationschema.The latter part of the paperwill
discussattributionalcalculuswith a flexible interpretationschema.

In propositionallogic, declarativenatural languagesentencesare representedby single literals
(propositional letters or its negations).Such a representationdoes not allow one to directly
representthe structureof sentences.If there is a relation betweencomponentsof two natural
languagesentences,informationaboutit is lost whensentencesareabstractedinto single literals.
Attributional calculus allows one to representsimply and directly some common relations
involving attributesof objects.Unlike propositionalcalculusand first order predicatelogic, it
also recognizesdifferent types of attributes.Attribute types are used to direct the inductive
inference processaccordingly to generalizationrules associatedwith each type (Michalski,
1983).

Due to the useof additionaloperators(internal logic operations,range,exception),and meta �
attributes, attributionalcalculushasa significantly greaterpragmaticandformal representational
power than propositionallogic. The greaterpragmaticpower meansthat it can representsome
functions in a more compactand simpler way than propositionalcalculus.The greaterformal
power meansthat it can representsomefunctions that cannotbe representedin propositional
calculus (such as discrete� output functions with continuousarguments).If all attributes are
binary and meta� attributes are not allowed, attributional calculus reduces to propositional
calculus.

For someclassesof functions, attributional calculushas also greaterpragmaticrepresentation
power than first order predicatelogic. As its name indicates,it is suitable, for representing
attribute� baseddescriptions,but not structuraldescriptions,like first order predicatelogic. Its
most important featuresare that it is easily and directly interpretablein natural language,and
thus facilitates natural induction, that it can be efficiently implemented,and admits a flexible
(multi � valued)interpretation.

3. Explanation of Basic Concepts

3.1 Universe of Discourse

Attributional calculus is a formal languageand an inferencesystemfor supportinginductive
inferenceaboutany entities(objects,processes,behaviors,etc.) that canbe adequatelydescribed
in termsof their attributes(zero� argumentfunctions).The set of all entitiesto be consideredin
the inferenceprocessis calledthe universe of discourse. For example,the universeof discourse
may be the set of patients,plants, behaviors,minerals,songs,stocks,goods in a department



store,etc.

It is assumedthat informationaboutthe entitiesfrom the universeof discourseis in the form of
valuesof attributesgiven in advance.Attributional calculussentencesareinterpretedby applying
themto entitiesfrom theuniverseof discourse.

3.2 Attributes and Their Types

An attribute is a mappingfrom a set of entities to the domain (the set of legal values)of the
attribute. Such a mapping is done by a measuring device, human judgment, or some
computationalprocess.Thestructureof the attributedomaindefinesthe type of theattribute.The
type of attributedeterminesthe classof operationsthat can be meaningfullyperformedon the
attributesof that type.

The attributetypesare relatedto the well � known measurementscales. In addition to the types
correspondingto standardmeasurementscales(nominal, ordinal, interval, ratio and absolute),
attributionalcalculusalsorecognizescyclic, structured,andset� valuedattributetypes.Below is a
list of typesdefinedin attributionalcalculus:

nominal, if theattributedomainis anunorderedset(e. g., “blood type” or “person’sname”).

linear, if its domain is a totally orderedset (e.g., student’sgrade, temperatureof an object,
length, height, the numberof desksin an office, etc.). Linear attributescan be in turn
classified into rank, interval, ratio, and absolute,correspondingto their measurement
scale.

cyclic, if its domainis a cyclically orderedset(e.g.,daysof the week,signsof the zodiac,time
zones,etc.).

structured, if its domainis a hierarchicallyorderedset (e.g.,a type� or generalization� hierarchy
of plants,animals,geometricalshapes,diseases,etc.).

set � valued, if its domainis the power set of a base set; attributevaluesare thus subsetsof the
base(e.g.,if the baseset is the setof all productsin a store,a set� valuedattributecould
be “productspurchasedby customerA in thatstore”).

The typeof an attributehelpsto guideinductivegeneralizationprocessesinvolving this attribute.
Specifically, different rules of inductive generalizationapply to statementswith attributesof
different type (Michalski, 1983).

In addition to legal values,every attribute domain is assumedto contain three meta � values.
Thesearenot regularattributevalues,but possibleresponsesto questionsrequestingan attribute
value, namely: “do not know” (denoted by “?”), not applicable (denoted by “NA”), and
irrelevant(or “don’t care,”denotedby “*”).

The meta� value “NA” is given to an attribute that is not applicable to a given object. For
example,the attribute“the numberof pages”is not applicableto a flower, but applicableto a
book. The attribute “the person’s eye color” may be declaredirrelevant to the problem of
determiningthatperson’seducationlevel.

Attributional calculusbuilds upon the variable � valued logic one (VL1), a multiple� valuedlogic
systemintroducedby Michalski (1972,1994).

3.3 Events and Representation Space

Every entity from the universeof discoursecan be describedby valuesof attributesappliedto
that entity. A vectorof attribute	 valuesfor an entity is calledan event. The representation space
for a given universeof discourseis the set of all possibleeventsemployinggiven attributes.If
attributesfrom A are usedto describeentities from a universeof discourse,then it is said that



attributesin A spantherepresentationspacefor this universeof discourse.

4 Definition of Attributional Calculus

4. 1 Attributional conditions

A basicrepresentationalunit of attributionalcalculusis an aAttribution condition (a.k.a.selector)
which roughly correspondsto a simple sentencein natural language. A selectorrelatesone or
moreattributesto their valuesor otherattributes.A generalform of a selectoris:

[L rel R],

where

L (left side) is an expressionspecifying an attribute, or a group of attributeswith the same
domain. Attributes from the group are joined by “&” or “v”, called internal conjunction and
disjunction, respectively.L canalsobeoneof themeta
 attributes:count, max, min, andave.

R (right side) is an expressionspecifyinga value or a subsetvaluesfrom the domain of the
attribute/sin L. If the subsetcontainsvaluesof a nominal attributes,they joined by the symbol
“v” (called internal disjunction); the subsetcontainsconsecutivevaluesof an linear attribute,
theyarerepresentedby joining theextremevaluesby operator“..”,calledrange. R canalsobean
attributewith thesamedomainastheattributeor attributesin L.

rel is a relationalsymbolfrom theset: {=, ≠, >,
�
, <, � }. Relationoperators{=, ≠} apply to all

typesof attributes.Relations{>,
�

, <, � } applyonly to linearattributes.

Brackets[ ] can be omitted if their omissionleadsto no confusion.If bracketsare used,the
conjunctionof two selectorscanbewritten astheir concatenation.

Attributional conditionsareinterpretedin the contextof an entity (object,situation,etc.) they are
applied to. They can have a prepositional (or binary) interpretation, or multi 
 valued
interpretation. In the prepositionalinterpretation, [L rel R] is saidto be satisfied by the entity
(or evaluatesto true), if L is in relationrel to R for that entity. In the multi 
 valuedinterpretation
of an attributional condition, [L rel R] is said to be satisfied or matched by the entity to a
degreeα (or, simply, to evaluateto α), if for that objectL is in relationrel to R accordingto a
given flexible evaluation scheme.

An attributional condition is called elementary, if its left side, L, is a single attribute, the
relationalsymbol is oneof { = > � < � }, andthe right side,R is a singlevalue;otherwise,
it is called composite. If an attribute,x, is binary, the condition [x = 1] can written simply as
literal x, and[x= 0] asliteral ~x. Thus,if attributesarebinary,attributionalconditionsreduceto
propositionalliterals.

Examplesof attributional conditions with their natural languageinterpretationare presented
below.

Elementary attributional conditions
[x1 = 0] (Thevalue x1 is 0)
[color= red] (Thecolor is red)
[length< 5”] (The lengthis smallerthan5 inches)
[temperature≥ 320C] (The temperatureis greateror equal320C)
[price= ?] (Theprice is unknown)

Composite conditions

[color = bluev red] (thecolor is blueor red)



[length=4..12] (the lengthis between4 and12, inclusively)

[color ≠ green] (thecolor is not green)
[height> width] (theheightis greaterthanweight)

[heightv width � 3m] (theheightor width is smallerthan3m)

[height& width � 7cm] (theheightandwidth is greaterthanor equal7cm)
[height& width < length] (bothheightandwidth aresmallerthanlength)
[count(x1, x2, x3, x4: EQ 3)=1] (thereis exactlyoneattributein the setX thathasvalue
1)

The lastcompositeconditioninvolvesa meta� attribute“count” (seenextsection).

Note: “v” or “&” when applied to non� binary attributes or their values representinternal
disjunctionor conjunction,respectively.

Note that attributional conditionsare easy to interpret and easy to translateto an equivalent
naturallanguagestatement. The can expressany condition on a subsetof attributevalues,and
be easilygeneralizedor specialized(by applyingan internal disjunction with nominalattributes,
the range or relation operator with linear attributes, or the climbing � generalization � tree
operatorwith structuredattributes(see sec.on Inductive Inference).

4.2 Meta � attributes

The extendedform of attributionalcalculusalso recognizesmeta � attributes, which areforms of
quantifiersover attributes.The following meta� attributesaredefined:count, max, min, andave.
The countattributeappliesto attributesof any type, but the domainsof theseattributesmustbe
the same. The other meta� attributes apply only to sets of linear attributes. Attributional
conditionswith meta� attributesarecomposite.

Themeta� attributecountappliesto all typesof attributes,andis in the form:
count{X: REL V}

whereX standsfor a setof attributeswith the samedomain,REL standsfor a relationfrom the
set:{EQ, NEQ, GT, EGT, ST, EST}, andV is oneor morevaluesfrom the domainof elements
in X.

Thecountmeta� attributedeterminestheexactnumberof items(attributes,sentences)in X whose
valueis in relationREL to oneof thevaluesdefinedby V. ThesymbolEQ meansequal,NEQ –
not equal,GT – greaterthan,EGT—equalor greaterthan,ST� smallerthan,andEST� equalor
smallerthan.For example,themeta� attribute:

count(x1, x2, x3, x5: EQ 1)

canbe interpretedas“the numberof attributesin {x 1, x2, x3, x5} that takevalue1 in a description
of theeventto which it is applied.”

The domain of the count attribute is thus: {0,1,2,…,|X|}. If the count takes value |X|, the
cardinality of X, then one can alternativelysay that the value of count{X: REL V} is all. As
regular attributes,the count meta� attribute can also take meta� values “?” (don’t� know), and
“NA” (not applicable����� whenX is not a setof attributes). Thecountmeta� attributeis usedin the
sameway asany other attributesto createattributionalconditions.Attributional conditionswith
a countattributearecomposite.

In the abovedefinition of the meta� attributecount,X is a setof (regular)attributes.This form of



the count meta� attribute is called the first � order count attribute. The meta� attribute count in
which X is the setof original attributesis usedin attributionalconditionsin thesameway asany
otherattribute.

In the count meta� attribute,X can be not only a set of attributes,but also a set of attributional
sentences.In the latter case,the countmeta� attributecountsthenumberof sentencesthat aretrue
or false (in the strict evaluationschema),or the numberof sentenceswhoseevaluationis in
relationREL to V (in the flexible evaluationschema).

It is easyto seethat the countattributesupportsan existentialanduniversalquantificationover
theelementsin X. Assume,for example,that X = {x 1, x2, x3, x4, x5, x6}, whereall xi havethesame
domain,andthepredicateEQ(x, v) statesthatattributex hasvaluev. Theexistentiallyquantified
expression:

∃ x ∈ X, EQ(x, v)

canbewritten in attributionalcalculusas:

count(X:EQ v) ≥ 1

andexpressedin naturallanguageas“the numberof variablesin X with valueequalv is greater
or equalto 1.” Theuniversallyquantifiedexpression:

∀x ∈ X, EQ(x, v)
canbewritten in attributionalcalculusas:

count(X:EQ v) = all

In addition to existential and universal quantification over elementsin X, the meta� attribute
count allows one to expressalso variousnumericalforms of quantificationthat do not exist in
conventionalpredicatelogic. Suchexpressionsinclude,for example:

count(X:EQ 4 v 5) > 2 (thenumberof variablesin X whosevalue4 or 5 is greaterthan2),

count(X:EQ 5) = 2..4(thenumberof variablesin X whosevalue5 is between2 and4).

count([x=1]&[y>4], [color=red or blue], [z=2..5]: True) = 2 (among attributional
sentences:{[x=1]&[y>4], [color=redor blue], [z=2..5]} two andonly two aretrue).

Themeta� attributecountis useful in manyapplicationdomains,for example,in medicine,where
it is not uncommonthat a specificdiseaseis indicatedif thepatienthasthenumberof symptoms
from a given set greater than some threshold.The count meta� attribute provides an elegant
meansfor expressingtheso� calledn � of � m relations(Sebag,1999).

It alsohelpsto expresssimply symmetricBooleanlogic functions,which tend to havethe most
unwieldy expressionsin terms of standardlogic operators(Michalski, 1969). In general,the
count attributeprovidesa mechanismfor expressingsimply logic functionswhoseexpressions
usingstandardlogic operatorswould bevery long andopaque.
Themeta� attributesmax,min, andavearewritten in the form:

max{X}, min{X} andave{X}
and expressrespectivelythe maximum,the minimum, and the averagevalue of attributesin X
when appliedto a given entity. For example,given an event (3,6,4,9,8),max(X)=9, min(X)=3,
andave(X)= 10.

The motivation for introducing meta� attributesto the attributional calculus is that it is very
difficult to expresstheir meaningin termsof conventionallogic constructs.By introducingthem
to the language,one can compactlyand comprehensiblyexpressa large rangeof cognitively
simple relations that otherwise would be difficult to express.Meta� attributes thus facilitate
naturalinduction.

4.3 Syntax and Semantics of Attributional Calculus



Thesyntaxof attributionalcalculusis definedby thefollowing rules(WFF meansa well � formed
expressionin attributionalcalculus):

1. An attributional condition (also called a selector or atomic sentence) is a WFF. (The
semanticsis definedasin Sec.3.4.and3.5).

2. If S is a WFF, then ~S is a WFF (If S is true, then~S false,andconversely).A negated
condition,~S,canbe representedby appropriatelychangingrelationin thecondition.E.g.,~ [
x = a] is equivalentto [x � a], and ~[x > a] it equivalentto [x � a].

3. If S1 andS2 areWFFs,then

S1 & S2 Conjunction: Both S1 andS2 aretrue,

S1 V S2 Disjunction: S1 or S2 or botharetrue,

S1 ⇒ S2 (written alsoS2<= S1) Implication: If S1 is true thenS2 is true,otherwise,
S2is unknown,

S1 ⇔ S2 Equivalence:S1 andS2 arebotheithertrueor false,

S1 V S2 Exclusive� or: EitherS1 or S2 is true,but not both),

S1 \ S2 Exception:S1 is true unlessS2 is true, in which caseS1 is not true. The operator
is logically equivalentto ExclusiveOr, but is usedonly when the ratio of
the frequenciesof S1 being true over S2 beingtrue exceedsthe exception
threshold (a parameterfor exception)

areWFFs.

If R is a symbol or a name, and S is an attributional calculus sentence(WFF), then an
assignment:

R = S is a WFF. If a symbolis assigneda WFF, thenit is by itself alsoa WFF.

4.4 Cognitive constraints

In additional to the syntaxand semantics,attributionalcalculusincludesalso constraintson the
complexity of its sentences,called cognitive constraints. Theseconstraintsreflect preferences
and limitations imposedon attributionalsentencesin order to makeequivalentnaturallanguage
expressionsappearnaturalto people,andby thateasyto interpretandunderstand.

The cognitive constraintsare defined by parameterslimiting the number of repetitions of
differentoperatorsin oneattributionalcalculussentence.Theseparametersinclude:

c� conjuction constraint:the maximum number of conjunction operatorsin a conjunctive
statement (e.g.,c=5)

d� internal disjunction constraint: the total number of internal disjunction or conjunction
operatorsin anattributionalcondition(e.g.,4)

e� disjunctionconstraint:the maximumnumberof disjunctionoperatorsin a sentence(e.g.,
e = 2)

i implication constraint:the maximumnumberof implication operatorsin a sentence(e.g.,
i =1)

eq equivalenceconstraint:themaximumnumberof equivalenceoperatorsin a sentence(e.g.,
eq=1)

ex exceptionconstraint:the maximum numberof exclusive� or or exceptionoperatorsin a
sentence(e.g.,ex =1)

Thereis alsoa limit on thesums= e + i + eq+ ex (e.g.,s= 1)

Cognitive constraintsare imposedwhen resultsof inductive inference(generalizations,rules,



patterns,etc.)areto beoutputtedby the system.If a sentenceviolatescognitiveconstraints,then
it is calledinadmissibleexpression.Suchanexpressioncanreplacedby a logically equivalentset
of expressionsthat satisfy the constraints,calledadmissible attributionalexpressions,or, briefly,
attributional sentences. Such a transformationis done by assigningliterals to parts of the
attributionalexpressionthat are admissibleexpressions,and then using literals insteadof these
parts.

An attributional sentenceconsists of attributional conditions and/or literals that stand for
attributional sentences.An ordered set of attributional sentencesis called an attributional
description, if the first occurrenceof someliteral in a sentenceis followed by its assignmentto a
correspondingattributionalsentence.

For example,assumingc=4, a conjunctiveexpressionA & B & C & D & E & F & G & H,
whereA,B,.C, H areselectorsor literals,cantransferredto anattributionaldescription:

<A & B & I & J, I = C & D & E , J = F & G & H>
This descriptionis read: “A andB andI andJ, whereI is C andD andE, andJ is F andG and
H.”

5 Important Cases of Attributional Sentences

5.1 Attributional Conditions with Meta � attributes

Meta� attributesareusedin attributionalconditionsthesameway asanyattributes.Below we give
variousexamplesof expressionswith meta� attributes.

Example 1. Thestatement”“exactly two variablesin {x1, x3, x6, x9} havevaluegreaterthan3”
canbeexpressedas:

[count{x1,x3, x6, x9 : GT 3} = 2]

Example 2. Thestatement:“It two or moreconditionsfrom among[x1=2], [x2=4], and[x5 > 1]
aretruethand > 4” canbeexpressedas

[count{x1=2,x2=4,x5 > 1}  2] => [d > 4]

Example 3. Thestatement:

If two or fewer conditionsfrom amongPSA < 2.5, DRE = no,BIO= negare true,andPSis No,
thenstateis abnormal”canbeexpressedas:

[Count{PSA < 3.5,DRE = no,BIO= neg} ≤ 2] & [FU=Yes] => [State= abnormal]

Thisabovestatementcanbeexpressedalternativelyas:

[Count{PSA  3.5, DRE = yes, BIO= yes} ! 1] & [FU=Yes] => [State= abnormal]

Themeta" attributesmax,min, andavearein the form:

max{X}, min{X} andave{X}

andexpressthemaximum,theminimum,andtheaveragevalueof theattributesin X.

The motivation for introducing meta" attributesto the attributionalcalculusstemsfrom the fact
that it is very difficult to expresstheir meaningin terms of conventionallogic constructs.By
introducing them to the language,one can simply expressa large rangeof relationsinvolving
attributes.

5.2 Attributional Descriptions and Rules

Attributional descriptionsare attributional calculus expressionsthat describeone or more of



entities.anda function mappinga groupof entitiesto a setof decisionaboutthe group.A basic
descriptionis a conjunctive description (also called a complex), which is a conjunction of
attributionalconditions.

Example: My favorite house

[Color =white v brown] & [#Bedrms =4..5] & [Backyard=large & private] & [Dist # to # work #
H&Dist # to # work # W $ 5mil] & [School_quality = good] & [Shops # from # w v Shop # from # h $
3mil] & [LocAreaDrgDlrs=prsn]

wherethe last condition means:“the location of drug dealerswho operatedin the local areais
prison.”

A conjunctive attributional rule (briefly, an attributional rule) is a conjunctivedescriptionlinked
by implication to anotherconjunctivedescription.

Example: What to do in a nice weather?

[Weather=nice] & [Have_partner=yes] => [Drop_CS580] & [Play = tennis]

A statementA => B, whereA andB areattributionalexpressionsis calledan attributional rule
(or an attributional implicative statement).In an attributionalrule, A is calledpremiseand B is
called consequent.If in an implicative statementA => B, premisecontainsa disjunction of
attributionalconjunctions,then the attributional can be re% representedby a set of attributional
rules.An attributionalrule in which consequenthasmore thanoneconditionis calledmultihead
attributional rule, otherwiseit is calleda single% headattributionalrule.

An attributional rule, A => B, in which B specifiesa decision is called a decision rule. For
example: [price=low] & [quality=high] => [decision=buy]

A collectionof decisionruleswith the samedecisioninconsequentis calleda ruleset. A ruleset
correspondsto disjunctivenormal form (a disjunctionof conjunctions),andservesas a concept
descriptionin AQ attributionallearning

A collection of rulesetsassociatedwith a single decisionattribute(a collection that containsa
rulesetfor eachvalueof thedecisionattribute)is calleda ruleset family.

A collection of ruleset families for one more decisionattributesfrom the samedatabaseis
calleda knowledge class.

A knowledge class with associatedannotations (definitions of attribute types, rulesets
parameters,and relatedinformation) and the associateddatabase(e.g., datapointsusedin the
trainingsetof theknowledgeclass)is calledknowledge system

Another reason, perhaps more important, stems from the fact that decision trees and
conventionaldecisionrules are knowledgerepresentationsof relatively low expressivepower.
Consequently,to expresssomecognitively simple descriptionsmay require a very complex
decisiontree, or an unreasonablymany conventionalrules (which useconditionsin the form
“attribute& value” or “attibute& rel& value”, whererel is ' or ( ). Somelearneddescriptionsthus
cannotbeeasyto understandthoughtheymayrepresenta simpleconcept.

5.3 An Example of an Attributional Rule and Its Implementation

Considera decisionrule expressedin naturallanguageas:

If x1 ( x2 , x3 ) x4, andx3 is redor blue, thenmakedecisionA (6.1)

If variablesxi, i=1,2,3,4,are two* valued, then representing(1) would require a decisiontree
with 26 nodesand20 leaves,or 12 conventionaldecisionrules. If variablesxI arefive * valued,
then representing(1) would require a decisiontree with 810 leavesand 190 nodes,or 600



conventionaldecisionrules. Theneedfor sucha complexrepresentationof a relativelysimple
relationship demonstratesa major limitation of these representationalformalisms. If the
learningsystemcould expressthe aboverule in a form identicalor directly relatedto (1), that
is, in a “natural” form, then resulting representationwould not only be simpler to manage
computationallybut alsoeasierto understandandinterpretby a user.

This example illustrates a central design criterion for the AQ18 system, which calls for
employing a knowledgerepresentationthat can expresslearnedknowledge in the form as
natural to people as possible. A system satisfying such requirementis called a natural
induction system (Michalski, 1999). The above knowledge representationmust, however,
satisfycertainconstraints,namely,be syntacticallyandsemanticallywell + definedandrelatively
easyto implement.Therefore,it cannotbenaturallanguage.

To approachsuch a goal, AQ18 employs the attributional calculus, a highly expressive
descriptionlanguagebasedon variable+ valued logic systemVL1* (Michalski, 2000). (VL1*
can be viewed as a logic systemthat occupiesa place betweenpropositionalcalculus and
predicatecalculus.

For example,a VL1* expressionof (1) would be:

[Decision= A] <= [x1 , x2] & [x3 - x4] & [x3 = redv blue] (6.2)

In orderto makethe rule (2) morereadable,andto providea userwith moreinformationabout
it, AQ18 would print it in a form evencloserto (1), andwould addto annotations:

[Decision= A] if [x1 . x2: 1998,966] & [x3 / x4: 80, 19] & [x3= redor blue:
780,40]

Evaluations: t=750,u=700,n=14,f=4, q=.9
Ambiguous: (pointersto examplesthatsatisfythe rule but alsobelongto
anotherclass)
Exceptions: (pointersto examplesof otherclassesthatsatisfythe rule
conditions)
Positives covered: (pointersto all positiveexamplescoveredby therule)
Flexibly covered: (pointersto all positiveexamplesflexibly matched)
(3)



where
010 bracketedstatementsindicatesingleconditionsin the rule,
010 a pair of numbersafter “:” in every condition specifiesthe numberof positive and negative

examplescoveredby thecondition, respectively
232 Evaluations is a list of valuesof variousrulecharacteristicst, u, n, f, q
232 t specifiesthetotalnumberof thepositiveexamplescoveredby therule (rulecoverage)
010 u specifiesthenumberof examplescoveredonly by this rule, andnot by anyotherrule associated

with Decision=A
010 n denotesthenumberof negativeexamplescoveredby the rule (“negativecoverage’)
414 q denotesthe rule quality as measuredby a rule quality criterion basedon rule coverageand

training accuracy (KaufmanandMichalski, 1999)
414 f denotesthenumberof examplesin thetrainingsetthatarematchedflexibly (Section6)
414 Ambiguous is a list of coveredtrainingexamplesthatbelongto bothpositiveandnegativeclasses
5�5 Exceptions (false positives)is a list of pointersto n negativeexamplescoveredby the

rule
5�5 Positives covered (true positives)is a list of pointersto positiveexamplescrisply covered

by the rule.
5�5 Flexibly covered is a list of pointersto positive examplesthat are coveredby flexible
matching.

To distinguishconventionaldecisionrules(which useconditionsin the form attribute=value
or attribute5 rel5 value, where rel is “ 6 ” or “≥”) from AQ18’s rules (which can use more
expressiveconditions,seeSection 4.4), the former rules are called elementary and the
latter are called composite (Michalski, 2000). As illustrated by the exampleabove,the
composite rules may be able to representsome functions much more compactly and
understandablythanelementaryrules.

In AQ18, a result of a learning processis a family of rulesets, where eachruleset is a
collectionof attributionalrules that togethercharacterizeone decisionclass(thus a ruleset
is equivalent to a disjunctive normal form (DNF) descriptionof the class). Below we
describebriefly themostimportantfeaturesof AQ18.

5. 4 Expressive Power of Attributional Calculus

Attributional calculuscan be usedto describemappingsof setsof objectsrepresentedin a
finite or infinite representation space into a discreteset,calledthe target set.

Theorem

Attributional calculuscanbeusedto expressanymapping:

f: D1 x D2 x D3 x Dn 7�7�787 > D1x D2 x D3 x ….x Dm (7.1)

whereD1, D2, D3, …, Dn arediscreteor continuousinput domains, and D1, D2, D3, …., Dm

arediscreteoutput domains, andx denotescartesianproduct.

Proof

Sinceoutputdomainsarediscrete,theproductD1x D2 x D3 x ….x Dm is alsoa discreteset.
Assumethenwithout losinggeneralitythatDo = D1x D2 x D3 x ….x Dm .

Let usnow considertwo cases:

12



DI, in which D1, D2, D3, Dn areall discretesets(discreteinput) andCI, in which someor all
D1, D2, D3, ,Dn arecontinuous.

DI case,(1) canberepresentedas:

f: D1 x D2 x D3 x Dn 9�9�9�9 > Do (7.2)

For eachvalue of Do, we can build a ruleset that mapsthe set in the left 9 hand9 side of (2)
into thatvalue(anattributionalruleset).

Theunionof premisesof ruleslinked to onevalueof Do is equivalentto a disjunctivenormal
form (DNF) describing that value. A DNF can representany function that maps a
combinationof input valuesto one value. This caseis provenby noticing that through the
range of operator (..), we one representany value or relation on values of continuous
variables. QED

In concept learning, D0, D1, …., Dn are domains of input variables x1,…., xn, and Do

representsthe set of concepts,or valuesof the out variable y0. In general,we can havea
numberof output variablesy1,…., yn , and D1x D2 x D3 x ….x Dm are their domains,
respectively.
QED

7. Flexible Evaluation of Attributional Calculus Expressions
In the above,attributionalexpressionswere treatedasbinary logic sentencesthat evaluateto
either true or false.Such interpretationof attributionalcalculussentencesis called crisp. In
practicalapplicationsit is often unreasonableto userules in such a strict manner.In such
situations,attributionalcalculusexpressionsareevaluatedflexibly, by computinga degreeto
which anexpressionis satisfiedby specificfacts.

There are many possible flexible evaluation schemes.A popular schemais to treat an
attributional expressionas a fuzzy expression,and use fuzzy logic interpretationof logic
connectors.In AQ19, different interpretationschemashavebeenimplemented(Michalski and
Kaufman,2000).

7 Summary

Attributional calculus combines aspectsof propositional logic (by applying prositional
operatorsto selectors),predicatelogic (throughthecountattribute),andmultiple: valuedlogic
(thoughflexible evaluation).

Importantfeaturesof attributionalcalculusarethat it facilitatescreationof descriptionsthat:

1. areeasyto understandandinterpret

2. canbesimply anddirectly translatedto naturallanguage

3. areconstitutecompactrepresentationsof discretefunctions

4. aregraduallygeneralizablethroughinternallogic operatorsandstructuredattributes

5. canbeeasilyandefficiently implementedin a computerprogram.
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The abovefeaturesmakeAttributional Calculusparticularly attractivefor machinelearning
andpatterndiscovery.
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