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Abstract

Attributional calculus is a typed logic systemthat combineselementsof propositionallogic, predicate
logic, andmultiple-valuedlogic. It wasdevelopedwith the mainintentionto supportnatural induction,

by which we meanan inductive inferencethat generateknowledgein the forms “natural” to people,
suchas naturallanguagestyle descriptionsor graphicalvisualizations,and by that simple to interpret
and easyto relateto humanknowledge.To this end, attributional calculusemploys new descriptive
constructsand operatorsthat can significantly simplify descriptionghat, if representedising standard
logic operatorswould be complexand opaque Sentence# attributionalcalculuscanbe interpretedas
binary logic expressions(crisp interpretation), or as multiple-valued or continuouslyvalued logic

expressiongflexible interpretation). Attributional calculusstemsfrom variablevaluedlogic (VL.), and
its varioussubsetdhavebeenbe implementedn the AQ-type learningprograms Conventionaldecision
rules and associationrules employedin data mining can be viewed as specialcasesof attributional
rules.

Keywords:. Inductive inference,machinelearning, data mining, knowledgediscovery, natural
induction,propositionalcalculus,predicatdogic, manyvaluedlogic, attributionalcalculus.

1 Motivation

The explosivegrowth of databasesnd information systemscreatesa strong needfor methods
that can derive from them useful knowledge.In many application areas,such as economy,
medicine,agriculture,managementsciencesand others,computefrcreatedknowledgehasto be
not only accuratebut alsoeasyto interpretand understandy humansThe latter conditionstems
from the fact that humanexpertsin theseareasare highly reluctantto employin their decisior

making any such knowledge blindly, without understandingt and relating it to their other
knowledge.

To emphasizehis issue,we haveintroducedthe conceptof natural induction, by which is meant
a processof creatinginductive hypothesesn the forms that are “natural”’ to people,and by that
easyto interpretandrelateto otherhumanknowledge.

What is naturalto peopleis, of course,subjectiveand contextdependentTherefore,the above
goal is approximatedby requiring that induced formal hypothesesbe syntactically and
semanticallysimilar to logically equivalentnaturallanguagedescriptionsand/or representedn
easyto interpretvisual forms. The former requirementreflectsthe fact that naturallanguages



the basisfor humancommunicationand knowledgeexchange Various areasof scienceadded
specialconceptsand notationsto naturallanguage(e.g., mathematicasymbolsand expressions,
specialnotation for logic operatorsand inferencerules, etc.), but naturallanguageremainsthe
foundationfor humanknowledgerepresentationBecausesome pictorial forms of representing
knowledgeare also naturalto people(graphs,diagrams,maps,flow-charts,schemasgraphical
representationof chemical compounds,etc.), we have developed methods for visualizing
attributional calculus expressionsgeneratedby inductive learning programs. Such methods
include diagrammatic visualization (Michalski, 1978; Zhang,1997) and attributional graphs or
association graphs (Michalski andKaufman,2000).

To develop a natural induction system, one needs an adequateknowledge representation
language. Motivated by this goal, we have beenworking on various formal languagesthat
would supportnaturalinduction and at the sametime would be relatively easyto implement.
This paperdescribesa recentresult of theseefforts, attributional calculus, which is a typedlogic
system combining elements of propositional logic, predicate logic, and multiple-valued logic.
Expressionsn attributionalcalculusare descriptionghat characterizeentitiesof interestin termsof
discreteor continuousattributes.Attributional calculuscan thus be viewed as a representation
systemfor building attributebaseddescriptionsof any entitiesor groupsof entities,and a logic
formalizing reasoningn a subsetof naturallanguageaboutsuchentities.

As mentionedabove,the main motivation for natural induction is to assurethat descriptions
inducedfrom databe easyto understandand interpretby people.Sucha requirementhasbeen
known as the postulate of comprehensibility (Michalski, 1983),andis importantor evencrucial
for awide rangeof applicationsof machinelearning,datamining andknowledgediscovery.

Onemay be temptedto proposean approacho naturalinductionin which inductive inferenceis

conductedn a languagealien to humancognition, but convenientcomputationally and require
that only resultsof inferencebe translatedto “natural”, humanrorientedforms. Unfortunately,
such an approachis doomedto failure. This so becausehe representatiodanguagein which
systemconductsinductiveinference(alsocalleda representationddias) hasa directinfluenceon
the kind of generalizationst will createand selectamonga plethoraof possiblehypotheseshat
usuallycanbe inducedfrom a given datasetlnductiveinferenceis, by its very nature,an under

constrainedoroblem,andthe samedatamay begetmany different generalizationsghat are (fully

or approximately)consistenand completewith regardto the given data.

Although the aboveargumentappearssimilar to the SapirWhorf hypothesis(that the language
we speakstrongly influencesour thinking; Whorf 1956), it has here a different meaning.The
processof generatingnductive hypothesedypically involves many stepsat which intermediate
hypotheseqgeneralizations)are createdand evaluated.At each of thesesteps,an inductive
reasonemustmadea decisionasto which of the alternativegeneralizationshouldbe explored
furtherandwhich shouldbe discarded Generalizationgxpressedn onerepresentatiotanguage
may scorehigh on a given criterion of hypothesisquality (e.g., someform of simplicity), but
scorelow whenexpressedh anothedanguageTherefore the systemhasno way to know which
currently evaluatechypothesesnay eventuallyleadto cognitively simple representationgjnless
thelanguagan which hypothesesregenerateds similar to the ultimatetargetlanguagethatis,
in this case,natural language.This argumenthas been supportedby experimentsreportedin
(Michalski andWnek, 1992),which showthat methodsusing opaqueknowledgerepresentations,
such as artificial neural nets or classifiersusing a geneticalgorithm were unableto correctly
learntargetconceptqrepresentabléy very simple naturallanguagedescriptions)evenwhenthe
training setcontainedall possiblepositiveexamples.

Consequently,an approachbasedon a post factum translation of generatedhypothesesto
logically equivalentnaturalforms cannotaccomplishaims of naturalinduction. To accomplish
them, the processof inductive inference must impose cognitive constraintson the inference
processitself, that is, must be carried out from the outsetin a cognitively-orienteddescription



language.
2 Attributional Calculusvs. Other Logic Systems

Attributional calculushasthree forms: core form, extended form, and annotated form. The core
form can be characterizedas a propositionallogic in which propositionalletters (standingfor a

sentenceor its negation)are replacedby attributional conditions (also called unit sentences or

selectors). Attributional conditionscorrespondo simple naturallanguagesentenceshat describe
groupsof entitiesin termsof one,or at mostfew attributes.

The extendedform addsto the core form additional constructs such as meta-attributes (which
allow oneto represent wide classof quantifiedexpressions)and the exception operator. The
annotatedform annotatescore attributional expressionswith merit parameters that provide a
numericalcharacterization.

Therearetwo interpretation schemas for attributionalcalculussentencescrisp andflexible. The
crisp schematreatsattributional sentencess binary logic expressionsthey evaluateeither to
truth or falsity. The flexible interpretationschematreatsattributional sentencess multi-valued
logic expressionsthey evaluateto a degreeof truth that canbe eitherdiscreteor continuous.In

the following, we will assumethe crisp interpretationschema.The latter part of the paperwill

discussattributionalcalculuswith aflexible interpretationschema.

In propositionallogic, declarativenaturallanguagesentencesre representedy single literals
(propositionalletters or its negations).Such a representatiordoes not allow one to directly
representhe structureof sentenceslf thereis a relation betweencomponentsof two natural
languagesentencesnformationaboutit is lost whensentencesre abstractednto singleliterals.
Attributional calculus allows one to representsimply and directly some common relations
involving attributesof objects.Unlike propositionalcalculusand first order predicatelogic, it
also recognizesdifferent types of attributes. Attribute types are usedto direct the inductive
inference processaccordingly to generalizationrules associatedwith each type (Michalski,
1983).

Due to the use of additionaloperators(internal logic operationsrange, exception),and meta-
attributes, attributionalcalculushasa significantly greaterpragmaticandformal representational
power than propositionallogic. The greaterpragmaticpower meansthat it can represensome
functionsin a more compactand simpler way than propositionalcalculus. The greaterformal
power meansthat it can representsome functions that cannotbe representedn propositional
calculus (such as discreteoutput functions with continuousarguments).If all attributes are
binary and metaattributes are not allowed, attributional calculus reducesto propositional
calculus.

For someclassesof functions, attributional calculushas also greaterpragmaticrepresentation
power than first order predicatelogic. As its name indicates,it is suitable,for representing
attributebaseddescriptions,but not structural descriptions,like first order predicatelogic. Its
mostimportant featuresare that it is easily and directly interpretablein naturallanguage,and
thus facilitates natural induction, that it can be efficiently implemented,and admits a flexible
(multi-valued)interpretation.

3. Explanation of Basic Concepts
3.1 Univer se of Discour se

Attributional calculusis a formal languageand an inference systemfor supportinginductive
inferenceaboutany entities(objects,processedyehaviors.etc.) that can be adequatelydescribed
in termsof their attributes(zercargumentfunctions). The set of all entitiesto be consideredn

the inferenceprocesss calledthe universe of discourse. For example,the universeof discourse
may be the set of patients,plants, behaviors,minerals, songs,stocks,goodsin a department



store,eftc.

It is assumedhatinformation aboutthe entitiesfrom the universeof discourses in the form of
valuesof attributesgivenin advanceAttributional calculussentencesreinterpretedoy applying
themto entitiesfrom the universeof discourse.

3.2 Attributes and Their Types

An attributeis a mappingfrom a set of entitiesto the domain (the set of legal values)of the
attribute. Such a mapping is done by a measuring device, human judgment, or some
computationaprocessThe structureof the attributedomaindefinesthe type of the attribute. The
type of attribute determineghe classof operationsthat can be meaningfully performedon the
attributesof thattype.

The attributetypesare relatedto the well-known measuremenscales. In additionto the types
correspondingo standardmeasuremenscales(nominal, ordinal, interval, ratio and absolute),
attributionalcalculusalsorecognizesyclic, structuredandsetvaluedattributetypes.Below is a
list of typesdefinedin attributionalcalculus:

nominal, if theattributedomainis anunorderedset(e.g., “blood type” or “person’sname”).

linear, if its domainis a totally orderedset (e.g., student’sgrade,temperatureof an object,
length, height, the numberof desksin an office, etc.). Linear attributescan be in turn
classifiedinto rank, interval, ratio, and absolute,correspondingto their measurement
scale.

cyclic, if its domainis a cyclically orderedset(e.g.,daysof the week, signsof the zodiac,time
zonesgetc.).

structured, if its domainis a hierarchicallyorderedset (e.g.,a type- or generalizatiorhierarchy
of plants,animals,geometricakhapesdiseasesetc.).

set-valued, if its domainis the power setof a base set; attribute valuesare thus subsetof the
base(e.qg.,if the basesetis the setof all productsin a store,a setvaluedattributecould
be “productspurchasedy customerA in thatstore”).

Thetype of an attributehelpsto guideinductive generalizatiorprocessefvolving this attribute.
Specifically, different rules of inductive generalizationapply to statementswith attributes of
differenttype (Michalski, 1983).

In addition to legal values, every attribute domain is assumedto contain three meta-values.
Thesearenot regularattributevalues,but possibleresponses$o questiongequestingan attribute
value, namely: “do not know” (denotedby “?”), not applicable (denotedby “NA”), and
irrelevant(or “don’t care,”denotedby “*”).

The metavalue “NA” is given to an attribute that is not applicableto a given object. For
example,the attribute “the numberof pages”is not applicableto a flower, but applicableto a
book. The attribute “the person’seye color” may be declaredirrelevant to the problem of
determiningthat person’seducationlevel.

Attributional calculusbuilds upon the variable-valued logic one (VL1), a multiple-valuedlogic
systemintroducedby Michalski (1972,1994).

3.3 Events and Representation Space

Every entity from the universeof discoursecan be describedby valuesof attributesappliedto
thatentity. A vector of attributevaluesfor an entity is calledan event. The representation space
for a given universeof discourses the setof all possibleeventsemployinggiven attributes.If
attributesfrom A are usedto describeentitiesfrom a universeof discoursethenit is said that



attributesin A spantherepresentatiospacefor this universeof discourse.
4 Definition of Attributional Calculus

4. 1 Attributional conditions

A basicrepresentationalnit of attributionalcalculusis an aAttribution condition (a.k.a.selector)
which roughly correspondgo a simple sentencean naturallanguage A selectorrelatesone or
moreattributesto their valuesor otherattributes A generalform of a selectoris:

[L rel R,

where

L (left side) is an expressionspecifying an attribute, or a group of attributeswith the same
domain. Attributes from the group are joined by “&” or “v”, calledinternal conjunction and
digunction, respectivelyL canalsobe oneof the metaattributes:count, max, min, andave.

R (right side) is an expressiorspecifyinga value or a subsetvaluesfrom the domainof the
attribute/sin L. If the subsetcontainsvaluesof a nominal attributes,they joined by the symbol
“v" (called internal digunction); the subsetcontainsconsecutivevaluesof an linear attribute,
theyarerepresentedby joining the extremevaluesby operator®..”,calledrange. R canalsobean
attributewith the samedomainasthe attributeor attributesin L.

rel is arelationalsymbolfrom the set: {=, #, >, >, <, <}. Relationoperatord=, #} applyto all
typesof attributes Relations{>, >, <, <} applyonly to linear attributes.

Brackets[ ] can be omitted if their omissionleadsto no confusion.If bracketsare used,the
conjunctionof two selectorscanbe written astheir concatenation.

Attributional conditionsareinterpretedn the contextof an entity (object,situation,etc.)they are
applied to. They can have a prepositional (or binary) interpretation, or multi-valued
interpretation. In the prepositionalinterpretation, [L rel R] is saidto be satisfied by the entity
(or evaluatego true), if L isin relationrel to R for that entity. In the multi-valuedinterpretation
of an attributional condition,[L rel R] is saidto be satisfied or matched by the entity to a
degreea (or, simply, to evaluateto a), if for thatobjectL is in relationrel to R accordingto a
givenflexible evaluation scheme.

An attributional condition is called elementary, if its left side, L, is a single attribute, the
relationalsymbolis oneof { = > > < <}, andtheright side,R is a singlevalue;otherwise,
it is called composite. If an attribute, X, is binary, the condition [x = 1] canwritten simply as
literal x, and[x= 0] asliteral ~x. Thus,if attributesare binary, attributionalconditionsreduceto
propositionaliterals.

Examplesof attributional conditions with their natural languageinterpretationare presented
below.

Elementary attributional conditions

[x1=0] (Thevalue x1is 0)

[color=red] (Thecoloris red)

[length< 57 (Thelengthis smallerthan5 inches)
[temperaturez 32°C] (Thetemperatures greateror equal32°C)
[price="7] (The priceis unknown)

Composite conditions

[color = bluev red] (the color is blue or red)



[length=4..12] (thelengthis betweem and 12, inclusively)

[color # green] (thecolor is not green)

[height> width] (the heightis greaterthanweight)

[heightv width < 3m] (the heightor width is smallerthan3m)

[height& width > 7cm] (the heightandwidth is greaterthanor equal7cm)

[height& width < length] (both heightandwidth aresmallerthanlength)
[count(x, X2, X3 Xa: EQ 3)=1] (thereis exactlyoneattributein the setX thathasvalue
1)

Thelastcompositeconditioninvolvesa metaattribute“count” (seenextsection).

Note: “v” or *“&" when applied to nonbinary attributesor their values representinternal
disjunctionor conjunction,respectively.

Note that attributional conditions are easyto interpretand easyto translateto an equivalent
naturallanguagestatement. The can expressany condition on a subsetof attributevalues,and
be easily generalizedr specialized by applyingan internal disunction with nominalattributes,
the range or relation operatorwith linear attributes, or the climbing-generalization-tree
operatorwith structuredattributes(see sec.on Inductive Inference).

4.2 Meta-attributes

The extendedform of attributional calculusalso recognizesmeta-attributes, which are forms of
guantifiersover attributes.The following metaattributesare defined: count, max, min, and ave.
The countattributeappliesto attributesof any type, but the domainsof theseattributesmustbe
the same. The other metaattributes apply only to sets of linear attributes. Attributional
conditionswith metaattributesarecomposite.

The metaattributecountappliesto all typesof attributesandis in the form:
count{X: REL V}

whereX standsfor a setof attributeswith the samedomain,REL standsfor a relationfrom the

set:{EQ, NEQ, GT, EGT, ST, EST}, andV is oneor more valuesfrom the domainof elements
in X.

The countmetaattributedetermineghe exactnumberof items (attributes sentencesih X whose
valueis in relation REL to oneof the valuesdefinedby V. The symbolEQ meansequal, NEQ —

not equal, GT — greaterthan, EGT—equalor greaterthan, ST- smallerthan,and EST-equalor

smallerthan.For example the metaattribute:

count(x, X X3, Xs. EQ 1)

canbe interpretedas “the numberof attributesin {X 1, X2 X3, Xs; thattake value 1 in a description
of the eventto whichiit is applied.”

The domain of the count attribute is thus: {0,1,2,...,|X]|}. If the count takes value |X|, the
cardinality of X, then one can alternativelysay that the value of count{X: REL V} is all. As
regular attributes,the count metaattribute can also take metavalues “?” (don’t-know), and
“NA”" (notapplicable--when X is not a setof attributes). The countmetaattributeis usedin the
sameway as any other attributesto createattributionalconditions.Attributional conditionswith
a countattributearecomposite.

In the abovedefinition of the metaattributecount, X is a setof (regular)attributes.This form of



the count metaattribute is called the first-order count attribute. The metaattribute count in
which X is the setof original attributesis usedin attributionalconditionsin the sameway asany
otherattribute.

In the count metaattribute, X canbe not only a setof attributes,but also a setof attributional
sentencedn thelatter case the countmetaattributecountsthe numberof sentencethataretrue
or false (in the strict evaluationschema),or the numberof sentencesvhose evaluationis in
relationREL to V (in theflexible evaluationschema).

It is easyto seethatthe countattribute supportsan existentialand universalquantificationover
theelementdn X. Assume for examplethat X = {X1 X2 X3, X4 Xs,Xe}, Whereall x; havethe same
domain,andthe predicateEQ(x v) statesthatattributex hasvaluev. The existentiallyquantified
expression:

Ox OX, EQ(xV)
canbewritten in attributionalcalculusas:
count(X:EQv) =21

andexpressedn naturallanguageas“the numberof variablesin X with valueequalv is greater
or equalto 1.” Theuniversallyquantifiedexpression:
Ox O X, EQ(xV)
canbe written in attributionalcalculusas:
count(X:EQv) = all

In addition to existentialand universal quantification over elementsin X, the metaattribute
countallows one to expressalso various numericalforms of quantificationthat do not exist in
conventionabpredicatdogic. Suchexpressionsnclude,for example:

count(X:EQ4 v 5) > 2 (thenumberof variablesin X whosevalue4 or 5 is greaterthan2),
count(X: EQ5) = 2..4(the numberof variablesin X whosevalue5 is between2 and4).

count([x=1]&[y>4], [color=red or blue], [z=2..5]: True) = 2 (among attributional
sentenceg[x=1]&[y>4], [color=redor blue], [z=2..5]} two andonly two aretrue).

The metaattributecountis usefulin manyapplicationdomains,for example,n medicine,where
it is not uncommorthat a specificdiseasas indicatedif the patienthasthe numberof symptoms
from a given set greaterthan some threshold. The count metaattribute provides an elegant
meandor expressinghe so-calledn-of-m relations(Sebag,1999).

It alsohelpsto expresssimply symmetricBooleanlogic functions,which tendto havethe most
unwieldy expressionan terms of standardlogic operators(Michalski, 1969). In general,the
count attribute providesa mechanisnmfor expressingsimply logic functionswhoseexpressions
usingstandardogic operatorsvould be very long andopaque.
The metaattributesmax, min, andavearewritten in the form:

max{X}, min{X} andave{X}
and expressrespectivelythe maximum,the minimum, and the averagevalue of attributesin X
when appliedto a given entity. For example,given an event(3,6,4,9,8),max(X)=9, min(X)=3,
andave(X) = 10.

The motivation for introducing metaattributesto the attributional calculusis that it is very
difficult to expresgheir meaningin termsof conventionalogic constructsBy introducingthem
to the language,one can compactly and comprehensiblyexpressa large range of cognitively
simple relations that otherwise would be difficult to express.Metaattributes thus facilitate
naturalinduction.

4.3 Syntax and Semantics of Attributional Calculus



The syntaxof attributionalcalculusis definedby thefollowing rules (WFF meansa well-formed
expressionn attributionalcalculus):

1. An attributional condition (also called a selector or atomic sentence) is a WFF. (The
semanticss definedasin Sec.3.4.and3.5).

2.1f SisaWFF,then~S isaWFF (If S istrue, then~S false,andconversely)A negated
condition,~S, canbe representetty appropriatelychangingrelationin the condition.E.g.,~ [
X = a] is equivalentto [x = a],and ~[x > a]it equivalentto [x < a].

3.If SlandX2 areWFFs,then
S1 & S2 Conjunction: Both SI andS2 aretrue,
S1 v S2 Disjunction: Sl or & or botharetrue,

S1 0 S2 (writtenalsoS2<= S1)Implication:If Sl is truethen&2 is true, otherwise,
S2is unknown,

S1 - S2  EquivalenceSl andX2 arebotheithertrue or false,
S1 v S2 Exclusiveor: EitherSl or & is true,but not both),

S1 \ S2 Exception:S1is true unlessS2is true,in which caseS1is not true. The operator
is logically equivalentto Exclusive Or, but is usedonly whenthe ratio of
the frequencief S1 beingtrue over S2 beingtrue exceedshe exception
threshold (a parametefor exception)

areWFFs.

If R is a symbol or a name,and S is an attributional calculus sentence(WFF), then an
assignment:

R = SisaWFF.If asymbolis assigneda WFF, thenit is by itself alsoa WFF.

4.4 Cognitive constraints

In additionalto the syntaxand semanticsattributional calculusincludesalso constraintson the
complexity of its sentencescalled cognitive constraints. These constraintsreflect preferences
and limitations imposedon attributionalsentencesn orderto makeequivalentnaturallanguage
expressiongppeamnaturalto people,andby thateasyto interpretandunderstand.

The cognitive constraintsare defined by parameterslimiting the number of repetitions of
differentoperatordn oneattributionalcalculussentenceTheseparameterenclude:
C- conjuction constraint:the maximum number of conjunction operatorsin a conjunctive
statement (e.g.,c=5)
d- internal disjunction constraint:the total number of internal disjunction or conjunction
operatorsn anattributionalcondition(e.g.,4)
e- disjunctionconstraint:the maximumnumberof disjunctionoperatorsn a sentencege.g.,
e=2)
i implication constraint:the maximumnumberof implication operatoran a sentencde.g.,
i =1)
eq equivalenceconstraintithe maximumnumberof equivalenceoperatordn a sentencde.g.,
eq=1)
ex exceptionconstraint:the maximum numberof exclusiveor or exceptionoperatorsin a
sentencde.g.,ex=1)

Thereis alsoalimit onthesums=e+i + eq+ ex (e.g.,s=1)

Cognitive constraintsare imposedwhen results of inductive inference(generalizationsyules,



patternsgetc.) areto be outputtedby the system.If a sentenceviolatescognitive constraintsthen
it is calledinadmissibleexpressionSuchan expressiorcanreplacedoy a logically equivalentset
of expressionghat satisfythe constraintscalled admissible attributionalexpressionsor, briefly,

attributional sentences. Such a transformationis done by assigningliterals to parts of the
attributional expressiorthat are admissibleexpressionsand then using literals insteadof these
parts.

An attributional sentenceconsists of attributional conditions and/or literals that stand for
attributional sentences An ordered set of attributional sentencesis called an attributional
description, if thefirst occurrenceof someliteral in a sentencas followed by its assignmento a
correspondingattributionalsentence.

For example,assumingc=4, a conjunctiveexpressiorA & B& C& D& E& F& G & H,

whereA,B,.C, H areselectorr literals, cantransferredo an attributionaldescription:
<A&B&1&J,I=C&D&E,J=F& G& H>

This descriptionis read: “A andB andl andJ, wherel is C andD andE, andJis F andG and

H.”

5 Important Cases of Attributional Sentences
5.1 Attributional Conditions with M eta-attributes

Meta-attributesareusedin attributionalconditionsthe sameway asany attributes Below we give
variousexampleof expressionsvith metaattributes.

Examplel. Thestatement®exactlytwo variablesn {x1, x3, x6, x9} havevaluegreaterthan3”
canbeexpresseads:

[count{x1,x3,x6,x9: GT 3} =2]

Example 2. Thestatement:It two or more conditionsfrom among[x1=2], [x2=4], and[x5 > 1]
aretruethand > 4" canbeexpresse@s

[count{x1=2,x2=4,x5>1} > 2] => [d>4]
Example 3. Thestatement:

If two or fewer conditionsfrom amongPSA < 2.5, DRE = no,BlO=negaretrue,and PSis No,
thenstateis abnormal’canbeexpressea@s:

[Count{PSA < 3.5,DRE=n0,BIO=neg}< 2] & [FU=Yes] => [State= abnormal]
This abovestatementanbe expresseadlternativelyas:
[Count{PSA > 3.5, DRE=yes, BIO=yes}>1] & [FU=Yes] => [State= abnormal]
The metaattributesmax, min, andavearein the form:

max{X}, min{X} andave{X}
andexpresghe maximum,the minimum, andthe averagevalue of the attributesin X.

The motivation for introducing metaattributesto the attributional calculusstemsfrom the fact
that it is very difficult to expresstheir meaningin termsof conventionallogic constructs.By
introducingthem to the language,one can simply expressa large rangeof relationsinvolving
attributes.

5.2 Attributional Descriptions and Rules
Attributional descriptionsare attributional calculus expressionghat describeone or more of



entities.and a function mappinga group of entitiesto a setof decisionaboutthe group.A basic
descriptionis a conjunctive description (also called a complex), which is a conjunction of
attributionalconditions.

Example: My favorite house

[Color =white v brown] & [#Bedrms =4..5] & [Backyard=large & private] & [Dist-to-work-
H&Dist-to-work-W < 5mil] & [School_quality = good] & [Shops-fromw v Shop-from-h <
3mil] & [LocAreaDrgDIrs=prsn]

wherethe last condition means:“the location of drug dealerswho operatedin the local areais
prison.”

A conjunctive attributional rule (briefly, an attributional rule) is a conjunctivedescriptionlinked
by implicationto anotherconjunctivedescription.

Example: What to do in a nice weather ?
[Weather=nice] & [Have partner=yes| => [Drop_CS580] & [Play = tennis]

A statementA => B, whereA and B are attributionalexpressionss called an attributional rule
(or an attributionalimplicative statement)Iln an attributionalrule, A is called premiseand B is
called consequentlf in an implicative statementA => B, premisecontainsa disjunction of
attributional conjunctions then the attributional can be re-representedy a set of attributional
rules. An attributionalrule in which consequenhasmorethanone conditionis called multihead
attributional rule, otherwiseit is calleda single-headattributionalrule.

An attributional rule, A => B, in which B specifiesa decisionis called a decision rule. For
example: [price=low] & [quality=high] => [decision=Dbuy]

A collectionof decisionruleswith the samedecisioninconsequentis calleda ruleset. A ruleset
correspondgo disjunctive normalform (a disjunctionof conjunctions),and servesas a concept
descriptionin AQ attributionallearning

A collection of rulesetsassociatedvith a single decisionattribute (a collectionthat containsa
rulesetfor eachvalueof the decisionattribute)is calleda ruleset family.

A collection of rulesetfamilies for one more decision attributesfrom the samedatabasas
calleda knowledge class.

A knowledge class with associatedannotations (definitions of attribute types, rulesets
parametersand relatedinformation) and the associatedlatabasde.g., datapointsusedin the
training setof the knowledgeclass)is calledknowledge system

Another reason, perhaps more important, stems from the fact that decision trees and
conventionaldecisionrules are knowledgerepresentationsf relatively low expressivepower.
Consequentlyto expresssome cognitively simple descriptionsmay require a very complex
decisiontree, or an unreasonablymany conventionalrules (which use conditionsin the form
“attribute-value” or “attibute-rel-value”, whererel is > or<). Somelearneddescriptionghus

cannotbe easyto understandhoughthey may represent simpleconcept.

5.3 An Example of an Attributional Rule and Its I mplementation

Considera decisionrule expressedh naturallanguageas:
If X1 <Xz, X3+ X4, @ndxsis redor blue,thenmakedecisionA (6.1)

If variablesx;, i=1,2,3,4,are two-valued, then representing(1) would require a decisiontree
with 26 nodesand 20 leaves,or 12 conventionaldecisionrules. If variablesx, arefive-valued,
then representing(1) would require a decisiontree with 810 leavesand 190 nodes,or 600



conventionaldecisionrules. The needfor sucha complexrepresentationf a relatively simple
relationship demonstratesa major limitation of these representationaformalisms. If the
learningsystemcould expressthe aboverule in a form identical or directly relatedto (1), that
is, in a “natural” form, then resulting representatiorwould not only be simpler to manage
computationallybut alsoeasierto understandndinterpretby a user.

This example illustrates a central design criterion for the AQ18 system, which calls for

employing a knowledge representatiorthat can expresslearnedknowledgein the form as
natural to people as possible. A system satisfying such requirementis called a natural

induction system (Michalski, 1999). The above knowledge representationrmust, however,
satisfy certainconstraintsnamely,be syntacticallyand semanticallywell-definedandrelatively
easyto implement.Therefore jt cannotbe naturallanguage.

To approachsuch a goal, AQ18 employs the attributional calculus, a highly expressive
descriptionlanguagebasedon variablevalued logic systemVL1* (Michalski, 2000). (VL1*
can be viewed as a logic systemthat occupiesa place betweenpropositionalcalculus and
predicatecalculus.

Forexamplea VL1* expressiorof (1) would be:
[Decision=A] <= [X1<X] & [Xs# X4 & [Xs=redv blue] (6.2)

In orderto maketherule (2) morereadableandto provide a userwith moreinformationabout
it, AQ18 would print it in aform evencloserto (1), andwould addto annotations:

[Decision= A] if [x1 < X2 1998,966] & [Xs + Xa: 80,19] & [xs= redor blue:
780,40]

Evaluations: t=750,u=700,n=14,f=4, g=.9

Ambiguous: (pointersto exampleghat satisfythe rule but alsobelongto
anotherclass)

Exceptions:  (pointersto examplesof otherclasseghat satisfythe rule
conditions)

Positives covered:  (pointersto all positiveexamplescoveredby therule)
Flexibly covered: (pointersto all positiveexampledlexibly matched)

©)




where

-- bracketedstatementéndicatesingle conditionsin therule,

-- a pair of numbersafter “” in every condition specifiesthe number of positive and negative
examplescoveredby the condition, respectively

--Evaluationsis a list of valuesof variousrule characteristics, u, n, f, q

--t specifieghetotal numberof the positiveexamplesoveredby therule (rule coverage)

--u specifiesthe numberof examplescoveredonly by this rule, andnot by any otherrule associated
with Decision=A

--n denoteghe numberof negativeexamplescoveredby therule (“negativecoverage’)

--q denotesthe rule quality as measureddy a rule quality criterion basedon rule coverageand
training accuracy (KaufmanandMichalski, 1999)

--f denoteghe numberof exampledn thetraining setthatare matchedlexibly (Section6)

--Ambiguous is a list of coveredtrainingexampleghatbelongto both positive andnegativeclasses

--Exceptions  (false positives)is a list of pointersto n negativeexamplescoveredby the
rule

--Positives covered (true positives)is a list of pointersto positive examplescrisply covered
by therule.

--Flexibly covered is a list of pointersto positive examplesthat are coveredby flexible

matching.

To distinguishconventionaldecisionrules (which useconditionsin the form attribute=value
or attributerelvalue, whererel is “<” or “>”) from AQ18’s rules (which can use more
expressiveconditions, see Section 4.4), the former rules are called elementary and the
latter are called composite (Michalski, 2000). As illustrated by the exampleabove,the
compositerules may be able to representsome functions much more compactly and
understandablyhanelementaryules.

In AQ18, a result of a learning processis a family of rulesets, where eachrulesetis a
collection of attributionalrules that togethercharacterizeone decisionclass(thus a ruleset
is equivalentto a digunctive normal form (DNF) descriptionof the class). Below we
describebriefly the mostimportantfeaturesof AQ18.

5. 4 Expressive Power of Attributional Calculus

Attributional calculuscan be usedto describemappingsof setsof objectsrepresentedn a
finite or infinite representation space into a discreteset,calledthe target set.

Theorem
Attributional calculuscanbe usedto expressany mapping:
f: DixDyxD3zxD, —>D' D? xD3x...xD" (7.1)

whereD;, D,, Ds, ..., D, arediscreteor continuousinput domains, and D*, D? D3 ...,D"™
arediscreteoutput domains, andx denotescartesiamproduct.

Proof

Sinceoutputdomainsarediscrete the productD’x D? x D®x ...x D™ is alsoa discreteset.
Assumethenwithout losing generalitythatD,= D'’x D? x D®x ...x D™.

Let us now considenwo cases:
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DI, in which Dy, Dy, D, D, areall discretesets(discreteinput) andCl, in which someor all
D,, D;, D3, ,D, arecontinuous.

DI case (1) canberepresenteds:
f: DixXDyxD3xDn -—>D, (7.2)

For eachvalue of D,, we canbuild a ruleset that mapsthe setin the left-handside of (2)
into thatvalue (an attributionalruleset).

The union of premiseof ruleslinked to onevalueof D, is equivalentto a disjunctivenormal
form (DNF) describing that value. A DNF can representany function that maps a
combinationof input valuesto one value. This caseis provenby noticing that throughthe
range of operator(..), we one representany value or relation on values of continuous
variables. QED

In conceptlearning, Do, Dy, ...., D, are domainsof input variablesx,...., X, and D,
representghe set of conceptsor valuesof the out variabley, In general,we canhavea
numberof output variablesys,...., ¥, , and D'’x D? x D*®*x ...x D™ are their domains,
respectively.

QED

7. Flexible Evaluation of Attributional Calculus Expressions

In the above attributionalexpressionsvere treatedasbinary logic sentenceshat evaluateto
eithertrue or false. Suchinterpretationof attributionalcalculussentencess called crisp. In
practicalapplicationsit is often unreasonabléo userulesin sucha strict manner.In such
situations attributionalcalculusexpressionsre evaluatediexibly, by computinga degreeto
which an expressions satisfiedby specificfacts.

There are many possible flexible evaluation schemes.A popular schemais to treat an
attributional expressionas a fuzzy expression,and use fuzzy logic interpretationof logic
connectorsin AQ19, differentinterpretationschemasavebeenimplementedMichalski and
Kaufman,2000).

7 Summary

Attributional calculus combines aspectsof propositional logic (by applying prositional
operatordo selectors)predicateogic (throughthe countattribute),andmultiple-valuedlogic
(thoughflexible evaluation).

Importantfeaturesof attributionalcalculusarethatit facilitatescreationof descriptionghat:
1. areeasyto understandindinterpret

2. canbe simply anddirectly translatedo naturallanguage

3. areconstitutecompactrepresentationsf discretefunctions

4. aregraduallygeneralizablehroughinternallogic operatorsandstructuredattributes

5. canbe easilyandefficiently implementedn a computermprogram.
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The abovefeaturesmake Attributional Calculusparticularly attractivefor machinelearning
andpatterndiscovery.
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